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Preface 


Harmonic analysis is the study of objects (functions, measures, etc.), 
defined on topological groups. The group structure enters into the study 
by allowing the consideration of the translates of the obj ect under study, 
that is, by placing the object in a translation-invariant space. The study 
consists of two steps. First: finding the "elementary components" of 
the object, that is, objects of the same or similar class, which exhibit 
the simplest behavior under translation and which "belong" to the ob¬ 
ject under study (harmonic or spectral analysis)', and second: finding 
a way in which the object can be construed as a combination of its 
elementary components (harmonic or spectral synthesis). 

The vagueness of this description is due not only to the limitation 
of the author but also to the vastness of its scope. In trying to make it 
clearer, one can proceed in various ways!; we have chosen here to sac¬ 
rifice generality for the sake of concreteness. We start with the circle 
group T and deal with classical Fourier series in the first five chap¬ 
ters, turning then to the real line in Chapter VI and coming to locally 
compact abelian groups, only for a brief sketch, in Chapter Vll. The 
philosophy behind the choice of this approach is that it makes it easier 
for students to grasp the main ideas and gives them a large class of con¬ 
crete examples which are essential for the proper understanding of the 
theory in the general context of topological groups. The presentation of 
Fourier series and integrals differs from that in [1], [7], [8], and [28] in 
being, I believe, more explicitly aimed at the general (locally compact 
abelian) case. 

The last chapter is an introduction to the theory of commutative 
Banach algebras. It is biased, studying Banach algebras mainly as a 
tool in harmonic analysis. 

This book is an expanded version of a set of lecture notes written 


' Hence the indefinite article in the title of the book. 
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for a course which I taught at Stanford University during the spring 
and summer quarters of 1965. The course was intended for graduate 
students who had already had two quarters of the basic "real-variable" 
course. The book is on the same level: the reader is assumed to be fa¬ 
miliar with the basic notions and facts of Lebesgue integration, the most 
elementary facts concerning Borel measures, some basic facts about 
holomorphic fimctions of one complex variable, and some elements of 
functional analysis, namely: the notions of a Banach space, continuous 
linear functionals, and the three key theorems—"the closed graph", the 
Hahn-Banach, and the "uniform boundedhess" theorems. All the pre¬ 
requisites can be found in [23] and (except, for the complex variable) 
in [22]. Assuming these prerequisites, the book, or most of it, can be 
covered in a one-year course. A slower moving course or one shorter 
than a year may exclude some of the starred sections (or subsections). 
Aiming for a one-year course forced the omission not only of the more 
general setup (non-abelian groups are not even mentioned), but also of 
many concrete topics such as Fourier analysis on > I, and finer 
problems of harmonic analysis in T or R (some of which can be found 
in [13]). Also, some important material was cut into exercises, and we 
urge the reader to do as many of them as he can. 

The bibliography consists mainly of books, and it is through the bib¬ 
liographies included in these books that the reader is to become famil¬ 
iar with the many research papers written on harmonic analysis. Only 
some, more recent, papers are included in our bibliography. In general 
we credit authors only seldom—most often for identification purposes. 
With the growing mobility of mathematicians, and the happy amount 
of oral communication, many results develop within the mathematical 
folklore and when they find their way into print it is not always easy 
to determine who deserves the credit. When 1 was writing Chapter 111 
of this book, 1 was very pleased to produce the simple elegant proof of 
Theorem 1.6 there. I could swear I did it myself until I remembered 
two days later that six months earlier, "over a cup of coffee," Lennart 
Carleson indicated to me this same proof. 

The book is divided into chapters, sections, and subsections. The 
chapter numbers are denoted by roman numerals and the sections and 
subsections, as well as the exercises, by arabic numerals. In cross ref¬ 
erences within the same chapter, the chapter number is omitted; thus 
Theorem 111.1.6, which is the theorem in subsection 6 of Section 1 
of Chapter Ill, is referred to as Theorem 1.6 within Chapter III, and 
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Theorem Ill. 1.6 elsewhere. The exercises are gathered at the end of the 
sections, and exercise V.1.1 is the first exercise at the end of Section 1, 
Chapter V. Again, the chapter number is omitted when an exercise is 
referred to within the same chapter. The ends of proofs are marked by 
a triangle (◄). 

The book was written while I was visiting the University of Paris 
and Stanford University and it owes its existence to the moral and tech¬ 
nical help 1 was so generously given in both places. During the writing 
I have benefitted from the advice and criticism of many friends; 1 would 
like to thank them all here. Particular thanks are due to L. Carleson, K. 
DeLeeuw, J.-P. Kahane, O.C. McGehee, and W. Rudin. I would also 
like to thank the publisher for the friendly cooperation in the production 
of this book. 

Yitzhak Katznelson 

Jerusalem 
April 1968 


The 2002 edition 


The second edition was essentially identical with the first, except for 
the correction of a few misprints. The current edition has some more 
misprints and “miswritings” corrected, and some material added: an 
additional section in the first chapter, a few exercises, and an additional 
appendix. The added material does not reflect the progress in the field 
in the past thirty or forty years. Almost all of it could, and should have 
been included in the first edition of the book. 

Stanford 
March 2002 
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Chapter I 


Fourier Series on T 


We denote by R the additive group of real numbers and by Z the 
subgroup consisting of the integers. The group T is defined as the quo¬ 
tient R/27rZ where, as indicated by the notation, 27rZ is the group of 
the integral multiples of 27r. There is an obvious identification between 
functions on T and 27r-periodic functions on R, which allows an im¬ 
plicit introduction of notions such as continuity, differentiability, etc. 
for functions on T. The Lebesgue measure on T, also, can be defined 
by means of the preceding identification: a function / is integrable on 
T if the corresponding 27r-periodic function, which we denote again by 
/, is integrable on [0,27r) and we set 

/ I f{x)dx. 

•h Jo 

In other words, we consider the interval [0,27r) as a model for T and the 
Lebesgue measure dt on T is the restriction of the Lebesgue measure of 
R to [0,27r). The total mass of dt on T is equal to 2tt and many of our 
formulas would be simpler if we normalized dt to have total mass 1, 
that is, if we replace it by dx/2Tv. Taking intervals on R as "models" for 
T is very convenient, however, and we choose to put dt = dx in order to 
avoid confusion. We "pay" by having to write the factor l/27r in front 
of every integral. 

An all-important property of dt on T is its translation invariance, 
that is, for all to eT and / defined on T, 

J fit - to)dt = I fit) dh 

TThroughout this chapter, integrals with unspecified limits of integration are taken 
over T. 


1 
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1 FOURIER COEFFICIENTS 

1.1 We denote by L^(T) the space of all (equivalence^ classes of) 
complex-valued, Lebesgue integrable functions on T. For / c L^(T) 
we put 

II/IIli = ^ ^|/(t)|dt. 

It is well known that (T), with the norm so defined, is a Banach 
space. 

Definition : A trigonometric polynomial on T is an expression of the 


form 


( 1 . 1 ) 

N 

P. E 

71= — N 


The numbers n appearing in (1.1) are called the frequencies of P; the 
largest integer n such that |a„| + |a_„| 7 ^ 0 is called the degree of P. 
The values assumed by the index n are integers so that each of the 
summands in (1.1) is a function on T. Since (1.1) is a finite sum, it 
represents a function, which we denote again by P, defined for each 
f G T by 

N 

(1.2) P{t)= Y. a„e-*. 


Let P be defined by (1.2). Knowing the function P we can compute 
the coefficients a„, by the formula 

(1.3) i 

which follows immediately from the fact that for integers). 


1 


= 


1 

0 


if j = 0 , 
if) f 0 . 


Thus we see that the function P determines the expression (1.1) 
and there seems to be no point in keeping the distinction between the 
expression (1.1) and the function P; we shall consider trigonometric 
polynomials as both formal expressions and functions. 


' / .9 if ff) = gf) almost everywhere 
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1.2 Definition: A trigonometric series on T is an expression of 
the form 

CXD 

(1.4) 


Again, n assumes integral values; however, the number of terms in ( 1.4) 
may be infinite and there is no assumption whatsoever about the size 
of the coefficients or about convergence. The conjugate^ of the series 

(1.4) is, by definition, the series 

CXD 

"Yj —f sgn (n)a„e*"h 

n= — oc 

where sgn(n) = 0 if n = 0 and sgn(n) = n/|n| otherwise. 

1.3 Let / e L^(T). Motivated by (1.3) we define the wth Fourier 
coefficient of / by 

(1.5) = ^ 

Definition: The Fourier series S[f] of a function f G L^(T) is the 
trigonometric series 

CXD 


The series conjugate to *S'[/] will be denoted by S[f] and referred to 
as the conjugate Fourier series of /. We shall say that a trigonometric 
series is a Fourier series if it is the Fourier series of some / G Z/^(T). 

1.4 We turn to some elementary properties of Fourier coefficients. 

Theorem. Let f,g G L^(T), then 

(a) if + g)in) = fin) + g{n). 

(b) For any complex number a 

iaf)in) = a fin). 

(c) If f is the complex conjugatf of f then fin) = /(—n). 

^ See Chapter III for motivation of the terminology. 

^Defined by: f{t) = f{t)) for all t G T. 
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(d) Denote frit) = f{t — r), r G T; then 

fr{n) = /(n)e“'‘' 


(e) |/(n)| < i /|/(t)|(it= ll/ll^i 

The proofs of (a) through (e) follow immediately from (1.5) and the 
details are left to the reader. 


1.5 Corollary. Assume fj G I/^(T), j = 0,1,..., —/o||li ^ 0- 

Then f{n) fo{n) uniformly. 

1.6 Theorem. Let f G L^{T), assume /(O) = 0, and define 

Fit) = I .fifidr. 

Jo 

Then F is continuous, 2Ti-periodic, and 

(1.6) F(n) = —/(n), nfiQ. 

in 

PROOF: The eontinuity (and, in fact, the absolute continuity) of F is 
evident. The periodicity follows from 

l-t + 'I-lT 

F{t + 2 tt) — F{t) = j fin)dT = 27r/(0) = 0, 

and ( 1 . 6 ) is obtained through integration by parts: 




F{t)e-'-fit=— F'{t) — er 

Ztt /n —in 


in 


1.7 We now define the convolution operation in L^(T). The reader 
will notice the use of the group structure of T and of the invariance of 
d,t in the subsequent proofs. 

Theorem. Let /, g G (T). For almost all t, the function f{t — figfi) 
is integrable (as a function of t on T), and, if we write 

(1.7) h{f) = ^ I fit- figifidr, 

then h G L^(T) and 

(1-8) \\hh^ < ||/||li||.9||l- 

Moreover 

(1.9) h{n) = f{n)g{n) for all n. 
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PROOF: The functions f{t — r) and gir), considered as functions of the 
two variables {t, x), are clearly measurable, hence so is 

Fit,T) = /(t-T).g(T). 

For every t, F{t, r) is just a constant multiple of fr, hence integrable 
dt, and 

Hence, by the theorem of Fubini, f{t—T)g{T) is integrable (over (0, 27r)) 
as a function of r for almost all t, and 

^y|h(t)|(it=^ j F{t,T)dT^dt < ^ jj\F{t,T)\dtdT 

= II/IIliIIs'IIli 

which establishes (1.8). In order to prove (1.9) we write 

h{n) I II f{t- T)e-*"(‘-")5(r)e-”*"dtdr 

= 9 {r)e-"’'^dT = f{n)g{n). 

As above the change in the order of integration is justified by Fubini’s 
theorem. ◄ 

1.8 Definition: The convolution f * g of the (L^(T) functions) / 
and g is the function h defined by (1.8). Using the star notation for the 
convolution, we can write (1.9): 

(1.10) f * g{n) = f{n)g{n). 

Theorem. The convolution operation in L^(T) is commutative, asso¬ 
ciative, and distributive (with respect to the addition). 

PROOF: The change of variable {} = t — t gives 

j .f{t - T)g{T)dT = I g{t - d)/(d)dd, 

that is, 

f *g = g* .f- 
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If/ 1 ,/ 2,/3 Gi>HT),then 

[(/i * /2)*/3](l) = ^ “ “ T)Mu)f3iT)dudT = 

4^ - T)/3(T)da;dT = [/i * (/2 */i)](i)- 

Finally, the distributive law 

./i * (/2 + ./i) = fi * f 2 + h * fs 

is evident from (1.7). ◄ 

1.9 Lemma. Assume / G fr^(T) and let for some integer 

n. Then 

W * /)(!) = /('«)e*”*. 

Proof: 

• /)(*) = i I = e-A J L j __ 

Corollary. If f e L^(T) and k{t) = Y1 -n “ne”*/ then 

N 

( 1 . 11 ) {k*f){t) = Y^aJ{n)e-^f 

-N 


EXERCISES FOR SECTION 1 

1. Compute the Fourier coefficients of the following functions (defined by 
their values on [—tt, tt): 


(a) 


fit) 


ffr |t| < I 

0 |<|t|<7r. 


(b) 


A{t) 


1-/I |t|<l 

0 1 < |t| < 71 . 


What relation do you see between / and A ? 


(c) 


ft) 


1 -1 < t < 0 

-1 0 < t < 1 

0 1 < \t\, 
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What relation do you see between g and A? 

(d) h{t) = t — TV < t < TV. 

2. Remembering Euler’s formulas 


cost = -(e** + e **) 


2i' 


e" = cost + isint, 

show that the Fourier series of a function / e (T) is formally equal to 

oc 

n COS nt + Bn sin nt) 


where An = f{n) + /(—n) and Bn = *(/(«■) — /(—n)). Equivalently: 

An = — I f{t) cos ntdt 


Bn = — /(t) sin ntdt. 


Show also that if / is real valued, then An and Bn are all real; if / is even, 
that is, if /(t) = then Bn = 0 for all n; and if / is odd, that is, if 

/(t) = —f(—t), then An = 0 for all n. 

3. Show that if S' ~ ^ aj cos jt, then S ~ ^ aj sin jt. 

4. Let / e L^(T) and let P(t) = Compute the Fourier coeffi¬ 

cients of the function fP. 

5. Let / e (T), let m be a positive integer, and write 

f(m)it) = fimt). 

Show 

= 

6. The trigonometric polynomial cos nt = is of degree n 

and has 2n zeros on T. Show that no trigonometric polynomial of degree n > 0 
can have more than 2n zeros on T. 

Hint: Identify ^ with on \z\ = 1. 

7. Denote by C* the multiplicative group of complex numbers different 
from zero. Denote by T* the subgroup of all z e C* such that \z\ = 1. Prove 
that if G is a subgroup of C* which is compact (as a set of complex numbers), 
thenG C T*. 

8. Let G be a compact proper subgroup of T. Prove that G is finite and 
determine its structure. 


/(^) if™ I 'IE 

0 ifm I n 
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Hint: Show that G is discrete, 

9. Let G be an infinite subgroup of T. Prove that G is dense in T. 

Hint: The closure of G in T is a compact subgroup. 

10. Let a be an irrational multiple of 27r. Prove that {na (mod 2tt)}„^z is 
dense in T. 

11. Prove that a continuous homomorphism of T into G* is necessarily 
given by an exponential function. 

Hint: Use exercise 7 to show that the mapping is into T*; determine the map¬ 
ping on "small" rational multiples of 27r and use exercise 9. 

12 If G is a subset of T and m G T, we define E + to = {t + toU e E}; 
we say that E is invariant under translation by r if G = E + t. Show that, 
given a set G, the set of r e T such that G is invariant under translation by 
r is a subgroup of T. Hence prove that if G is a measurable set on T and G 
is invariant under translation by infinitely many r G T, then either G or its 
complement has measure zero. 

Hint: A set G of positive measure has points of density, that is, points r such 
that (2e)“^|Gn(r —e, r + e)| ^ 1 as e ^ 0. (|Go| denotes the Lebesgue measure 
of Go.) 

13. If G and F are subsets of T, we write 

G + G={f + r:fGG, tGG} 

and call E + F the algebraic sum of E and F. Similarly we define the sum of 
any finite number of sets. A set G is called a basis for Tif there exists an integer 
N such that E + E + ■ ■ ■ + E (N times) is T. Prove that every set G of positive 
measure on T is a basis. 

Hint: Prove that if E contains an interval it is a basis. Using points of density 
prove that if G has positive measure then G + G contains intervals. 

14. Show that measurable proper subgroups of T have measure zero. 

15. Show that measurable homomorphisms of T into G* map it into T* . 

16. Let / be a measurable homomorphism of T into T*. Show that for all 
values of n, except possibly one value, f(n) = O. 

2 SUMMABILITY IN NORM AND HOMOGENEOUS BANACH 
SPACES ON T 

2.1 We have defined the Fourier series of a function / G L^(T) as 
a certain (formal) trigonometric series. The reader may wonder what 
is the point in the introduction of such formal series. After all, there 
is no more information in the (formal) expression YL°^oo than 

there is in the simpler one or the even simpler / with the 

understanding that the function / is defined on the integers. As we 
shall see, both expressions, X^/(n)e'"* and /, have their advantages; 
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the main advantages of the series notation being that it indicates the 
way in which / can be reconstructed from /. Much of this chapter 
and all of chapter II will be devoted to clarilying the sense in which 
/('n)e*" ' represents /. In this section we establish some of the main 
facts; we shall see that / determines / uniquely and we show how we 
can find / if we know /. 

Two very important properties of the Banach space L^(T) are the 
following: 

H-1 ’ If / € L^(T) and r G T, then 

frit) = fit - r) e Li(T) and = ||/|Ui 

H-2’ The L^(T)-valued function r ^ fr is continuous on T, that is, for 

/ G L^(T) and tq G T 

(2.1) hm !!/,-/,„ lUi =0. 

T^To 

We shall refer to (H-1 ’) as the translation invariance of T^(T); it is 
an immediate consequence of the translation invariance of the measure 
dt. In order to establish (H-2’) we notice first that (2.1) is clearly valid if 
/ is a continuous function. Remembering that the continuous functions 
are dense in L^(T), we now consider an arbitrary / G L^(T) and e > 0. 
Let 5 be a continuous function on T such that \\g — < e/2; thus 

I./t ^ fn) II — II/t ^ .9t||ei + llw ^ Sto II 7.1 + llffro ^ fro II 7,1 

= IK./ ^ .9)r IIli + Wgr - 9 to\\l^ + ||(.<7 ^ ./)to IIli < C + ||,gr - .9 to I|li ■ 

Hence lim||/.r — frg ||li < e and, e being an arbitrary positive number, 
(H-2’) is established. 

2.2 Definition: A summability kernel is a sequence {fc,, } of con¬ 
tinuous 277-periodic functions satisfying: 

(S-1) ^ j knit)dt = 1 

(S-2) ^ / \knit)\dt < const 

ZTT J 

(S-3) For all 0 < (5 < 77, 

‘Itt — S 

\knit)\dt = 0 
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A positive summability kernel is one such that > 0 for all t and n. 
For positive kernels the assumption (S-2) is clearly redundant. 

We consider also families kr depending on a continuous parameter 
r instead of the discrete n. Thus the Poisson kernel P(r, t), which we 
shall define at the end of this section, is defined for 0 < r < 1 and we 
replace in (S-3), as well as in the applications, the limit “lim„^oo” by 

The following lemma is stated in terms of vector-valued integrals. 
We refer to Appendix A for the definition and relevant properties. 

Lemma. Let B be a Banach space, p a continuous B-valuedfunction 
on T, and {fc„} ci summability kernel. Then: 

lim ^ I kn{T)ip{T)dT = (p(0). 

n^oo Z-K J 

PROOF: By (S-1) we have, for 0 < (5 < tt, 

^ j knifipifdr - (^(0) = ^ J knificpf) - piO))dT 

(^*^) 1 / /■27T' —(5\ 

= ^ ( y + I j kniT)iipiT) - ip{0))dT. 

Now 

(2-3) Iliy- / knifipf) - (p{0))dT\\ < max||(/3(T) - (^(0)||B||fc„||Li 

Il27ry_^- \\b |t|<<5 

and 

‘lit —5 

kfT){Lp{T)-p{d))dA < 

\\b 

^ n‘2 TT — 6 

< max||!p(r) - (^(0)||^ — |/;;„(r)|dT. 

By (S-2) and the continuity of ^(r) at r = 0, given e > 0 we can find 
d' > 0 so that (2.3) is bounded by e, and keeping this <5, it results from 
(S-3) that (2.4) tends to zero as n ^ oo so that (2.2) is bounded by 2£. 

•4 

2.3 For / e L^(T) we put ip{t) = fr{t) = f{t — t). By (H-T) and 
(H-2’), ip \s a continuous L^(T)-valued function on T and (p(O) = /. 
Applying lemma 2.2 we obtain 
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Theorem. Let f G L^(T) and {fc„} be a summability kernel; then 

(2.5) /= lim ^ [ kniT)frdT 

n^oc ZTT J 


in the L^(T) norm. 

2.4 The integrals in (2.5) have the formal appearance of a convolu¬ 
tion although the operation involved, that is, vector integration, is dif¬ 
ferent from the convolution as defined in section 1.7. The ambiguity, 
however, is harmless. 

Lemma. Let k be a continuous function on T and f G L^(T). Then 
(2.6) ^ j k{T)frdT = k*f. 

PROOF: Assume first that / is continuous on T. We have, Appendix A, 

^ j k{T)frdT = ^ lim ^(r,+i - rfkirffrj , 

j 

the limit being taken in the L^(T) norm as the subdivision {r, } of [0,27r) 
becomes finer and finer. On the other hand, 

^ lim^(T,+i - Tj)k{T.j)f{t - Tj) = (k * f){t) 

j 

uniformly and the lemma is proved for continuous /. For arbitrary 
/ G L^(T), let £ > 0 be arbitrary and let g be a continuous function on 
T such that ||/ — gW^i < e. Then, since (2.6) is valid for g, 

^ I k{T)frdT -k* f = ^ j k{T){f - g).rdT + k*{g- f) 

and consequently 


1^ y k{T)frdT -k* < 2||fc||i,l £. 

Using lemma 2.4 we can rewrite (2.5): 

/ = lim kn + / 

n—>-cxD 


(2.5’) 


in the L^(T) norm. 
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We adhere to the generally used notation and write (t„(/) = K„ * / 
and <7n{j\ = (Kn * f It follows from corollary 1.9 that 

(2.9) = 

— n 

2.6 The fact that <Jn{.f) f in the L^(T) norm for every / G T^(T), 
which is a special case of (2.5’), and the fact that a„{f) is a trigono¬ 
metric polynomial imply that trigonometric polynomials are dense in 
L^(T). Other immediate consequences are the following two important 
theorems. 

2.7 Theorem (The Uniqueness Theorem). Let f G L^(T) and 
assume that f{n) = Qfor all n. Then f = 0. 


PROOF: By (2.9) an{f) = 0 for all n. Since cr,i(/) ^ /, it follows that 
/ = 0 . ◄ 
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An equivalent form of the uniqueness theorem is: Let /, g G L^(T) and 
assume /(n) = g{n) for all ri, then / = g. 

2.8 Theorem (The Riemann-Lebesgue Lemma). Let / g L^(T), 

then 

lim /(n) = 0. 

|n|—s-cxD 

Proof: Let e > 0 and let P be a trigonometric polynomial on T such 
that 11/ - P\\li < e. If I ri I > degree of P, then 

= \{,f - P){n)\ < 11 / - P\\li <e. 


Remark: If K is a compact set in L^(T) and e > 0, there exist a finite 
number of trigonometric polynomials Pi , Pn such that for every / G 
K there exists a j, ^ < j < N, such that ||/ — Pj || < e. If |n| is greater 

than maxi<^<Ar (degree of Pj) then |/(n)| < e for all / G K. Thus, 
the Riemann-Lebesgue lemma holds uniformly on compact subsets of 
L\T). 

2.9 For G L^(T) we denote by Sn{f) the nth partial sum of S[f], that 
is, 


( 2 . 10 ) isM)m = Snif, t) = J2 


If we compare (2.9) and (2.10) we see that 

(2.II) n„(/) = -^{Soif) + (/) + ■■■ + SM)), 

n + 1 

in other words, the Unif) are the arithmetic means'^ of Sn{f). It follows 
that if Snif) converge in L^(T) as n ^ oo, then the limit is necessarily 

/• 

From corollary 1.9 it follows that S„{f) = * / where Dn is the 

Dirichlet kernel defined by 


( 2 . 12 ) 


Dn(t) = Y,P^^ = 


sin(n + |)t 
sin|t 


' Often referred to as the Cesaro means or, especially in Fourier Analysis, as the Fejer 


means. 
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It is important to notice that {-D„} is not a summability kernel in our 
sense. It does satisfy condition (S-1); however, it does not satisfy ei¬ 
ther (S-2) or (S-3). This explains why the problem of convergence for 
Fourier series is so much harder than the problem of summability. We 
shall discuss convergence in chapter II. 

2.10 Definition: A homogeneous Banach space o« T is a linear 
subspace B of L^(T) having a norm || ||b > || ||^i under which it is a 
Banach space, and having the following properties: 

(H-1) If f G B and r G T, then G B and ||/r||n = ||/||ij (where 

frit) = 

(H-2) For all/ gB, r, tq G T, lim^^^„ ||/^ -/t-„ || = 0. 

Remarks: Condition (H-1) is referred to as translation invariance and 
(H-2) as continuity of the translation. We could simplify (H-2) some¬ 
what by requiring continuity at one specific tq G T, say tq = 0 rather 
than at every r G T, since by (H-1) 

Lfr - /to \\b = II/t-to - /||n 

Also, the method of the proof of (H-2’) (see 2.1) shows that if we have 
a space B satisfying (H-1) and we want to show that it satisfies (H-2) as 
well, it is sufficient to check the continuity of the translation on a dense 
subset of B. An almost equivalent statement is 

Lemma. Let B C L^(T) be a Banach space satisfying (H-1). Denote 
by Be the set of all f G B such that r ^ fy is a continuous B-valued 
function. Then B^ is a closed subspace of B. 

Examples of homogeneous Banaeh spaces on T . 

(a) C'(T)-the space of all continuous 27 r-periodic functions with the 
norm 

(2.13) ll/lloo = max|/(t)| 

(b) C'" (T)-the subspace of C'(T) of all n-times continuously differ¬ 
entiable funetions (n being a rational integer) with the norm 

ll/llc" = ^^max|/(^)(t) 

j =o 


(2.13’) 
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(c) L'P{T), I < p < oo-the subspace of L^(T) consisting of all the 
functions / for which J\f{t)\Pdt < oo with the norm 

(2.14) 11/11^,= 

The validity of (H-1) for all three examples is obvious. The validity 
of (H-2) for (a) and (b) is equivalent to the statement that continuous 
functions on T are uniformly continuous. The proof of (H-2) for (c) is 
identical to that of (H-2’) (see 2.1). 

We now extend Theorem 2.3 to homogeneous Banach spaces on T. 

2.11 Theorem. Let B be a homogeneous Banach space on T, let 
f G B and let {/e„} be a summability kernel. Then 

\\kn * i — /II ^0 as n oo. 

PROOF: Since || ||b > || ||f,i, the B-valued integral ^ / kn{T)frdT is 
the same as the (T)-valued integral which, by Lemma 2.4, is equal to 
fc„ * /. The theorem now follows from Lemma 2.2. ◄ 

2.12 Theorem. Let B be a homogeneous Banach space on T. Then 
the trigonometric polynomials in B are everywhere dense. 

PROOF: For every. / G cin{f)^f- < 

CoroWary (Weierstrass Approximation Theorem). Every contin¬ 
uous “iTi-periodic function can be approximated uniformly by trigono¬ 
metric polynomials. 

2.13 We finish this section by mentioning two important summabil¬ 
ity kernels. 

a. The de la Vallee Poussin kernel: 


(2.15) V„(t) = 2K2„+i(t)-K„(t) 

(S-1), (S-2) and (S-3) are obvious from (2.15). V„ is a polynomial of 
degree 2?i + 1 having the property that V„(/) = 1 if |/| < n + 1; it 
is therefore very useful when we want to approximate a function / by 
polynomials having the same Fourier coefficients as / over prescribed 
intervals (namely \/„ k /). 
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b. The Poisson kernel; for 0 < r < 1 put 

CXD 1 ,2 

(2.16) P(r,t) = = 1 + 2 Vr-’cosjt = -- - - ^ 

j=i 

It follows from Corollary 1.9 and from the fact that the series in (2.16) 
converges uniformly, that 

(2.17) P(r,t)*/ = ^/(n)rl"le-‘. 

Thus P * / is the Abel mean of S[f] and Theorem 2.11 (with Poisson’s 
kernel) states that for f e B, 5'[/] is Abel summable to / in the B norm. 
Compared to the Fejer kernel, the Poisson kernel has the disadvantage 
of not being a polynomial; however, being essentially the real part of 
the Cauchy kernel—^precisely; P(r, t) = the Poisson kernel 

linlcs the theory of trigonometric series with the theory of analytic func¬ 
tions. We shall make much use of that in chapter III. Another important 
property of P(r, t) is that it is a decreasing function of t for 0 < t < tt. 


EXERCISES FOR SECTION 2 

1. Show that every measurable homomorphism of T into T* has the fonn 
t e*"* where n is a rational integer. 

Hint: Use Exercise 1.16. 

2. Show that in the following examples (H-1) is satisfied but (H-2) is not 
satisfied: 

(a) L°°(T)-the space of essentially bounded functions in L^(T) with the norm 


ll/ll 


ess sup 


(b) LipJT) , 0 < a < 1-the subspace of C(T) consisting of the functions / 
for which 

+ fit)\ 

™PteT,/i#o I.I.. < oo 


\h\<^ 


with the norm 


ll/l|Lip„ = SUpJ/(f)| + SUp,^,.^ 


\f{t + h) - /(f) I 

lftl“ 


3. Show that for B = Be (see Lemma 2.10) is C(T). 

4. Assume 0 < a < 1; show that for B = Lip_^(T) 


Be 


lip„(7) = {/ : lim sup, 

1 . h—^Q 


\f{t + h) - /(f) I 


>} 
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5. Show that for B = Lipj(T), Be = C'^(T). 

6. Let be a Banach space on T, satisfying (Fl-1). Prove that Be is the 
closure of the set of trigonometric polynomials in B. 

7. Use exercise 1.1 and the fact that step functions are dense in L^(T) to 
prove the Riemann-Lebesgue lemma. 

8. (Fejer’s lemma). If / G L^(T) and g e then 

lim / f(t)g(nt)dt = /(0).g(0). 

n—*00 j 

Hint: Approximate / in the (T) norm by polynomials. 

9. Show that for f e (T) the norm of the operator f : g f * g on (T) 

is ll/ILi- 

Hint: ||K„|Ui =1, ||K„*/|Ui ^ ||/|Ui. 

10. Defining the support of a function f & (T) as the smallest closed set 

S such that f{t) = 0 almost everywhere in the complement of S, show that the 
support of f * g for f,g e (T) is included in the algebraic sum support)/) + 
support(g). 

11. For rt = 1, 2,... let fcn be a nonnegative, infinitely differentiable func¬ 
tion on T having the properties (i) J kn{t)dt = 1, (ii) kn{t) = 0 if |t| > 1/n. 
Show that {kn} is a summability kernel and deduce that if B is a homogeneous 
Banach space on T and f e B, then / can be approximated in the B norm by 
infinitely differentiable functions with supports arbitrarily close to the support 
off. 

12. (Bemstein)^ Let P be a trigonometric polynomial of degree n. Show 
that supJP'(t)| < 2nsupJP(t)|. 

Hint: P' = —P * 2nKn-i(f) sinnf. Also ||2nKn-i sin nt|| < 2n. 

13. Let P be a homogeneous Banach space on T. Show that if g e L^(T) 
and / e P then g * f e B, and 

Wj * /IIb < llsILi II/IIb ■ 

14. Let P be a homogeneous Banach space on T. Let H c P be a closed, 
translation-invariant subspace. Show that H is spanned by the exponentials it 
contains and deduce that a function / G P is in P if, and only if, for every 
n & Z such that /(n) 0, there exists g & H such that g(n) 0. 

3 POINTWISE CONVERGENCE OF a„(/). 

We saw in section 2 that if / G L^(T), then Unif) converges to / 
in the topology of any homogeneous Banach space that contains /. In 
particular, if / G C(T) then (t„(/) converges to / uniformly. However, 

^Bernstein’s inequality is: sup|P'| < n sup|P|, and can be proved similarly, see exer¬ 
cise 14 on page 48. 



18 


An Introduction to Harmonic Analysis 


if / is not continuous, we cannot usually deduce pointwise convergence 
of (Tri(/) from its convergence in norm, nor can we relate the limit of 
(T„(/, to), in case it exists, to /{to), We therefore have to reexamine the 
integrals defining (7„(/) for pointwise convergence. 

3.1 Theorem {Fejer). Let f e L^{T). 

(a) Assume that lim;i^o(/(fo + h) + /(to — ^)) exists (we allow the 
values — oo and +oo); then 

(3-1) u«(./, to) ^ I lim (/(to + h) + /(to - h)) 

Z n.—s-0 

In particular, if to is a point of continuity of f, then crff, to) /(to). 

(b) If every point of a closed interval I is a point of continuity for f, 

t) converges to f{t) uniformly on I. 

(c) If for a.e. t, rn < f{t), then m < (T„(/, t); if for a.e. t, f{t) < M, 
then (T„(/, t) < M. 

Remark: The proof will be based on the fact that {K„(t)} is a positive 
summability kernel which has the following properties: 

(3.2) For 0 < d < TT, lim (sup,, ^ 27 r-o K„(t)) = 0, 

n—s-cxD \ / 


(3.3) 


K„(t) = K„(-t) 


The statement of the theorem remains valid if we replace cr„(/) hy 
hn * f, where {fc„} is a positive summability kernel satisfying (3.2) and 
(3.3). For example: the Poisson kernel satisfies all the these require¬ 
ments and the statement of the theorem remains valid if we replace 
(T„(/) by the Abel means of the Fourier series of /. 


Proof of Fejer’S theorem: We assume for simplicity that 
/(fo) = lim I (/(to + h) + f{to — h)) is finite; the modifications needed 
for the cases f{to) = +oo or ,f{to) = —oo being obvious. Now 


(3.4) 


Affo) - I'ito) = ^ K„(T)(/(fo -t) - fito))dT = 


/•27r —f? 


i Jf) 


K„,(r)(/(fo -t) - f{to))dT = 



fito + t) + f{to - t) 


- f{to))dT. 


TT 


2 
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(Notice that the last equality in (3.4) depends on (3.3).) 
Given e > 0, we choose d > 0 so small that 


(3.5) 


|t| < i? ^ 


fjto + r) + /(to - r) 

2 


/(G) < £, 


and then no so large that n > no implies 


(3-6) sup^<^<2,r-,j K„(r) < £. 

From (3.4), (3.5), and (3.6) we obtain 

(3.7) |o'„(/,G) - /(i + 0)| < s + £||/ - /(G)||li 

which proves part (a). 

Part (b) follows from the uniform continuity of / on /; we can pick 
d so that (3.5) is valid for all to G I, and no depends only on d (and e). 

Part (c) depends only on the fact that K„(t) > 0 and ^Kn{t)dt = 1; 
if m < / then 

(^n{.f,t) -m = ^ I K„(T)(/(t - r) - m)dT > 0 

the integrand being nonnegative. If / < M then 

M - (Jnif,t) = ^ j Kn(T)(Af - f{t - T))dT > 0 
for the same reason. ◄ 


Corollary. If to is a point of continuity off and if the Fourier series 
off converges at to then its sum is f{to) (cf. 2.9). 


3.2 


Fejer’s condition 


/(to) = lini 

/?.—s-0 


/(to + h) + /(to — h) 
2 


implies that 


(3.8) 


lini - r I /(G + T") + fjto - t) 
h^o h Jo \ 2 


/(to) dr = 0. 


Requiring the existence of a number /(t) such that (3.8) is valid is far 
less restrictive than Fejer’s condition and more natural for summable 
functions. It does not change if we modify / on a set of measure zero 
and, although for some function / Fejer’s condition may hold for no 
value to, (3.8) holds with /(G) = /(G) for almost all to (cf. [28], Vol. 
l,p. 65). 
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Theorem (Lebesgue). If ( 3 . 8 ) holds, then Uniffo) ffo)- par¬ 
ticular (Tni f, t) f{t) almost everywhere. 

PROOF: As in the proof of Fejer’s theorem, 


- .f{to) = 


(3.9) 


1 


TT Vo 


+ 


- ntyir. 


As K„(t) = ^ sin I > ^ for 0 < T < TT, we obtain 

(3.10) K„(t) <min(n+L^^^^^). 

In particular we see that the second integral in (3.9) tends to zero pro¬ 
vided (n + l)d^ tends to oo. We pick d = and turn to evaluate the 
first integral. 

Denote 


then 


TT .lo 


“ TT n n + 1 Jx \ 2 


1 I r’l 
+ - / 

TTI ,y i I 

/(*.)|S. 


The term tends to zero by (3.8). Integration by parts gives 


(3.11) 


n+1 Ji 




TT l‘h('r)]'^ ^ 27r l''^ 


n + 1 1 J 1 /n n + 1 7i /„ 


For £ > 0 and n > n(c) we have by (3.8) 

$(r) <£r in 0<T<d = 
hence (3.11) is bounded by 


TTen 27re 
n + 1 n + 1 


r dr 

/ ^ < Sire. 

h/n 


< 
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Corollary. If the Fourier series of f G (T) converges on a set E of 
positive measure, its sum coincides with f almost everywhere on E. In 
particular, if a Fourier series converges to zero almost everywhere, all 
its coefficients must vanish. 

Remark: This last result is not true for all trigonometric series. There 
are examples of trigonometric series converging to zero almost every- 
wherel without being identically zero. 


3.3 The need to impose in Theorem 3.2 the strict condition (3.8) 
rather than the weaker condition 


(3.8’) 




f''W .f{to + r) + f{to-T) 
0 V 2 


f{to)'jdT = o{h) 


comes from the fact that in order to carry the integration by parts we 
have to replace K„(t) by the monotonic majorant min^n + 1, ■ 

If we want to prove the analogous result for P(r;t) rather that K„(t), 
the condition (3.8’) is sufficient. Thus we obtain: 


Theorem (Fatou). If (3.8’) holds, then 


r—s-1 ' 


The condition (3.8’) with /(to) = /(to) is satisfied at every point to 
where / is the derivative of its integral (hence almost everywhere). 

EXERCISES FOR SECTION 3 

1. Let 0 < a < 1 and let / e L^(T). Assume that at the point to G T, / 
satisfies a Lipschitz condition of order a, that is, |/(to + t) — /(fo)| < K\t\°'- 
for |t| < TT Prove that for a < 1 

kn(./,fo) -/(to)| < 

1 — a 

while for a = 1 

kn(/,to)-/(to)| 

n 

Hint: Use (3.10) and (3.4) with d = ^ 

iftowever, a trigonometric series converging to zero everywhere is identically zero 
(see [13], Chapter 5). 
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If / e Lip^^(T), 0 < a < 1, then 

II .11 ^ 1 const II/IlLm-ra^™ whenO<a<l, 

Fn(/) /l|oo < < I 

const ||/||Lipi for a = 1. 

3. Let / e L°°(T) and assume |/(n)| < Prove that for all n and t, 

\Sn{f,t)\ < ||/||oo+2A. 

Hint: 

SnU, t) = a„(/, f) + ^ • 

4. Show that for all n and t, sin jr't| < |7r + 1. 

Hint: Consider f{i) = t/2 in [0.27r). 

5. Jackson’s kernel is Jn(t) = ||Kn||jr|K^(t). Verify 

a. {Jn} is a positive summability kernel. 

b. For —TT < t < n, Jn(t) < 27r^T?A‘^t^^. 

c. If / e Lipj(T), then ||Jn * / — /||oo < const H/llLipiii^^. Compare this to 
the corresponding estimate for ||Kn * / — /||oo in exercise 2 above. 

4 THE ORDER OF MAGNITUDE OF 
FOURIER COEFFICIENTS 

The only things we know so far about the size of Fourier eoeflficients 
{/(«)} of a function / e L^(T) is that they are bounded by ||/||li, 
(1.4(e)) and that lim|„|^oo /(n) = 0 (the Riemann-Lebesgue lemma). 
In this section we discuss the following three questions: 

(a) Can the Riemann-Lebesgue lemma be improved to provide a 
certain rate of vanishing of /(n) as |n| ^ oo? 

We show that the answer to (a) is negative; /(n) can go to zero 
arbitrarily slowly (see 4.1). 

(b) In view of the negative answer to (a), is it true that any sequence 
{an} which tends to zero as |n| ^ c» is the sequence of Fourier coeffi¬ 
cients of some / G L^(T)? 

The answer to (b) is again negative (see 4.2). 

(c) How are properties like boundedhess, continuity, smoothness, 
etc. of a function / reflected by {/(n)}? 

Question (c), in one form or another, is a recurrent topie in har¬ 
monic analysis. In the second half of this section we show how var¬ 
ious smoothness conditions affect the size of the Fourier coefficients. 
“Order of magnitude” conditions on the Fourier coefficients are sel¬ 
dom necessary and sufficient for the function to belong to a given 
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function space. For example, a necessary condition for / g C'(T) is 
J2\f{n)\'^ < oo, a sufficient condition is X]|/(n)| < oo; in both cases the 
exponents are best possible. 

The only spaces, defined by conditions of size or smoothness of 
the functions, for which we obtain (in the following section) complete 
characterization, that is, a necessary and sufficient condition expressed 
in terms of order of magnitude, for a sequence {a„} to be the Fourier 
coefficients of a function in the space, are L^(T) and its “derivatives’’^. 

4.1 Theorem. Let {ari})^_oo even sequence of nonnegative 

numbers tending to zero at infinity. Assume that for n > 0 

(4.1) Ojj ^—1 T ^ 0. 

Then there exists a nonnegative function f G (T) such that f{n) = an- 

PROOF: We remark first that 5^(a„, — a„,+i) = oq and that the convexity 
condition (4.1) implies that (a„ — a„+i) is monotonically decreasing 
with n, hence 

lim n(o„ — a„+i) = 0, 

n—s-cxD 

and consequently 

N 

n(a„_i + a„+i - 2a„) = ao - un - N{aN - aw+i) 

converges to ao as ^ oo. Put 

CXD 

(4.2) f{t) = n(a„_i + a„+i - 2a„)K„_i(f), 

n=l 

where K„ denotes, as usual, the Fejer kernel. Since ||K„ ||ii = 1, the 
series (4.2) converges in L^(T) and, all its terms being nonnegative, its 
limit / is noimegative. Now 

CXD 

fU) = yy n{an-i + o„+i - 2a„)k„_i(j) = 

n=l 

oo I ., 

— y ^ — ^\j\ ’ 

"'=lil+i 

and the proof is complete. ◄ 

iSuch as the space of absolutely continuous functions with derivatives in L^(T). 
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4.2 Comparing theorem 4.1 to our next theorem shows the basic dif¬ 
ference between sine-series (a_„ = —a„) and cosine-series (a_„ = a„,). 

Theorem. Let f e L^(T) and assume that f{\n\) = —f{ — \n\) > 0. 
Then 

^ -f{n) < oo. 

ri >0 

PROOF: Without loss ofgenerality we may assume that/(O) = 0. Write 
F{t) = Jp f{T)dT; then F £ (7(T) and, by theorem 1.6, 

F{n) = —f{n), riy^O. 
in 

Since F is continuous, we can apply Fejer’s theorem for to = 0 and 
obtain 

N i. , 

= ‘(uo) - m) = -iF(o), 


and since 


IM. 

n 


> 0, the theorem follows. 


•* 


Corollary. If an > 0, ffan/n = oo, then an sin nt is not a Fourier 
series. Hence there exist trigonometric series with coefficients tending 
to zero which are not Fourier series. 


By Theorem 4.1, the series 


cos nt 

^ loa; n ^ 


^int 

2 lofflnl 


n=2 \n\>2 

is a Fourier series while, by theorem 4.2, its conjugate series 


E 


sin nt 
log n 


-E 

I rf I > 2 


2 log|n 


is not. 

4.3 We turn now to some simple results about the order of magni¬ 
tude of Fourier coefficients of functions satisfying various smoothness 
conditions. 

Theorem. If f G L^(T) is absolutely continuous, then f{n) = o(l/n). 
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PROOF: By theorem 1 .6 we have /(n) = (l/m)/'(n) and (the Riemann- 
Lebesgue lemma) f'{n) ^0. ◄ 


Remark: By repeated application of Theorem 1.6 (i.e., by repeated 
integration by parts) we see that if / is fc-times differentiable and 
is absolutely continuous^ then 

(4.4) f{n) = o(n“*) as \n\ oo. 

4.4 We can obtain a somewhat more precise estimate than the asymp¬ 
totic (4.4). All that we have to do is notice that if 0 < j < fc, then 
/(n) = and hence 

(4.5) \fin)\<\nr\\f<-^'^\\L^. 


We thus obtain 

Theorem. If f is k-times differentiable, and is absolutely con¬ 

tinuous, then 

|f(n)|< min . 

Iff is infinitely differentiable, then 


I f(n)| < min 
' ^ “ o<j |np 

4.5 Theorem. If f is of bounded variation on T, then 

var{f) 


l/(n)| < 


27r|n| 


PROOF: We integrate by parts using Stieltjes integrals 


var(/) 

27r|n 


4.6 For / e C'(T) we denote by w(/, h) the modulus of continuity of 
f til f 1 ^ 

’ c.(/,h) = sup|^^l<,J|/(t + i/)-/(t)|U. 

For / e L^(T) we denote by fl(/, /?,) the integral modulus of continuity 
of /, that is, 


(4.6) n{f,h) = \\f{t + h)-f{t)h^. 

We clearly have iff, h) < uj{j\ K). 


+ So that e (T) and /(* is its primitive, 
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Theorem. Forn^Q, |/(n)| < |0(/, 

PROOF: f{n) = ^ j ^ J'by a change 

of variable, 

fin) = ^ j 


hence 

l/(n)l 40 (/,^) 


•4 


Corollary. If J £ LipQ,(T), ?/;e« /(n) = 0{n “). 

4.7 Theorem. Ze? 1 < p < 2 and let q be the conjugate exponent, i.e., 
q = Iff e LnV then Y.\fin)\^ < 

The case p = 2 will be proved in the following section. The case 
1 < p < 2 will be proved in chapter IV. 

Remark: Theorem 4.7 cannot be extended to p > 2. Thus, if / £ Zp(T) 
with p > 2, then / £ L^(T) and consequently X^|/(n)p < oo. This 
is all that we can assert even for continuous functions. There exist 
continuous functions / such that = oo for all e > 0, see 

IV.2. In fact, given any {o„} £ there exists a continuous function / 
such that |/(n)| > |c„|, see Appendix B.2.1. 


EXERCISES FOR SECTION 4 

1. Given a sequence {u>„} of positive numbers such that lu„ ^ 0 as |ri| ^ oo, 
show that there exists a sequence {a„} satisfying the conditions of theorem 4.1 
and 

a,n > io„ for all n. 

2, Show that if ^|/(n)||n|* < oo, then / is l-times continuously differen¬ 
tiable. Hence, if /(n) = O (|nC*) where k > 2, and if 


fe — 2 k integer 
[fc] — 1 otherwise 


then / is 1-times continuously differentiable. 
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Remarks: Properly speaking the elements of L^(T) are equivalence classes of 
functions any two of which differ only on a set of measure zero. Saying that 
a function / e L^(T) is continuous or differentiable etc. is a convenient and 
innocuous abuse of language with obvious meaning. 

Exercise 2 is all that we can state as a converse to theorem 4.4 if we look 
for continuous derivatives. It can be improved if we allow square summable 
derivatives (see exercise 5.5). 

3. A function / is analytic on T if in a neighborhood of every to G T, /(t) 

can be represented by a power series (of the form nn(t — to)" ). Show 

that / is analytic if, and only if, / is infinitely differentiable on T and there 
exists a number R such that 

supj|/''"^(t)| < n! i?", n > 0. 

4. Show that / is analytic on T if, and only if, there exist constants AT > 0 

and a > 0 such that |/(j)| < Hence show that / is analytic on T if, 

and only if, ^ f{j)e‘^^ converges for |Sr(z)| < a for some a > 0. 

5. Let / be analytic on T and let g{e‘*) = f{t). What is the relation between 
the Laurent expansion of g about 0 (which converges in an annulus containing 
the circle \z\ = 1) and the Fourier series of/? 

6. Let / be infinitely differentiable on T and assume that for some a > 0, 
and all n > 0, sup^l/'-"^ (f)| < A'n“". Show that 

7. Assume|/(/)| < A'exp(—. Show that / is infinitely differentiable 

and 

for some constants a and Ki. 

Hint: |/(")(f)| <2if5]|jr exp(—1/|^^“). Compare this last sum to the integral 
JJ” x" exp(—and change the variable of integration putting y = . 

8. Prove that if 0 < a < f, then f{t) = belongs to Lip^(T); 

hence corollary 4.6 cannot be improved. 

9. Show that the series logn* converges for all f G T. 

5 FOURIER SERIES OF SQUARE SUMMABLE EUNCTIONS 

In some respects the greatest success in representing functions by 
means of their Fourier series happens for square summable functions. 
The reason is that L^(T) is a Hilbert space, its inner product being de¬ 
fined by 


(1,9) 


27r J 


(5.1) 
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and in this Hilbert space the exponentials form a complete orthogonal 
system. We start this section with a brief review of the basic prop¬ 
erties of orthonormal and complete systems in abstract Hilbert space 
and conclude with the corresponding statements about Fourier series in 

Li(T). 

5.1 Let be a complex Hilbert space. Let f,geH. We say that / 
is orthogonal to g if (/, g) = 0. This relation is clearly symmetric. If E 
is a subset of H we say that / e is orthogonal to E if / is orthogonal 
to every element of E. Aset E cH is orthogonal if any two vectors in 
E are orthogonal to each other. A set £” C is an orthonormal system 
if it is orthogonal and the norm of each vector in E is one, that is, if, 
whenever f,g g E, (f,g) = 0 if f ^ g and (/, /) = 1. 

Lemma. Let be a finite orthonormal system. Let ai,... ,aN 

be complex numbers. Then 

N N 

11 ^^ 11 — 'y f * 

1 1 

Proof: 

N N N N N 

II ^ ^ ^nTn II ~ Cy ^ ^'nTn-) CtnTn) ~ 

1 11 11 

— y ^ — y ^ l^n I ‘ 

Corollary. Let {ipn}i° be an orthonormal system in TL and let {an}i° 
be a sequence of complex numbers such that Then 

S^i converges in Ti. 

Proof : Since H is complete, all that we have to show is that the partial 
sums Sn = ^riTri form a Cauchy sequence in H. Now, for N > M, 

N N 

ll-^A - Sm^ = II y] arWnll = y finf ^0 as M ^ CO. 

M+1 M+l 

5.2 Lemma. Let LLbe a Hilbert space. Let {pn} be a finite orthonor¬ 
mal system in H. For f G H write a„ = (/, cpn)- Then 

N N 

- 111 - y arWnll^ = ll/ll^ - yifln 
1 1 


(5.2) 


2 
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Proof: 

N N N 

\\f ^ ^ II ~ if 'y ^ f ^ ^ ^^nV^n) ~ 

1 11 

N N N N 

= ll/f - '^an(f,(fin) - '^an{‘Pn,f) + = ||/f - '^\anf 


Corollary (Bessel’s inequality). Let Li he a Hilbert space and {pa} 
an orthonormal system in LL. For f PLL write Ua = (/, Pa) Then 

(5.3) < ll/f. 

The family {pa} in the statement of Bessel’s inequality need not be 
finite nor even countable. The inequality (5.3) is equivalent to saying 
that for every finite subset of {pa} we have (5.2). In particular a„ = 0 
except for countably many values of a and the series Ufal^ converges. 

If 7f = L^(T) all orthonormal systems in LL are finite or countable 
(cf. exercise 2 at the end of this section) and we write them as sequences 

{'Ln}- 


5.3 Definition: A complete orthonormal system in LL is an or¬ 
thonormal system having the additional property that the only vector in 
LL orthogonal to it is the zero vector. 

Lemma. Let {pn} be an orthonormal system in Li. Then the following 
statements are equivalent: 

(a) {pn} is complete. 

(b) For every f G LL we have 

(5.4) \\ff = Y}{i\Pn)?- 

(c) f = Y{{fPPn)Pn- 

Proof : The equivalence of (b) and (c) follows immediately from (5.2). 
If / is orthogonal to {p.n] and if (5.4) is valid, then ||/f = 0, hence 
/ = 0. Thus (b) (a). We complete the proof by showing (a) ^ (c). 

From Bessel’s inequality and corollary 5.1 it follows that E:(/> Ln)Pn 
converges in LL. If we denote g = '^{f, Pn)Pn we have {g, p.^) = (/, Pn) 
or, equivalently, g — f is orthogonal to {p„}. Thus if {pn} is complete 
/ = 9- ^ 
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5.4 Lemma (Parseval) . Let {(pn} be a complete orthonormal system 
in H. Let /, g &H. Then 

oo 

(5.5) {f,g) = '^{f,'fin){Tn,g) ■ 


Proof: If / is a finite linear combination of (5.5) is obvious. In 
the general case 


N N 

{f,g) = lim (V(/, 5) = lim V(/, . 

A/—s-CXD iV—s-CXD ' - 

n=l 7?,=1 ^ 

5.5 For Tl = L‘^{T) the exponentials form a complete 

orthonormal system. The orthonormality is evident: 

(e*"‘. e*™‘) = I = d'„ . 

Stt J 

The completeness is somewhat less evident; it follows from Theorem 
2.7 since 

if, e'”*) = ^ I = f{n) . 

The general results about complete orthonormal systems in Hilbert space 
now yield 

Theorem. Let f e L^(T). Then 

(a) = 

N 

(b) /= lim firCje"’'* in the L^{T) norm. 

N—^oc 

-N 

(c) For any square summable sequence of complex numbers, 

that is such that < oo, there exists a unique f G L^(T) such that 

an = f{n). 

(d) Let f, g e L‘^{T). Then 

1 r _ °° , _ 

^ / f{t)g{t)dt = Yj fin)fn) . 


n= — oc 



I. Fourier Series ON T 


31 


We denote by the space of all square summable sequences 

(that is, such that < oo). With pointwise addition and scalar 

1 

multiplication, and with the norm and the inner product 

({a„}, {bn}) = ^nbn, IS a Hilbert space. Theorem 5.5 amounts 
to the statement that the correspondence / {/(n)} is an isometry 

between L^(T) and 


EXERCISES FOR SECTION 5 


1. Let {ipn}n=i be an orthogonal system in a Hilbert space H. Let f £ H. 
Show that 


N 


min \\f - ajifiA 

ai, ....ajY II \ 

1 


is attained at the point aj = (/, ipj), j = 1,... ,N, and only there. 

2. A Hilbert space H is separable if it contains a dense countable subset. 
Show that an orthonormal system in a separable Hilbert space is either finite or 
countable. 

Hint: The distance between two orthogonal vectors of norm 1 is \/2. 

3. Prove that an orthonormal system {vPn} in is complete if, and only if, 
the set of finite linear combinations of [pn] is dense in H. 

4. Let / be absolutely continuous on T and assume /' e prove that 


< ll/ILi 


\ 


IIU 


1,2 


Hint: |/(0)| < ||/||j:,i, and X^|n/(n)p = ||/'||^ 2 ; apply the Cauchy-Schwarz 
inequality to the last identity, 

5. Assume / e L^(T) and /(n) = 0(|n|^*). Show that / is m-times 
differentiable with e L^(T) provided k — m > 


6 ABSOLUTELY CONVERGENT EOURIER SERIES 

We shall study absolutely eonvergent Fourier series in some detail 
later on: here we mention only some elementary facts. 

6.1 We denote by A(T) the space of (continuous) functions on T hav¬ 
ing an absolutely convergent Fourier series, that is, the functions / for 
which < 00 . The mapping / {/(n)}„ez of A(T) into 

(the Banach space of absolutely convergent sequences) is clearly lin¬ 
ear and one-to-one. If X^Toolwl < oo the series converges 
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uniformly on T and, denoting its sum by g, we have a„ = g{n). It fol¬ 
lows that the mapping above is an isomorphism of A(T) onto . We 
introduce a norm to A(T) by 

CXD 

(6.1) ii/iU(t) = Ei/(")I- 

— OC' 

With this norm A(T) is a Banach space isometric to £^; we now claim 
it is an algebra. 

Lemma. Assume that f,gG Al(T). Then fg G A(T) and 
l/ffl|A(T) < ||/|U(T) llfllU(T) • 

PROOF: We have f{t) = g{t) = and since 

both series converge absolutely: 

k rn 

Collecting the terms for which k + m = n we obtain 

= E E 

n k 

so that fg{n) = f{k)g{n — k); hence 

'^\fg{ri)\ < Y^'^\f{k)\\g{n -k)\ = El/(^')l ' < 

n k 

6.2 Not every continuous function on T has an absolutely convergent 
Fourier series, and those that have cannot^ be characterized by smooth¬ 
ness conditions (see exercise 5 of this section). Some smoothness con¬ 
ditions are sufficient, however, to imply the absolute convergence of 
the Fourier series. 

Theorem. Let f be absolutely continuous on T and f G L^(T). Then 
f G A(T) and 

OC I 

(6.2) II/IIa(t) < II/IIli + (^2 E« ll/^lIrG- 

1 

PROOF: This is exercise 4 of the previous section and the hint given 
there is essentially the whole proof. ◄ 


' See, however, exercise 7.8. 
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*6.3 We refer to exercise 2.2 for the definitions of Lip^(T) and of its 
norm. 

Theorem {Bernstein). Iff G Lip for some a > |, then f £ A(T) 
and 


(6-3) ILfllnm < CaWfWup,^ 

where the constant depends only on a. 

Proof: 

f{t - h) - fit) ^ - l)/(n)e-*. 

if take h = 27r/(3-2’”) and 2™ < n < 2”'+^ we have — 1| > \/3 

and consequently 


(6.4) 


E - ii'i/(«oi^ = II,//. - ,/iii= < 

2™<n<2™+i n 


< Wfh - fW'L < 



2 

Lip Q ■ 


Noticing that the sum on the left of (6.4) consists of at most 2 '"+^ terms, 
we obtain by the Cauchy-Schwarz inequality 

(6.5) E I/WI<2^™+'^/^(^)“||/IIl.p„. 

2™<r7,<2™ + i 


Since a > we can sum the inequalities (6.5) for m = 0,1,..., and 
remembering that |/(0)| < ||/||Lip,^ we obtain (6.3). ◄ 


Bernstein’s theorem is sharp; there exist functions in Lip i (T) whose 
Fourier series does not converge absolutely. A classical example is the 
Hardy-Littlewood series " e”'-* (see [28], Vol. 1, p. 197). 

Another example is given in exercise 6.6. 

*6.4 The Lipschitz condition in Theorem 6.3 can be relaxed if / is of 
bounded variation. 

Theorem {Zygmund). Let f be of bounded variation on T and as¬ 
sume f e LipfT) for some a > 0. Then f G A(T). 

We refer to [28], Vol. 1, p. 241, for the proof. 
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*6.5 Remark: There is a change of scene in this section compared 
with the rest of the chapter. We no longer talk about functions summable 
on T and their Fourier series—we discuss functions summable on Z (i.e., 
absolutely convergent sequences) and their "Fourier transforms" which 
happen to be continuous functions on T. Lemma 6.1, for instance, is 
completely analogous to theorem 1.7 with the roles of T and Z reversed. 
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(c) Write fm = Pm — Pm+i = *Qm-i and / = 2 ’"/m. Show 

that / e Lip 1 (T) and / ^ ^(T). 

For 2^* < h < 2^^* writg; oo 

fit + h)- fit) = + h) - fmit)) . 

1 fc +1 ^ 

By part (a) the sum is bounded by 2 < Shs. Using part 

(a), exercise 2.12, and the fact that fm is a trigonometric polyomial of degree 
2’" — 1, one obtains a similar estimate for . 

7. Let f, g e L^(T). Show that f*ge ^(T). 

7 FOURIER COEFFICIENTS OF LINEAR FUNCTIONALS 

We consider a homogeneous Banach space B on T and assume, for 
simplicity, that e’"* e B for all n. As usual, we denote by B* the dual 
space of B. 

7.1 The Fourier coefficients of a functional /x e B* are, by definition: 

(7.1) /x(n) = (e™*,/x), n e Z; 

and we call the trigonometric series 

CXD 

5[/x] 

— CXD 


the Fourier series^ of /x. Clearly 

|/i(n)| < ||/x||B.||e''”‘||B. 

The notation (7.1) is consistent with our definition of Fourier coeffi¬ 
cients in case that /x is identified naturally with a summable function. 
For instance, if B = L^’(T), 1 < p < oo, B* is canonically identified 
with L®(T) where q = p/ip — 1). To the function g £ L'J(T) corresponds 
the linear functional 

f ^ if, 9) = ^ j fit)git)dt, f £ LP{J) 


and _ 1 r - - 1 r 

^ y e^^f'git)dt = j e-"'*gif)dt 

thus gin) defined in (7.1) for the functional g coincides with the rxth 
Fourier coefficient of the function g. 

iWe keep, however, the convention of 1.3 that a Fourier series, without complements, 
is a Fourier series of a summable function. 
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Theorem {Parseval’s formula). Let f G B, // G B*; then 


(7.2) 


(/,M> = lim ^(l 

iV—s-CXD \ 


-N 


iV+ 1 




PROOF: (a) For polynomials P{t) = we clearly have 

{Pb>) = 

(b) Since, by theorem 2.11, / = limAr^oo <^N{f) in the B norm, it 
follows from (a) and the continuity of ^ that 

N I I _ 

(/,/i) = lim( 0 - 7 v(/),/i) = 


Remark: The fact that the limit in (7.2) exists is an implicit part of 
the theorem. It is equivalent to the C-1 summabilityi^ of the series 
E f{n)jj.{n). If this last series converges then clearly 

CXD 

(7-3) {f,f) = '^f{7l)jl{7l) 

— OC 

We shall sometimes refer to (7.3) as Parseval’s formula, keeping in 
mind that if the series on the right does not converge then (7.3) is simply 
an abbreviation for (7.2). 

Corollary (Uniqueness theorem), ////(n) = Q for all n, then = 0. 

7.2 We shall write /i ~ EA(n)e’”‘, and may write n = tl{7i)e"''* 

if the series converges in some sense (which should be clear from the 
context). This is an abuse of language which, if used with caution, 
presents no risk of misunderstanding and obviates tedious repetitions. 

In accordance with our abuse of language we define, for /i g B*, the 
elements and Onip) of B* by 

— n 


(7.4) 


Sn{y = 

(7 nip) = 


+Cesaro of order 1 
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We shall also write 

n 

Snip,t) 

(7.5) 

— n 

The correspondence between the functionals (7.4) and the functions 

(7.5) is clearly 

1 r _ ^ _ 

-n 

for all f e B-, similarly for Onip)- 

The mapping S„ : / ^ Sn{f) on B is clearly a bounded linear 
operator, and so is S„ : p S'„(/i) on B*. It follows from ParsevaTs 
formula that S„ on B* is the adjoint of S,i on B and consequently has 
the same norm. Similarly, <t„ : p ^ cf-aip) on B* is the adjoint of 
c^ri '■ f (^nif) onB and consequently^ = 1. 

We remark that by ParsevaTs formula, for every p G B*, 
converges weak-star to 

7.3 ParsevaTs formula enables us to characterize sequences of Fourier 
coefficients of linear functionals. 

Theorem. Let B be a homogeneous Banach space on T. Assume that 
e’nt G B for all n. Let {an}f=-oc ^ sequence of complex numbers. 
Then the following two conditions are equivalent: 

(a) There exists g G B*, \\g\\ < C, such that g{n) = an for all n. 

(b) For all trigonometric polynomials P 

\Y,P{n)aL\ <C*||P||^. 

PROOF: The implication (a) => (b) follows immediately from Parse¬ 
vaTs formula. If we assume (b) then 

(7.6) P^'^P{n)dT 

is a linear functional on the space of all trigonometric polynomials, 
bounded in the B norm, and therefore (theorem 2.12) admits a unique 
extension g of norm < C to B. Since g extends (7.6) we have 

g{n) = (e’'"*,p) = a„. 

§ 11 iTn 11 ^ denotes the norm of <t„ as operator on B *. 


•4 
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Corollary. A trigonometric series S ^ is the Fourier series 

of some g G B*, ||/i|| < C, if, and only if ||cjAr(5')|| < C for all N. 
Here (tn{S) denotes the element in B* the Fourier series of which is 

PROOF: The necessity follows from 7.2; the sufficiency from the cur¬ 
rent theorem and the observation that for trigonometric polynomials P 

'^P{n)ap= lim {P,crN{S)) . 

7.4 In the case B = C{T) the dual space B* is identified with the 
space M(T) of all (Borel) measures on T (we set (/, /t) = / fdg) We 
shall refer to Fourier coefficients of measures as Fourier-Stieltjes co¬ 
efficients and to Fourier series of measures as Fourier-Stieltjes series. 
The mapping / ^ {l/2TT)f{t)dt is an isometric embedding of L^(T) 
in Af(T). The Fourier coefficients of {l/2Tr)f{t)dt are precisely /(n), 
hence a Fourier series is a Fourier-Stieltjes series. 

An example of a measure that is not obtained as {l/2TT)f{t)dt is the 
so-called Dirac measure; it is the measure S of mass one concentrated 
at t = 0. S can also be defined by (/, S) = /(O) for all / G C'(T). We 
denote by <5.^, u G T, tbe unit mass concentrated at r. Thus S = So and 
(/, dV) = /(t) for all r G T. From (7.1) it follows that dV(n) = 
and in particular (i(n) = 1. This shows that Fourier-Stieltjes coefficients 
need not tend to zero at infinity (however, by 7.1, |/i(n)| < ||/x||m(t))- 

7.5 We recall that a measure /x is positive if fi{E) > 0 for every mea¬ 
surable set E, or equivalently, if J fdg > 0 whenever / G C(T) is non¬ 
negative. If p is absolutely continuous, that is, if p = {l/2T:)g{t)dt with 
g G T^(T), then /x is positive if and only if . 9 (t) > 0 almost everywhere. 

Lemma. A series S ~ is the Fourier-Stieltjes series of a 

positive measure if and only if for all n and t G T, 

71 

afS-A) = ^(1 - |jj/(n+ l))aje*^* > 0. 

— ri 

Proof: if S = S{ji) for a positive g G M(T) and if / G C'(T) is non¬ 
negative, we have 

^ j f{t)(Jr,{Sf)dt = ^(l - ~|rY)/(7)A(/) = (^nif)dg > 0 
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since /x > 0 and, by 3.1, cr„(/, t) > 0. Since this is true for arbitrary 
nonnegative /, t) > 0 on T. Assuming f7„(5, t) > 0 we obtain 

0'ri(5', — CLq 

and, by Corollary 7.3, S = 5(/x) for some /x e M{T). For arbitrary 
noimegative / G C'(T), f fdfj, = \imn^aoil/‘2TT f f{t)aniS,t)dt > 0 and 
it follows that /x is a positive measure. ◄ 

Remark: The condition “(Jn{S, t) > 0 for all n” can clearly be replaced 
by t) > 0 for infinitely many n’s”. 

7.6 We are now able to characterize Fourier-Stieltjes coefficients of 
positive measures as positive definite sequences. 

Definition : A numerical sequence {a„} uez is positive definite if for 
any sequence {2,, } having only a finite number of terms different from 
zero we have 

(7.7) ^ ^ — b. 

n , rn 

Theorem (Herglotz). A numerical sequence {a„}„gz is positive def¬ 
inite if, and only if there exists a positive measure /x G M{T) such that 
ttri = fin) for all n. 


|o'„(5')||m(t) ~ j 


PROOF: Assume a„ = /x(ri) with positive p. Then 

(7.8) ^ = j |'d/x > 0. 

n.rn n.m ' ’ n 

If, on the other hand, we assume that {a„ } is positive definite, we write 
S and, for arbitrary N and t G T we choose 


I gint 1^1 ^ ^ 

~ \0 \n\ > N 

We have o-n-rnZnZrn = whcrc Cj^N is the number 

of ways to write j in the form n — m where |n| < and |m| < N, that 
is, C,',Ar = max(0, 2N + 1 — |j|). It follows that 

(XiNiS.f) = 2^^ > g 

j 


and the theorem follows from 7.5. 
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7.7 If {an} is positive definite, then 


(7.9) |a„| < ao, 

and the sequence {(a„ — positive definite. This can be 

seen directly by checking condition (7.7), or deduced from Herglotz’ 
theorem and the observations that if ^ is the positive measure such that 
an = then ao = /t(0) = ||/i||, u = (1 — cost)/x is nonnegative, and 
u(n) = an - 2 — 

Also, since = a^i, we have uq — Ifui = ao — = u(0). 

Combining all this, we obtain 

Lemma. If {an} is positive definite, then 

(7.10) + <ao-jRai. 

Positive definite functions can be defined over any abelian group by 
the same inequality (7.7). In Chapter VI we shall see that the preceding 
lemma implies in particular that positive definite functions on R that 
are continuous at 0 are in fact uniformly continuous. 

7.8 The Spectral Theorem. Positive definite sequences arise nat¬ 
urally in the context of unitary operators on a Hilbert space. Let H 
be a Hilbert space, U a unitary operator on H, and f e H; write 
a-n = (17“"/,/). The sequence {a„} is positive definite since for any 
finite sequence {zn} we have 


(7.11) 


^ ^ ^n—rn^n^rn 
ri. rn 


n.rn 

n 


The positive measure fi = pf e M(T) for which /(n) = is called the 
spectral measure of f. Comparing (7.8) and (7.11), one realizes that 
the correspondence 


(7.12) HP U'fi-< — eL\i_if) 


extends to an isometry of the closed span Hf of {L"/} in H onto 
L‘^{Hf ), which conjugates U to the operator of multiplication by on 
Li^ipf). This is in essence^ the spectral theorem for unitary operators 
on a Hilbert space. 


^What we omit here is the analysis of the multiplicity ofU onH. 
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Corollary (The Ergodic Theorem). Let H be a Hilbert space and 
U a unitary operator on H. Denote by Hmv the subspace ofU-invariant 
vectors in H, and by Pim, the orthogonal projection ofTi on Hinv Then 


lim ^ = Pinv, 

0 

the limit in the strong operator topology. 

PROOF: The claim is that for every f eH, lim T f = Pinv.f in 

norm. By the spectral theorem, we may assume that U is multiplication 
by on and so ^ U'-t is just multiplication by 


PN{t) 


1 

iv 


N-l 


T. eW = 

0 


pNt 

iV(e« 


1 

■i)' 


The elements of which are invariant under multiplication by 

e'* are just the multiples of ]l{o} (the indicator function of {0}), and 
P-inv in this context is multiplication by ]l|o}- As ||(^Ar||oo = 1 and pn 
converge pointwise to l{o}, we have = i/)(0)]l{o} in norm for 

any tp G L‘^{gf ), and in particular for the constant 1, the image of / 
under the “spectral” isometry. ◄ 


7.9 An important property of Fourier-Stieltjes coeffcients is that of 
being "universal multipliers." More precisely: 

Theorem. Let B be a homogeneous Banach space on T and g G Af (T). 
There exists a unique linear operator gon B having the following prop¬ 
erties: 

(0 IImII < llhllM(T) 

(ii) gf{n) = g{n)f{n) for all f G B. 

PROOF: If an operator g satisfies (ii), then for / = /(n)e*”' we 

have gf = /t(n)/(n)e®”‘, that is, g is completely determined on 

the polynomials in B. If g is bounded it is completely determined. In 
order to show the existence of g it is suffcient to show that if we define 

(7.13) /x/ = ^/x(n)/(n)e“‘ 

for all polynomials / then 

C7-14) llfi/ll < IImIIm(t) ll/llii- 
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since /x would then have a unique extension of norm < ||/i||Af(T) to all 
of B. If fi = {l/2T:)g{t)dt with g G C'(T), it is clear that /u/, as defined 
in (7.13), is simply g* f which we can write as a B-valued integral (see 
2.4) 

(7-15) H/= 9 * / = ^ y fl('r)/rdT 

and deduce the estimate 

||H,fllB < 11/11^'^: j \9i'r)\dT= ||mIIm(t)||/||b ■ 

For arbitrary g e M(T), has the form {l/2n) gn{t)dt, where 

9n{t) = - |j|/('«+ and 

^ J \9n{t)\dt = \\(Jn{p)\\M[T) < ||9||m(T) • 

By our previous remark || 5 „ + /IIB < ||/u||a/(t) ||/||b- Since / is a trigono¬ 
metric polynomial, we clearly have fif = lim„^oog„ * / and (7.14) 
follows. ◄ 

Corollary. Let f e B and g G Af(T). Then {g{n)f{n)} is the sequence 
of Fourier coefficients of some function in B. 

In view of (7.15) we shall write g * f instead of gf, and refer to it as 
the convolution of g and /. With this notation, our earlier condition (ii) 
becomes a (formal) extension of (1.10). 

7.10 For g G M(T) we define g* G M(T) by 

(7.16) g*{E)=Jf(^ 

for every Borel set E (recall that —E = {t: — t e E}), or equivalently, 
by 

(7.17) J f{t)dg* = I f{-t)dfi 

for all / G fy^T). It follows from (7.17) that 


(7.18) 


T*{n) = g{n). 
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7.11 By Parseval’s formula, the adjoint of /x is the operator which 
assigns to every v £ B* the element of B* whose Fourier series is given 
by ^ /i(n)/>(n)e*”* = ^ /i#(n)i>(n)e”’'*. We extend the notation of 7.7, 
write this element of B* as ji* * v, and refer to it as the convolution of 

and V. We summarize: 

Theorem. Let B be a homogeneous Banach space on T and B* its 
dual. Let /x e M(T), v G B*; then ^/x(n);>(n)e*”* is the Fourier series 
of an element g * V ^ B*. Moreover Wg * u\\b‘ < ||m||m(t) ||u||b* . 

The norm estimate follows from (7.14) and the facts that the norm 
of the adjoint of an operator is equal to the norm of the operator, and 

\\h* IIm(t) = IImIIm(t) • 

It follows, in particular, that if /x, u e M(T), then ^ /i('rt)/>(n)e*"‘ is 
the Fourier-Stieltjes series of the measure yu * u. 

7.12 We have introduced the convolution of /x, u e Af(T) by its 
Fourier-Stieltjes series. It can, of course, be done directly. With /x 
and u given, and for / G C'(T), the double integral 

-?"(,/■) = yj fit + T)dfi{t)du{T) 

is well defined, is clearly linear in /, and satisfies 

|f(/)l < ll/^llMmlli^llMm- 

By the Riesz representation theorem, which identifies M(T) as the dual 
of C'(T), there exists a measure A G Af(T) such that /(/) = J f{t)dX. 
Taking f{t) = we obtain A(n) = /x(n)x>(n), that is, X = g * In 
other words 

(7.19) J fd{p *iy) = IJ fit + T)dfiit)dviT) . 

Taking a (bounded) sequence of functions / which converge to the in¬ 
dicator function of an arbitrary closed set E, we see that (7.19) is equiv¬ 
alent to (denoting iJ — T = {t:t + rG E}) 

(7.20) ii.i*iy)(E)= [ /.fE — T)diy(T). 


By regularity, (7.20) holds for every Borel set E. 
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7.13 We recall that a measure /r G M{T) is discrete if /x = 
where are complex numbers; we then have ||yu||M(T) = ^ 

measure /i is continuous if /i(t) = 0 for every t G T ({t} is the set 
whose only member is the point t). Equivalently j_i is continuous if 
lim^^^o = 0 for all t G T. Every ^ G M(T) can be uniquely 

decomposed to a sum /x = /Xc + /Xd where pc is continuous and /x^ is 
discrete. 

It is clear from (7.20) that if /x is a continuous measure then, for 
every u G Af(T), /x*u is continuous. Also, since S{t) = S{t + t'), 

if h = and u = then i^i * v = J2j,k(^]bkSrj+T[, - If 

l-i = fic + (fXd is the decomposition of /x into continuous and discrete 
parts, then fif the continuous part of fi* and /j* is its discrete part. 
Thus 

^ Xc * /xf + /iXc * /xf + Md * hf) + Md * hf . 

the sum of the first three terms is continuous and the last term is dis¬ 
crete. If fid = then fi* = and consequently the mass 

at r = 0 of the measure /x * fi* is p. We have proved: 

Lemma. Let fi G M{T). Then X]|/x({''"})P = (h * ^^)({0}). In 
particular: fi is continuous if, and only if 

(/x*/x#)({0}) = 0. 


The discrete part of a measure /x can be “recovered” from its Fourier- 
Stieltjes series. 

Theorem. Let fi G M(T), t G T. Then 




N 


lim - 

N^oo 2N + 1 




Proof: The functions pNit) = J2-n 

are bounded by 1 and tend to zero uniformly outside any neighborhood 

of t = r. Remembering that 


lim 


r+f? 


\d{fl - fl{{T})Sr)\ = 0 


-t9 


we obtain 


lim {pN,h- M({'r})<i'r> = 0 

N^OC 


( 7 . 21 ) 
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Now 

_ 1 ^ 

((^AT,/! - /x({t})(5^) = ^ 1 ^ /i(n)fi’"^ - /i({T}) 

-N 

and the theorem follows from (7.21). ◄ 


Corollary (Wiener). Let £ M(T). 

(7.22) 27VTI 

-N 

In particular: is continuous if, and only if 


(7.23) 


lim - 

A'—»oo “IN + 1 


^|/i(n)|^ = 0. 


Remarks: a. The averaging that appears in the Theorem and in the 
corollary need not be on intervals symmetric with respect to 0. If {Mj} 
is an arbitrary sequence of integers, and Nj oo, then for all r £ T 


(7.24) 


KM) = lim —— 

J^OC I\lj + 1 


E 


The proof as above, with pn replaced by • 

b. The exponent 2 in (7.22) is essential, in (7.23) it can be re¬ 
placed by any positive number. What the condition really says is that 
fi{n) tends to zero in density, that is: given e > 0, the proportion in all 
sufficiently large intervals, of the integers n such that |/x(rj)| > e, is ar¬ 
bitrarily small. In particular, for every e > 0 and positive N there exist 
in any sufficiently large interval on Z, intervals of length N, on which 

lAI < £■ 


EXERCISES FOR SECTION 7 

1. Let B be homogeneous on T and B* its dual. Show that S ^ 

is the Fourier series of some fi e B* if and only if ||<jAr(S)|| is bounded as 

N ^ oo. 

2. Denote K„.r(t) = KAr(t — r). Show that for every p, G M(T) 

an{p,T) = (K„,T,rt) ■ 
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Deduce that an{p, r) > 0 if is positive. 

3. Show that a trigonometric series ^ cine''”'*' such that > 0 

for all N and t G T is a Fourier-Stieltjes series of a positive measure, 

4. We shall prove later (see rV.2.1) that if / e L^(T) with 1 < p < 2, then 

ll/llw = < II/IUp(t) 

Assuming this, show that if {«„} e is a numerical sequence then there exists 
a function g e L‘‘{T) such that g{n) = an, and ||c/||i,>!(t) < ||{an}||<p • 

5. The elements of the dual space of C’"(T) are called distributions of 

order rn on T. We denote by V”'{T) = (C'’"(T))* the space of distributions of 
order m on T. Since C C”'{T) we have V”'{T) C Write 

D(T) = UmD”"(T). 

(a) Prove that if /i e D*" then 

|/t(n)| < const \n\*” n f 0. 

(b) Given a numerical sequence {a"} satisfying an = O (Ini’"), there exists a 

distribution p e foj- „ 

Hint: Iff £ C’"+^(T) then < °°- 

Thus a trigonometric series Y o-nd”* is the Fourier series of a distribution 
on T if and only if, for some rn, Un = O (Ini’") n f 0. 

Let fi £ V and let O be an open subset of T. We say that p vanishes on O 
if (ip, if = 0 for all p £ C°° (T) such that the support of p (i.e., the closure 
of the set {t : p{f) f 0}) is contained in O. 

(c) Prove that if /i vanishes on the open sets Oi and O 2 , then it vanishes on 
Oi UO 2 . 

Hint: Show that if the support of p e C°°(T) is contained in Oi U O 2 
then there exist pi, p 2 £ C°°(T), with supports contained in Oi, O 2 re¬ 
spectively, such that p = pi + p 2 . 

(d) Extend the result of (c) to any finite union of open sets; hence, using the 
compactness of the support of the test functions p, show that if /i vanishes 
in the open sets Oa, o running over some index set I, then /i vanishess on 

Thus the union of all the open subsets of T on which p vanishes is again 
such a set. This is clearly the largest open set on which p vanishes. 

Definition : The support of p is the complement in T of the largest open 
set O C T on which p vanishes. 

(e) Show that if p e D’" and if / G C’"(T) vanishes on a neighborhood of 
the support of p, then {f,p) = 0. The same conclusion holds if for some 
homogeneous Banach space B, the distribution p belongs to and f £ B 
(see exercise 2.11). 
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(f) We define the derivative jj! of a distribution fj, e D*" by 

= for/e C’"+'(T). 

Show that // e and n'(n) = infi(n). 

(g) Show that support(/i') C support(/i). 

(h) Show that the map /n /i' maps onto the subspace of consisting 

of all p, e satisfying /i(0) = 0. 

Flence, every fi e D*" can be written in the form fi(0)dt + jii where /n is 
the mth derivative of a measure. 

(i) A distribution ^ on T is positive if (/, p) > 0 for every nonnegative test 
function / e C°°(T). Show that a positive distribution is a measure. 

Hint: Positivity implies, for real-valued /, (/, p.) < max p). 

6. The dual space of A(T) is commonly denoted by PM(T) and its ele¬ 

ments referred to as pseudo-measures. Show that with the natural identifica¬ 
tions M{T) c PM{T) c 17^ (T), and PM(T) consists precisely of those p for 
which {p{n)} is bounded. Moreover, the correspondence p ^ 's an 

isometry of PM{T) onto f.°°. 

7. Let a,P e T, let N be an integer, and let p be the measure carried by the 

arithmetic progression {a + which places the mass zero at a and the 

mass j~^ at a + j[], 1 < |jr| < N. Show that ||/u||pm(t) < tt + 2. 

Hint: See exercise 3.4. 

8. Let / e A(T) be real valued and monotonic in a neighborhood of to G T. 

Show that \f{t) - f{to)\ = O ((log|t - as t to. 

9. Let p, pn e M(T), n = 1,2,.... Prove that pn p in the weak-star 
topology if, and only if, ||/itn||M(T) = 0(1) and Pn{j) p{j) for all j. 

10. By definition, a sequence c T is uniformly distributed if for 

any arc / C T we have liniAr^oo N~^ llr(^n) = (27r)“^|7|. Prove the 

following statements: 

a. C T is uniformly distributed if, and only if pn = n ^ Si-j 
converge in the weak-star topology to (27r)^^<it, i.e., if for all integers I f 0, 
n~^ Si ^ 0. (Weyl’s criterion). 

b. if a is an irrational multiple of n, the sequence {no} is uniformly distributed 
on T. 

11. Show that a measure p G M (T) is absolutely continuous if, and only if 
linir^oll/i^ — p\\ = 0, where pr is the translate of p by t (defined by Pt{E) = 
piE - t)). 

12. Let p G M(T). Prove: a„{p, i) converge to zero at every t f support(/u), 
the convergence uniform on every closed set disjoint from support(ju). 

13. Let p G M (T) be singular with respect to dt (that is, there exists a Borel 
set Eo of Lebesgue measure zero, such that p{E) = p{E n Eo) for every Borel 
set E). Show that <Jn{p, i) ^ Q almost everywhere (dt). 
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14, Show that the conclusion of exercise 12 is false if we assume fi e 
instead of n G M(T); however, if we replace Fejer’s kernel by Poisson’s, the 
conclusion is valid for every n eT>. 

Hint: For 0 < 5 < tt, and positive integers m, lim,.^i ^ = 0 uniformly 

in (<5, 271 — 5). 

15. (Bernstein’s inequality) Let tj.n = and Sj.„ = St, Write 


tin = - \ 5j ri, 


Un = K„(t)p,n 


(a) Check that ||z/„|| = i)n{0) = 1. 

(b) Write u* = ne"‘'*Un, then ||u* || = n, and uS(j) is periodic of period 4n and 


‘'nU) = 


for I j| < n, 


2n — j for n < j < 3n. 

(c) Prove Bernstein’s inequality: ifP = 'YT-n 

(7.25) llP'lloo < n||P||oo . 

Hint: P' = ui) * P. 

(d) Prove that if P = then ||P'||oo < n ||P||oo • 

Hint: Find a measure qn of norm n such that (ln{j) = |i| for \ j\ < n. 

(e) Let P be a homogeneous Banach space on T, and P = YJ-n ^ 

Prove that ||P'||b < rt||P||B, and ||P'||b < n ||P||b ■ 

8 ADDITIONAL COMMENTS AND APPLICATIONS 

8.1 Approximation by trigonometric polynomials. The order 
of magnitude of the Fourier coefficients of a function / gives some 
indication of the smoothenss of the function. We get more precise in¬ 
formation from the rapidity of the approximation of / by trigonometric 
polynomials (as a function of their degree), or from the decomposition 
of / into a series of polynomials given by (8.8) below. 

For ip G C(T) denote En{p) = — P||oo, the intimum for all 

trigonometric polynomials P of degree < n. 

If m is a positive integer and 0 < r/ < 1, C""+''(T) denotes the space 
{/ G C”^{T): /t™) G Lip }, endowed with the norm 
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Theorem (Jackson). Let m be a non-negative integer, and 0 < 77 < 1. 
Iff G C"‘+^(T), then: 

( 8 . 1 ) Eff) = 0{n-”'-'^). 

The converse of the statement is true provided r/ > 0. See 8.3 below. 

The proof will use the information we have in the exercises for Sec¬ 
tion 3, Bernstein’s inequality for derivatives of polynomials (exercise 
7.15 above), and the “reverse inequality” which is discussed in the fol¬ 
lowing subsection. 

8.2 The “reverse Bernstein inequality”. 

Theorem. Let m be a positive integer. There exist a constant Cm such 
that if f = G then 

(8.2) iLfiioo 

Proof: We prove the following statement: given positive integers rn 
and n, there exist measures gm.n such that 

(8.3) ijffnij) = for |j| > n, and || l^m.n, II M(T) < Cmn-”\ 

Since / = Cfrn.n * this clearly implies (8.2). 

Denote by 4>m,n the positive function in L^(T) whose Fourier coef¬ 
ficients are given by 


frn.n (j) 


j for \j\ > n 

n-“ + (n - b'|)(n-™ - (n + I)"™) for \:j\ < n. 


The coefficients in the range |j| < n are chosen so as to fulfill the 
conditions of Theorem 4.1: they are symmetric, linear in [0, n + 1] with 
slope matching that of on [n, n + 1 ], so that (pm.nii) is convex on 

[0, 00 ). It follows that 


||0m,n||Li = fm,n{0) < (m + !)« 

For even rn set = frn.ndt and obtain Cm = rn+ 1. 
For m = 1, we use the polynomials 


= e 


i‘2 nt 


K; 


1 


+ -jf 


i‘2 ^ 


2^' (n —1) 
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Clearly ||4'„,fe||Li(T) < 3/2, = 0 for negativewhile for j > n 

YlT=o = 1 (with one or two non-zero summands for each j). It 

follows that the function 


Kit) = 

k=0 

satisfies: ~ ^ forj < 0, 'h/(i) = 1/j for all J > n, and 

(8-4) ||$:|| <3/2^||/>i,„2.||<6n-i. 

M \\L (llj 

We set fii_„ = {^nit) — '&/(—t))dt, and (8.2) holds with Ci = 12. 
Finally, for rn = 2/ + 1 we set * fi 2 i.n and = 12m. ◄ 

For polynomials of the form P = '^n<\j\<An we have 

(8.5) C-/n™||P|U < WP^'^'Mloo < (4n)™||P|U. 


Moreover, the same holds if we replace || ||oo by the norm of any ho¬ 
mogeneous Banach space on T. 

8.3 Lemma. Let Pk be trigonometric polynomials of degrees bounded 
by and \\Pk\\oo = O (2-(”‘+'^/)fe). Then f = 'f2Pke C"‘+"'(T). 

PROOF: By Bernstein’s inequality, we have \\Pk\\c^{T) = O (2“’^'*) so 
the series converges in C™(T), and / G C”'. Focusing on pjf ^ we have 


(8.6) \\pj:”'^^\\^ = 0{2-'"'^), and = 0 ( 2 ( 1 -’')'= 


which imply 


(8.7) 


p(”')(t + /i)_pO')(^)| < 


(71/^12^1-0) 

C2-kv 


for \h\ < 2-'^’! 
for \h\ > 2-'=’' 


the constant C coming from the O bound. For any h and any t G T, 

|/(™)(t+/i)-/(’")(t)I < o( /i|2''(^^’')+ XI 2-*’') < Oi|/t|’', 

\h\<2-''''i \h\>2-kv 


and / G 0™+’'(T). 


•4 
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If / G C'(T), n > 2, the polynomial Wn{f) = (V 2 „ — V„) * / is of the 
form Y.n<\j\< 4 n We set Wi{f) = \/ 2 * f, and have 

(8.8) / = limV2. */=^W2.(/). 

fe>i 

Notice that, since ||\/ 2 ri — V„|| 2 ,i(t) < 6 , we have, for any homoge¬ 
nous Banach space B on T, 

(8.9) \\W^{f)\\B<(4\\f\\B. 

Theorem. Let m > 0 be an integer and 0 < rj < 1. A necessary and 
sufficient condition for f to be in (T) is 

(8.10) ||W„(/)||oo = 0(n-"‘-"). 

For 7] = 0, the condition (8.10) is necessary, but not sufficient. 

Proof: For any g, Wnig) = 2(K4„ + g - (?) - 3(K2„ * <7 - (?) + (K„+ <7 -p), 

and hence 

(8.11) ||ll/,,( 5 )||oo < 6 max ||crfc(g) - (7||oo. 

k=n.2nAn 

Combine this (for g = Z*-”*), where / G (jrn+ri^ 0 < »? < 1,) with 
exercise 2 at the end of Section 3, and obtain 

(8.12) \\Wn{AA\\oo<C\\A"''^\\upffi-'f 

where C is a universal constant. By (8.5), and the fact that convolution 
commutes with differentiation, thus ||lF,i(/)||oo < C'||/||(U™+> 7 n^*'™^''\ 
and we proved the “necessary” part of the theorem. For the proof that 
condition (8.10) is sufficient, write Pk = W 2 k{f) and apply the lemma. 

•4 

This is essentially Jackson’s theorem. Our estimate ofWnif) was 
based on the estimate — /*'’"^||oo < C\\f\\cm+„n~’^, which 

implies the same (with a different constant) for ||V„ * /O") — 
and the “reverse Bernstein inequality” gives! 

Enif) < IIV„ * / - /lU < C||/||c™+,n-0-+"). 

This is the “direct” side of Jackson’s theorem. The “converse” follows 
from the current theorem combined with the observation that for any 
polynomial P of degree less than 2*' we have W 2 k{f) = W 2 k{f — P), 
hence ||lT 2 fc(/)||oo < E 2 k-i{f). 

iXhis is the reason we use Vn rather than an', for / = cos t, an(f) — f = f. 
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8.4 One application of Theorem 8.2 is the fact that if / G 

where m > 0 is an integer, and 0 < r/ < 1, then S'[/], the conjugate 
Fourier series of /, is also the Fourier series of a function in ( 7 ™+'). in 
the terminology of the next chapter, admits conjugation. This 

follows from 

Lemma. Let P he a polynomial of the form P = X]„<|j|< 4 „ and 

P its conjugate, P = Y,n<\j\< 4 n Then 

\\P\\oo<f\P\\oo- 

Proof: P = P - * P). ◄ 

Theorem. (7"'+’' admits conjugation. 

PROOF: With some abuse of notation we may write / = X]ri>i ^2" (/)> 
use the lemma, and invoke Theorem 8.2. ◄ 

8.5 Multipliers on Fourier coefficients. Let P and Pi be ho¬ 

mogeneous Banach spaces on T and let T be an operator from P into 
Pi which commutes with translations. Then, for all n, Te’"* = t(n)e'”* 
and for f e B the Fourier series of Tf is In other 

words, T is expressed as a multiplier on the Fourier coefficients of /. 
We have seen concrete examples of this when T was differentiation, or 
convolution by a fixed measure, and just in the previous subsection— 
conjugation, for which the multiplier is t{n) = sgn (n). 

The proof of Theorem 8.4 can be imitated for other multipliers. For¬ 
mally, if {t(n)} is given, the operator T : f ^ ^ t(n)/(n)e'”* is well 
defined for polynomials /. If we denote ||T||„ the norm of the multiplier 
restricted to the sup-normed space of trigonometric polynomials of the 
form I/ 2 "<|j|< 2"+2 then the proof of Theorem 8.4 consisted in 

the observation that ||P||r,, is uniformly bounded when t(n) = sgn(n). 
The same argument, using Theorem 8.2, proves 

Theorem. A sequence is a multiplier ^ C"’=, r 2 ^ Z, if and 

only //’||T||„ = O* . Jn particular, this is true if 

|t(n )|2 = O 

2"<|j|<2"+2 


(8.13) 
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PROOF: We check that (8.13) implies the estimate ||T||„ = O 'i)). 

For polynomials of the form <\j\< 2 ^+^ the operator T is the 
convolution with the kernel T„(t) = X^ 2 "<p|< 2"+2 and its norm 

is bounded by ||r„||ii(T) < ||T„,||l 2 (t)- ^ 

8.6 The difference equation. Given a function / e L^(T) and 

a G T, we are asked to find g such that 

(8.14) g{t +a) - g{t) = f{f). 

Under what condition can this be done and what can be said about the 
“solution” g? 

Formally the solution is obvious, at least if g G L^(T): (8.14) is 
satisfied if, and only if, 

(8.15) for all n G Z 3(n)(e”‘“ - 1) = /(n), 
in other words, we need to set .g(0) = 0 and 

(8.16) = (e-« - l)-i/(n), 

and the question becomes that of identifying (pairs of) spaces on which 
the sequence (e’"" — 1 )^^ is a multiplier. The answer depends on the 
diophantine properties of a, i.e., on the rate of growth of (e*”“ — 1 )^^. 

Theorem. — 1| > G|n|“^' then the sequence — 1)“^} is 

a multiplier ^ C"’^(T) whenever ri — r 2 > 7 . If (2 is not an 

integer, the same holds for ri — r 2 = 7 . 

Lemma. Let dT be such that for j f k, \zj — > a, and 

\zj — 1| > a. Then ^ ^ 4a^^. 

PROOF: The worst estimate is obtained when the points are packed as 
close to 1 as the condition permits, that is, for Zj = e’4“, j ^ 0, and 

zo = ◄ 

Proof of the theorem. The lemma, with M = 2 "+^ and a = ^2“"^, 
implies 

^ |(e™" - 1)1-2 = O (22”T') . 

2"<|.7|<2"+2 

Now apply theorem 8.5. 


•4 
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EXERCISES FOR SECTION 8 

1. Show that if rn is an integer, the condition E„{f ) = o (n“’"logn) is 
necessary for / e ^"(T) but is not sufficient. Show also that the condition 

2^"‘'E2k (/) < oo is sufficient; is it necessary? 

2. Let B be a homogenoeous Banach space on T. For f £ B consider the 
B-valued function !^(r) = /r. Prove that if 99 is differentiable at some m G T, 
it is uniformly differentiable on T, and that this happens if, and only if, /' G B. 

3. Let B be a homogeneous Banach space on T and assume that, for some 
1 < p < 00 , II ■ ||b is equivalent to ||{||H 2 "(■ )IIb}II<p- Prove that B admits 
conjugation 



Chapter II 


The Convergence of Fourier Series 


We have mentioned already that the problems of convergence of 
Fourier series, that is, the convergence of the (symmetric) partial sums, 
Sn{f), are far more delicate than the corresponding problems of summa- 
bility with respect to "good" summability kernels such as Fejer’s or 
Poisson’s. As in the case of summability, problems of convergence "in 
norm" are usually easier than those of pointwise convergence. Many 
problems, concerning pointwise convergence for various spaces, are 
still unsolved and the convergence almost everywhere of the Fourier 
series of square summable functions was proved only recently (L. Car- 
leson 1965). Convergence is closely related to the existence and proper¬ 
ties of the conjugate function. In this chapter we give only a temporary 
incomplete definition of the conjugate function. A proper definition 
and the study of the basic properties of conjugation are to be found in 
chapter III. 

1 CONVERGENCE IN NORM 

1.1 Let B be a homogeneous Banach space on T. As usual we write 

n 

( 1 . 1 ) sM) = sMf) = Y.fU)(C*'. 

— 71 

We say that B admits convergence in norm if 

(1.2) lim ||^„(/)-/||b = 0. 

n—s-cxD 

Our purpose in this section is to characterize the spaces B which have 
this property. 

We have introduced the operators S„ : / S„{f) in chapter I. S„ 

is well defined in every homogeneous Banach space B; we denote its 
norm, as an operator on B, by HSnll-®. 
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Theorem. A homogeneous Banach space B admits convergence in 
norm if, and only if ||S„||^ are bounded (as n oc), that is, if there 
exist a constant K such that 

(1-3) \\SM)\\b < K\\f\\B 

for all f & B and n > 0. 

PROOF: If Sn{f) converge to / for all / e B, then 5„(/) are bounded 
for every / e B. By the uniform boundedness theorem, it follows that 
IlSnII'® = 0(1). On the other hand, if we assume (1.3), let f e B, s > 0, 
and let B be a trigonometric polynomial satisfying ||/ — P||z 3 < 

For n greater than the degree of P, we have Sn{P) = P and hence 

WSnif) - f\\B =\\Snif) - SfP) +P-f\\B 

<\\Sn{f - P)\\b + \\P-f\\B< + ^ 


1.2 The fact that Sn{f) = Dn * /, where 0„, is the Dirichlet kernel 


(1.4) 




sin(ri + l/2)t 
sint/2 


yields a simple bound for IIS„II-®. In fact, ||0„ + /||b < ||0„||2ii ||/||b, so 
that 


(1.5) ||S„f < ||0„|Ui. 

The numbers L„ = ||It,„||ii are called the Lebesgue constants', they 
tend to infinity like a constant multiple of log n (see exercise 1 at the 
end of this section). 

In the case B = (T) the inequality (1.5) becomes an equality. This 

can be seen as follows: denote by Kjv the Fejer kernel and remember 
that IIKatIIli = 1. We have ||S„||^' > ||S'„(KAr)||^i = ||o-Ar(A0llLi and 
since aBi{Dn) Dn, as N ^ oo, we obtain 

||S„||^'(^) > \\Dn\W ; hence ||S„||^hT) = \\Dn\W. 

It follows that T^(T) does not admit convergence in norm. 
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1.3 In the case B = C'(T) convergence in norm is simply uniform 
convergence. We show that Fourier series of continuous functions need 
not converge uniformly by showing that 11S „ 11 are unbounded; more 
precisely we show that = L„. For this, we consider continu¬ 

ous functions ipn satisfying 


11 fin 11 oo — I (l) I 1 

and such that = sgn {Dn{t)) except in small intervals around the 
points of discontinuity of sgn {Dn{t)). If the sum of the lengths of these 
intervals is smaller than e/2n, we have 

||S„f ^ ID,,ityPr.it) dt >L„-e 

which, together with (1.5), proves our statement. 

1.4 For a class of homogeneous Banach spaces on T, the problem 
of convergence in norm can be related to invariance under conjugation. 
In chapter I we defined the conjugate series of a trigonometric series 
to be the series — i sgn (n)a.„e'”*. If / e L^(T) and if the 
series conjugate to X^/(n)e®"‘ is the Fourier series of some function 
g e we call g the conjugate function of / and denote it by /. 

This definition is adequate for the purposes of this section; however, it 
does not define / for all / G L^(T) and we shall extend it later. 

Definition: A space of functions B C L^(T) admits conjugation 
if for every / e B, f is defined and belongs to B. 

If B is a homogeneous Banach space which admits conjugation, 
then the mapping / ^ / is a bounded linear operator on B. The linear¬ 
ity is evident from the definition and in order to prove the boundedness 
we apply the closed graph theorem. All that we have to do is show that 
the operator / ^ / is closed, that is, that if lim /„ = / and lim /„ = 3 in 
B, then g = f. This follows from the fact that for every integer j 

gij) = lim fnij)= lim sgn (j)/„(j) =-* sgn (j) lim /„(j) 

n—s-cxD n —s-cxD n —»-cxd 

= -i sgn (.?)./(j) = ,/(.?■)■ 


If B admits conjugation then the mapping 

f ^ f = n/(o) + n(/+ ^.f) ~ 

0 


( 1 . 6 ) 
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is a well-defined, bounded linear operator on B. Conversely, if the map¬ 
ping / 1 -^ f'° is well-defined in a space B, then B admits conjugation 
since / = -*(2/^ - / - /(O)). 

Theorem. Let B be a homogeneous Banach space on T and assume 
that for f £ B and for all n, e*”*/ G B and 

(1-7) ||e*”‘/l|u= ll/llu. 

Then B admits conjugation if, and only if B admits convergence in 
norm. 

PROOF: By Theorem 1.1 and the foregoing remarks, it is clearly suf¬ 
ficient to prove that the mapping / ^ f is well defined in B if, and 
only if, the operators S„ are uniformly bounded on B. Assume first 
that there exists a constant K such that ||S„ ||^ < K. Define 

2n 

( 1 - 8 ) S^J f) = 

0 

by (1.7) we have < K. 

let f G B and £ > 0; let P £ B be a trigonometric polynomial 
satisfying ||/ - P\\n < e/2K. We have 

(1.9) WSiif) - = \\Siif - p)||u < |. 

If n and rn are both greater than the degree of P, S^jP) = Sl^jP) and 
it follows from (1.9) that 

\\Sl{f)-SUf)\\B<e. 

The sequence is thus a Cauchy sequence in B; it converges and 

its limit has the Fourier series f{ j)e'‘P. So f = lim S^ { f ) G B. 

Assume conversely that / ^ f is well defined, hence bounded, in 
B. Then 

f = f'° — g*(2n+l)t('g-'i(2ri+l)t 

which means that ||SjJ|^ is bounded by twice the norm over B of the 
mapping / ^ f. Since, by (1.7) and (1.8), ||S„||^ = the theo¬ 
rem follows. ◄ 
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1.5 We shall see in chapter III that, for 1 < p < oo, Lp(T) admits 
conjugation, hence: 

Theorem. For 1 < p < oo, the Fourier series of every f G Lp{T) 
converges to f in the L^jT) norm. 


EXERCISES FOR SECTION 1 

1. Show that the Lebesgue constants satisfy 


L„ = A/if logn + O (1). 
Hint:'' 

1 H I sin(n + |)t 
nj I sint/2 


Ln 


1 (J + 1)^ I . / 1X1 

2 sr^ / "+ 1/2 |sm(n+|)t| 


dt= - 

TT 


dt + 0(l); 


J = 1 ri + l/2 


remember that 




n/2 2 

|sin(n + l/2)t|dt = 


ri + l/2 


n + 1 


2, Show that if the sequence {Nj} tends to infinity fast enough, then the 
Fourier series of the function 


/(t) = ^2-^Kiv,(t) 


does not converge in (T). 

3. Let {an} be an even sequence of positive numbers, convex on (0,oo) 
and vanishing at infinity (cf. 1.4.1). Prove that the partial sums of the series 

ane"''* are bounded in F (T) if, and only if, a„ log n = O (1) and the series 
converges in (T) if, and only if, lim an log n = 0. 

4. Show that B = C"^{T) does not admit convergence in norm. 

Hint: S„ commute with derivation. 

5. Let p be a continuous, concave (i.e., p(h) + <p{h + 25) < 2ip{h + 5)), and 

increasing function on [0,1], satisfying pjO) = 0. Denote by the subspace 
of C(T) consisting of the functions / for which, as h ^ 0, oof, h) = O (y(h)). 
Denote by Y the subspace of consisting of the functions / for which 
u>{f,h) = o{p{K)) as h 0. is the modulus of continuity of /; see 

1.4.6.) Consider the following statements: 

(a) p(h) = O (—(log as h ^ 0. 

(b) For every / e 5[/] is uniformly convergent. 

(c) ip{h) = o( —(log as h ^ 0. 

(d) For every / G A^, S[f] is uniformly convergent. 

Show that (a) is equivalent to (b) and that (c) is equivalent to (d). 


' For another way, see [16]. 
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2 CONVERGENCE AND DIVERGENCE AT A POINT 

We have seen in the previous section that the Fourier series of a 
continuous function need not converge uniformly. In this section we 
show that it may even fail to converge pointwise, and then give two 
criteria for the convergence of Fourier series at a point. 

2.1 Theorem. There exists a continuous function whose Fourier se¬ 
ries diverges at a point. 

We give two proofs which are in fact one; the first is "abstract" 
based on the Uniform Boundedness Principle, and is very short. The 
second is a construction of a concrete example in essentially the way 
one proves the Uniform Boundedness Principle. 

Proof A: The mappings / ^ S',, (/, 0) are continuous linear function¬ 
als on C(T), We saw in the previous section that these functionals are 
not uniformly bounded and consequently, by the Uniform Boundedness 
theorem, there exists an / g C'(T) such that {S„(/, 0)} is not bounded. 
In other words, the Fourier series of / diverges unboundedly at t = 0. 

Proof B: As we have seen in section 1, there exists a sequence of 
functions t/»„, G C(T) satisfying: 

(2-1) llV’nIloo < 1, 

(2.2) |5'„(V'ru0)| > 

We put 'Pn{t) = and notice that (p„ is a trigonometric 

polynomial of degree satisfying 

(2.1’) ll^’nlloo < 1, 

and — *S'n(G„,t)l < 2 

hence 

(2.2’) |S'„((p„,0)| > ^ logn - 2. 

With A,i = 2‘^" we define 


(2.3) 
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and claim that / is a continuous function whose Fourier series diverges 
at t = 0. The continuity of / follows immediately from the uniform 
convergence of the series in (2.3); to show the divergence of the Fourier 
series of / at zero, we notice that :{>\. (A^t) = ^ ; hence 


(2.4) 


I>S'a=(./)0)| = \Sx2^ (X! 

1 ^ n+1 ^ 

7?, —1 - - CXD - 

= Et2^a,(0)+^S'a„(^a„,0) + ^^^(0) 


7T+1 


> ^logA„ - 3, 
rr 

which tends to oo, and the theorem follows. ◄ 

Remark: 

m —1 ^ OO ^ 

1 n 

The first sum is a trigonometric polynomial and so does not affect the 
convergence of the Fourier series of /. The second sum is periodic 
with period 27r/A„j (since A^ divides A^ for k > rn); consequently the 
partial sums of the Fourier series of / are unbounded at every point of 
the form 27r//A,„ for any positive integers j and m. If we want to obtain 
divergence at every rational multiple of 27r, all that we have to do is put 
A„ = n!2‘^ . 

2.2 Our first convergence criterion is really a simple Tauberian theo¬ 
rem due to Hardy. 

Theorem. Let f e L^(T) and assume 


f{n) = O ( — I as \n 


(2.5) 


Then Sn{ f, t) and <Jn{f, i) converge for the same values of t and to the 
same limit. Also, if Oniff) converges uniformly on some set, so does 
Sniff). 

PROOF: The condition (2.5) implies the following weaker condition 
which is really all that we need: for every e > 0 there exists a A > 1 
such that 


(2.5’) 


lim sup E im<^- 


■!<|j|<Ari 
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Let e > 0 and let A > 1 be such that (2.5’) is valid. We have 


^ ^ a[Xn] if, t) - 


( 2 . 6 ) 


[Anj — n 
[An] + 1 
[An] — n 


[An] 


E 

n< \ j I < An 


[Al + l 




ijt 


(where [An] denotes the integral part of An). By (2.5’) there exists an 
no such that if n > no, the last term in (2.6) is bounded by c. If an{f, to) 
converge to a limit a{ f, to), it follows from (2.6) that for rii sufficiently 
large, n > ni implies 


(2.7) |*S'„(/,to) -cr(/,to)| < 2£, 

in other words. 


(2.8) limS'„(/,to) = o-(/,to). 

The choice of ni depends only on the rate of convergence of dnif, to) 
to a{f, to) so that if this convergence is uniform on some set, so is (2.8). 

•4 


Corollary. Let f be of bounded variation on T; then the partial sums 
Sn{f, t) converge to |(/(t + 0) + /(t — 0)) and in particular to f{t) at ev¬ 
ery point of continuity. The convergence is uniform on closed intervals 
of continuity of f. 

PROOF: By Fejer’s theorem the foregoing holds true for af.fff and 
the statement follows from the fact that for functions of bounded varia¬ 
tion, (2.5) is valid (cf. Theorem 1.4.5). ◄ 

2.3 Lemma. Let f G L^(T) and assume < oo. Then 

lim5„(/, 0) = 0. 


Proof: 


(2.9) 


Sfff) 


1 

271 


1 

271 


sin(n + l/2)tdt 

sin 4 


/(t) cos ntdt + 


2tt 


f{t) cos t/2 
sint/2 


sin tdt 


By our assumption G L^(T); hence, by the Riemann-Lebesgue 

lemma, all the integrals in (2.9) tend to zero. ◄ 
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2.4 Theorem (Principle of localization). Let f G L^(T) and as¬ 
sume that f vanishes in an open interval I. Then Sniff) converge to 
zero for t & I, and the convergence is uniform on closed subsets of I. 

PROOF: The convergence to zero at every t G / is an immediate conse¬ 
quence of Lemma 2.3. If Iq is a closed subinterval of /, the functions 

Tufl) = sin 1/2 ^ ^ compact family in L^T), 

hence by Remark 1.2.8, the integrals in (2.9) corresponding to f{t — to), 
to & f), tend to zero uniformly. ◄ 

The principle of localization is often stated as follows: let f, g G I/^(T) 
and assume that f(t) = g(t) in some neighborhood of a point to- Then 
the Fourier series of f and g at to are either both convergent and to the 
same limit or both divergent and in the same manner. 

2.5 Another immediate application of Lemma 2.3 yields 
Theorem (Dini’s test). Let f G L^(T). If 

\fit + to) - ./(to) , ^ 

7-11 t 

then 

Sniffo) fito)- 

EXERCISES FOR SECTION 2 

1. Show that if a sequence of continuous functions on some interval is 
unbounded on a dense subset of the interval, then it is bounded only on a set of 
the first category. Use that to show that the Fourier series of / (defined in (2.3)) 
converges only on a set of the first category. 

2. Show that for every given (countable) sequence {t„} there exists a con¬ 
tinuous function whose Fourier series diverges at every t„. 

3. Let g be the 27r-periodic function defined by: (?(0) = 0, gf) = t — tt for 
0 < t < 27r. 

(a) Discuss the convergence of the Fourier series of g. 

(b) Show that \S„ig,t) \ < tt + 2 for all n and t. 

(c) Put!(9„(t) = (7r+2)^^e*"*S„(9, t); show that ll^Jnlloo < 1 and 0)| > 

if log n for some constant K > 0. 

(d) Show that for |t| < tv/2, some constant Ki, and all n and rn. 
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(e) Show that for a proper choice of the integers Uj and \j, the Fourier 
series of the continuous function 


OC 

j=i 

diverges for t = 0 and converges for all other t e T. 

*3 SETS OF DIVERGENCE 

3.1 We consider a homogeneous Banach space B on T. 

Definition: A set S C T is a set of divergence for B if there exists 
an f € B whose Fourier series diverges at every point of E. 

3.2 Definition: For / e ^^(T) we put 

Kif, t) = sup„<„ |5'™(/, t) 

=sup,„|5„(/,t)|. 


Theorem. E is a set of divergence for B if and only if there exists an 
element f B such that 

(3.2) S*{ff,) = oo for t e E. 

The theorem is an easy eonsequence of the following: 

Eemma. Let g 6 B. There exist an element f e B, and a positive even 
sequence {Dj} such that D, = oo monotonically, and such that 

hi) = ^fgihfor all j e z. 

PROOF OF THE LEMMA: Let A(n) he sueh that ||crA(n)(ff) - fflls < 2^”. 
We write / = g + ffig — <jx„ (,<?))• The series converges in norm; hence 
/ e B. Also /(j) = n, 5 (i) where if = 1 + min(l, |j|/(A„ + 1)). 

•4 

PROOF OF THE THEOREM: Condition (3.2) is clearly sufficient for the 
divergence of 5]] for all t e E. Assume, on the other hand, that 

for some g e B, ffg{j)e^^*' diverges at every point of E. Let f & B 
and {%} be the funetion and the sequence corresponding to g by the 
lemma. We claim that (3.2) holds for /. 
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This follows from: for n > m, 

n 

Sn{g,t) - 

m+1 

(3.3) =sM,t)n-^ - sUf,t)Kn+i 

71 — 1 

+ (/>*)> 

m+1 

hence 

\sM-,t) - <2S*{f,f)n-Xi- 

It follows that if < oo, the Fourier series of g converges and 

t E. ◄ 

Remark: Let w,,,, n > 1, be positive numbers such that ivj = O (flj), 
and < oo. Then, for all t e E, 7 ^ 0 ( 0 ;,). 

This follows immediately from (3.3). 

3.3 For the sake of simplicity we assume throughout the rest of this 
section that 

(3.4) Iff G 5 and n G Z then G B and ||e‘"‘/llB = ||/||b- 

Lemma. Assume (3.4); then E is a set of divergence for B if and 
only if there exists a sequence of trigonometric polynomials Pj G B 
such that 

(3.5) Ell^^-ll B < 00 and sup S* {Pj ff) = 00 on E. 

PROOF: Assume the existence of a sequence {Pj} satisfying (3.5). De¬ 
note by nij the degree of Pj and let Uj be integers satisfying 

Uj > v.j_i + m,-_i + rnj. 

Put f{t) = ^ ef '"d'Pj{t). For n < m,j we have 

5,t) - +_„_i(/,t) = e^’'dSfP,f); 
hence f{j)eP*' diverges on E. 

Conversely, assume that i? is a set of divergence for B. By Remark 
3.2 there exists a monotone sequence lu„ 00 and a function f G B 
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such that |5'„(/, t)\ > iVn infinitely often for every t e E. We now pick 
a sequence of integers {A, } such that 

(3.6) ||/-ita,(/)||b <2-’ 
and then integers /Xj sueh that 

(3.7) > 2 supt S*{axj (/), t) 

and write Pj = * (/ — o'Aj(/)) where as usual V^j denotes de la 

Vallee Poussin’s kernel (see 1.2.13). It follows immediately from (3.6) 
that ^11 ||b < oo. Ift G i? and n is an integer such that |5'„(/,t)| > 

then for some j, /j.j < n < fij+i and 

Sn{P,,t) = SM - axj if), t) = Snif, t) - SJaxj if), t). 

Hence, by (3.7), \Sn{Pj,t)\ > and (3.5) follows. ◄ 

Theorem. Assume (3.4). Let Ej, j = 1, 2,..., be sets of divergence 
for B. Then E = UEj is a set of divergence for B. 

PROOF: Let {P.l} be the sequence of polynomials corresponding to Ej. 
Omitting a finite number of terms for each j does not change (3.5), but 
permits us to assume || < cx) which shows, by the lemma, that 

L is a set of divergence for B. ◄ 

3.4 We turn now to examine the sets of divergence for B = C(T). 

Lemma. Let E be a union of a finite number of intervals on T; denote 
the measure of E by S. There exists a trigonometric polynomial g> such 
that 

(3.8) 

ll<Pl|oo < 1 ■ 

PROOF: It will be convenient to identify T with the unit circumference 
{z: l^l = 1}. Let / be a (small) interval on T, / = {e3*'\t — tf < e: }; 
the function fj = [I + e — has a positive real part throughout 

the unit disc, its real part is larger than l/3e on I, and its value at the 
origin (z = 0) is (1 + e)^^. We now write E c Af f, the Ij being small 
intervals of equal length 2£ such that Ne < 6, and consider the function 
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i/j has the following properties: 


(3.9) 


>0 for |. 2 | < 1 
V;(0) =1 

|V’( 2 )| > »(V'(2)) ^ on E. 


The function log i/j which takes the value zero at z = 0 is holomorphic 
in a neighborhood of {z:|z| < 1} and has the properties 


(3.10) 


Q‘(logV’(z))| < TT onT 
|log V'(z)| > log(3h)^^ on E 


Since the Taylor series of log -tp converges uniformly on T, we can take 
a partial sum $(z) = On-z" of that series such that (3.10) is valid 
for $ in place of log ip. We can now put 


ip(t) = = —e 

TT Tri 


M M 

1 1 


and notice that 




1 

27r 




•4 


Theorem. Every set of measure zero is a set of divergence for C(T). 

PROOF: If £■ is a set of measure zero, it can be covered by a union 
U/„, the In being intervals of length |/„ | such that < 1 and such 

that every t e E belongs to infinitely many Ifs. Grouping finite sets 
of intervals we can cover E infinitely often by UEn such that every 
En is a finite union of intervals and such that \En\ Let (p„ be 

a polynomial satisfying (3.8) for E = En and put P„ = ri^'^ipn We 
clearly have X^UPnlloo < oo and S*{Pn,t) > 2 "“^/ 27 rri^ on E-n. Since 
every t G E belongs to infinitely many P,, ’s, our theorem follows from 
Lemma 3.3. ◄ 


3.5 Theorem. Let B be a homogeneous Banach space on T satisfy¬ 
ing the condition (3.4). Assume B D G(T); then either T is a set of 
divergence for B or the sets of divergence for B are precisely the sets 
of measure zero. 
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Proof: By Theorem 3.4 it is clear that every set of measure zero is a 
set of divergence for B. All that we have to show in order to complete 
the proof is that, if some set of positive measure is a set of divergence 
for B, then T is a set of divergence for B. 

Assume that if is a set of divergence of positive measure. For a e T 
denote by Ea the translate of E by a; Ea is clearly a set of divergence 
for B. Let {a„ } be the sequence of all rational multiples of 27r and put 
E = uEa- By Theorem 3.2 if is a set of divergence, and we claim that 
T \ if is a set of measure zero. In order to prove that, we denote by y 
the indicator function of E and notice that 

x{t — a) = x{t) for all t and q:„. 

This means 

j 3 

or 

= Xii) (all an) 

If j 7 ^ 0, this implies x{j) = 0; hence x(t) =constant almost everywhere 
and, since x is an indicator function, this implies that the measure of E 
is either zero or 27r. Since if D if, if is almost all of T. 

Now T \ .E is a set of divergence (being of measure zero) and E isa. 
set of divergence, hence T is a set of divergence. ◄ 

3.6 Thus, for spaces B satisfying the conditions of Theorem 3.5, and 
in particular for B = Lp(T), 1 < p < oo, or B = C'(T), either there 
exists a function f e B whose Fourier series diverges everywhere, or 
the Fourier series of every f & B converges almost everywhere. In the 
case B = L^(T) it was shown by Kolmogorov that the first possibility 
holds. The case of if = L^(T) was settled only recently by L. Carleson 
[4], who proved the famous "Lusin conjecture"; namely that the Fourier 
series of functions in L^(T) converge almost everywhere. This result 
was extended by Himt [12] to all L^'jT) with p > 1. The proof of these 
results is still rather complicated and we do not include it. We finish 
this section with Kolmogorov’s theorem. 

Theorem. There exists a Fourier series diverging everywhere. 

PROOF: For arbitrary k > 0 we shall describe a positive measure of 
total mass one having the property that for almost all i e T 

(3.11) = SUpJSniPn,t)\ > K. 
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Assume for the moment that such exist; it follows from (3.11) that 
there exists an integer and a set of (normalized Lebesgue) mea¬ 
sure greater than 1 — 1/k, such that for t & 

(3.12) sup,„<^J5„(mkA)| > K 

If we write now = Hk. *^n„, being de la Vallee Poussin’s 

kernel), then is a trigonometric polynomial, ||v5k||li(t) < 3 and 

> sup„<jvJ5'„,(i/5K.,t)| = sup„<^J5'„(/x«,t)| > K 

on Ef^. Applying Lemma 3.3 with Pj = j~^(p 2 J we obtain that the set 
E = n,„ UmXj E 2 J is a set of divergence for L^(T). Since E is almost 
all T, Kolmogorov’s theorem would follow from Theorem 3.5. 

The description of the measures is very simple; however, for the 
proof that (3.11) holds for almost all f G T, we shall need the following 
very important theorem of Kronecker (see VI.9). 

Theorem {Kronecker). Let N > I, be real numbers such 

that Xi,..., xat, TT are linearly independent over the field of rational 
numbers. Let £ > 0 and oi,..., be real numbers, then there exists 
an integer n such that 

We construct now the measures /i„ as follows: let N be an integer, 
let xi,..., xat be real numbers such that au,..., xat , tt are linearly inde¬ 
pendent over the rationals and such that | Xj — fl-xj jN) \ < 1/A^, and let 
/i= 1/AE4 x 
For t G T we have 


djffl, t) 


Dft - x:)dg{x) = ^ ^ A,,(i - Xj) = 

1 

1 ^ sin(n + |)(t - Xj) 
N ^ sin(t — Xj) 


For almost all t e T, the numbers t — xi,... ,t — xn,7t are linearly 
independent over the rationals. By Kronecker’s theorem there exist, for 
each such t, integers n such that 


2 )(I 


i sgn (sin ■ 


t — XU 



2 


j = 1,...,N : 
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hence 


sin(n + i)(t - Xo) li . 

sin |(7 — Xj) 2 I 2 I 

It follows that 


for all j. 


N 

(3-13) 

7=1 

and since the x, ’s are so close to the roots of unity of order N, the 
sum in (3.13) is bounded below by | /j^jY|sint/2|^^dt > logA^ > k, 
provided we take N large enough. ◄ 


EXERCISE FOR SECTION 3 

1. Let B be a homogeneous Banach space on T. Show that for every f G B 
there exist g G B and h G (T) such that f = g * h. 

Hint: Use Lemma 3.2 and Theorem 1.4.1. 



Chapter III 


The Conjugate Function and Functions 
Analytic in the Unit Disc 


We defined the conjugate function for some summable functions by 
means of their conjugate Fourier series. Our first purpose in this chap¬ 
ter is to extend the notion to all summable functions and to study the 
basic properties of the conjugate function for various classes of func¬ 
tions. This is done mainly in the first two sections. In section 1 we use 
the "complex variable" approach to define the conjugate function and 
obtain some basic results about the distribution functions of conjugates 
to functions belonging to various classes. In section 2 we introduce 
the Hardy-Littlewood maximal functions and use them to obtain re¬ 
sults about the so-called maximal conjugate function. We show that the 
conjugate function can also be defined by a singular integral and use 
this to obtain some of its local properties. In section 3 we discuss the 
Hardy spaces HP. As further reading we mention [II]. 

1 THE CONJUGATE FUNCTION 

1.1 We identify T with the unit circumference {z:z = e'*} in the 
complex plane. The unit disc {z: \z\ < 1} is denoted by D and the 
closed unit disc, {z: \z\ < 1}, by D. For / G L^(T) we denote by 
/(re‘*), r < 1, the Poisson integral of /, 

CXD 

(1.1) /(re»‘) = (P(r,.) */)(t) = ^ rl"l/(n)e™‘. 

— OC 

In chapter I we have considered P(r, ■) * / as a family of functions 
on T, depending on the parameter r, 0 < r < 1. The main idea in this 
seetion is to consider it as a function of the eomplex variable z = re'* 
in D. 
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The functions —oo < n < oo, are harmonic in D, and, 

since the series in (1.1) converges uniformly on compact subsets of 
D, it follows that f{reJ‘*') is harmonic in D. We saw in 1.3.3 that at 
every point t where / is the derivative of its integral (hence almost 
everywhere) fie'*") = limj.^i /(re’‘). Actually it is not very hard to see 
that for almost all t, f{z) /(e’*) as 2 ; ^ e’* nontangentially (i.e., if 
z ^ e*', remaining in a sector of the form {<( : |arg(l — Ce^’')l < a < y}. 
(See [28], Vol. l,p. 101.) 

The harmonic conjugate to (1.1) is the function 


(1.2) /(re**) = -i X] (n)(n)rl”l/(n)e*"* = (Qir,-) * f){t) 


where 

(1.2’) 


Q{r,t) = -i^sgn(n)(n)rl”l)e*”‘ 

— OC 


2r sin t 

1 — 2r cos t + r'^ 


is the harmonic conjugate of Poisson’s kernel P{r, t) (normalized by the 
condition Q(0, t) = sgn (0) = 0). We shall show that /(re**) has a radial 
limit for almost all t. Denoting this radial limit by /(e**) we shall show 
that if / has a conjugate in the sense of section II. 1, then this conjugate 
is /(e**). We may therefore call / the conjugate function of/. 

1.2 Lemma. Every function harmonic and bounded in D is the Pois¬ 
son integral of some bounded function on T. 

PROOF: Let F be harmonic and bounded in D. Let r„ t 1 and write 
./rije**) = Ffnef). The sequence {/„} is abounded sequence in 
hence for some sequence rij 00 , fnj converges in the weak-star 
topology (L°°(T) being the dual of L^(T)) to some function F(e**). Let 
pe**" G D, then 

^ I Pip, t - T)F{F fdt = lim ^ / P(p, t - t)/„ {Ffdt 

Z7T J J^OC Z7T J 

= lim _F(r„ pe*^) = T’jpe*^). 


1.3 Lemma. Assume f G L^(T) and let /(re**) be defined by (1.2) . 
Then, for almost all t, /(re**) tends to a limit as r 1. 

PROOF: Since the mapping / ^ fire''*') is clearly linear and since any 
/ in L*(T) can be written as /j — f 2 + if 3 — if a with fj > 0 in L*(T), 
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there is no loss of generality in assuming / > 0. The function F{z) = 
g-/(z)-*/( 2 ) is holomorphic (hence harmonic) in D. Since the Poisson 
integral of a nonnegative function is nonnegative f{z) > 0, and since 
/ is real valued (being the harmonic conjugate of the real valued /), 
it follows that |F(z)| < I m D. By Lemma 1.2 (and 1.3.3) F has a 
radial limit of modulus almost everywhere. Since / G L^(T), 

/(e®') < oo, hence lim^^i T’(re*') ^ 0 almost everywhere; and at every 
point where F(e®®) exists and is nonzero, f{re'-'-) has a finite radial limit. 

1.4 Definition: The conjugate function of a function / G I/^(T) 
is the function /(e®*) = limr^i /(re®*). 

If the series conjugate to the Fourier series of / is the Fourier series 
of some g G L*(T), then the Poisson integral of g is clearly /(re®*), 
which converges radially to (/(e®*) for almost all t (theorem 1.3.3). It 
follows that in this case / = g and our new definition of the conjugate 
function extends that of II. 1. 

We have seen in 1.4.2 that ,, ^ Fourier series while 

Z^n=2 logn 

the conjugate series, Y.n =2 ^^=2 ‘converges 

ever 5 rwhere, its sum is the conjugate function of / = Yl '^=2 
we can check that ^ L*(T). Thus the conjugate function 

of a summable function need not be summable. 

Remark: At this point we cannot deduce that Yl ’^=2 f T* (T) 

log 71 

from the mere fact that the series is not a Fourier series. However, we 
shall prove in section 3 that if / G L*(T), for some / G L*(T), then 
/(re®*) is the Poisson integral of /. From that we can deduce that if 
/ G L*(T) then its Fourier series is S[f] so that if S[f] is not a Fourier 
series then / j L*(T). 

The difficulty in asserting immediately that /(re®*) is the Poisson 
integral of / stems from the fact that we have only established point- 
wise convergence almost everywhere of /(re®‘) to /(e®‘) and this type 
of convergence is not sufficient to imply convergence of integrals. 

1.5 We denote the (Lebesgue) measure of a measurable set if c T by 
|if|. 

Definition : The distribution function of a measurable, real-valued 
function / on T is the function 

m(x) = m;(a;) = \{t: f{f) < x} 


—oc < X < 00 . 
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Distribution functions are clearly continuous to the right and mono¬ 
tone, increasing from zero at a: = — oo to 27r as a; ^ oo. The basic 
property of distribution functions is: for every continuous function F 
on R 

(1.3) I^F{f{t))dt= I F{x)dmf{x). 

Definition: A measurable function / is of weak U' type, 0 < p < cx), 
if there exists a constant C such that for all A > 0 


(1.4) 


m/(A) > 271- - C\-^ 


(or equivalently, |{t: \ f{t)\ > A}| < CX p). 

Every / e L'p{T) is clearly of weak Lp type. In fact, for all A > 0 

I foo I f°° 

||/|lLP = ^ y x^d™\f\{x) > ^ J xPdmifi{x) 

= ^(27r-m|p(A)) 

hence (1.4) is satisfied with C* = 27r||/||^p. It is equally clear that there 
are functions of weak Lp type which are not in Lp{T); |sint|^^/p is a 
simple example. 

Lemma. If f is of weak Lp type then f e Lp (T) for every p' < p. 


Proof: 



= j a;'’dm|^l (a;) < m|^l (1) + y x^(im|p(a;) = 

/ CXD 

{‘^TT-m\f\{x))d{xP') 

/ CXD pOC 

x~Pd{xP ) = 2n + C j xP~P~^dx<oo. ^ 


1.6 Theorem. If f G L^(T) then f is of weak type. 

PROOF: We assume first that / > 0; also, we normalize / by assuming 
11/II 7,1 = 1. We want to evaluate the measure of the set of points where 
I/I > A. The function Hx{z) = 1 + ^ arg = 1 + :^3(log is 

clearly harmonic and nonnegative in the half plane 3?(z) > 0, and its 
level lines are circular arcs passing through the points iX and —iX. The 
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level line Hx{z) = | is the half circle .z = Ae*’’, —7r/2 < r} < 7r/2, hence 
if |z| > A then H\{z) > Also it is clear that 

Hx{l) = 1 — (27r)arctanA < ‘Ij'nX. 

Now Hx{f{z) + if{z)) is a well-defined positive harmonic function in 
D, hence 

(1.5) ^ I ffA(/(re’'‘) + z/(re»*))dt = HxUm = Hxil) < 
and remembering that Hx{f + if) > | if 1/ + if\ > A, we obtain, 

|{t:|/(re“)l>A}|< 

Since the mapping / ^ / is linear it is clear that if we omit the normal¬ 
ization ll/llLi = 1 we obtain, letting r ^ 1, that for / > 0 in L^(T) 

|{t:|./V)l>A}|<8||/|Ua-i. 

Every / e (T) can be written as / = fi — f 2 + ifi — ifi where > 0 
and ll/j \\li < II/IIli • We have / = /i - /a + t/g - 1/4 and consequently 

4 

{t: |/V)I > A} C ^{t: 1/4(6*01 >A/4}. 

j=i 

It follows that for c = 128 and every / e L^(T) 

(1.6) |{t:|/(re**)l > All <c||/|Ua-/ ^ 

Corollary. If f e L^(T) then f e L“(T) for all a < 1. 

PROOF: Lemma 1.5. ◄ 


1.7 The method of proof of Theorem 1.6 can be used for bounded 
functions as well. 


Theorem. If f is real valued and |/| < 1, then for 0 < a < 7r/2 




dt < 


2 


(1.7) 


1 

2-n 


cos a 
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Proof: Put F{z) = f{z) — if{z). Since cos{af{z)) > cos a, we have 
sft(ga/(^)) > cos a | = cos a , 


that 


and since j = cosq;/(0) < 1, it follows 

— [ ^—. Similarly, — / ^—. 

ZTT J cos a ZTT J cos a 

Adding and letting r ^ 1 we obtain (1.7). ◄ 


Corollary. // / < 1, then 

(1.8) m|^-|(A) > 27r(l- 

PROOF: Write / = /i + i /2 where /i, /2 are real valued. We have 
/ = /i + 1/2 and consequently |/(e“)| > A happens only if either 

/i(e**)| > 2^5A or |/ 2 (e**)| > 2^5A 


Now, by (1.7) with a = \/2, 

|{t:|// > 2-5A}| < j = 1, 2 

I I cos V 2 

and (1.8) follows. ◄ 

*1.8 We shall see in chapter VI that a finite Borel measure on R is com¬ 
pletely determined by its Fourier-Stieltjes transform (just as measures 
on T are determined by their Fourier-Stieltjes coefficients). This means 
that two distribution functions, mi(a;) and m 2 (x), of real-valued func¬ 
tions on T are equal if J dmi{x) = / e^^^d.m 2 {x) for all / G R. 
Using this remark we shall show now that if / is the indicator func¬ 
tion of some set f/ c T, then mj:(A) depends only on the measure of U 
and not on the particular structure of U. Thus we can compute m j{X) 
explicitly by replacing U by an interval of the same measure. 

Theorem. Let U <zT be a set of measure 2a. Let f be the indicator 
function ofU and let Xa be the indicator function of {—a, a). Write 
™a(-^) = Then mj:(A) = ma(A). 
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PROOF: Apply Cauchy’s formula on z = re‘‘ to the analytic functions 
F^{z) = let r ^ 1 and remember that / = 0 on T \ 77 and 

/ = 1 on [7; this gives 

(1.9) / + = 27rF«(0) = 27re«“/’^. 

■7t\u Ju 

Rewriting (1.9) for —^ instead of ^ and then taking complex conjugates, 
we obtain 
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hence 


XaH'e 


‘)=2E 


sin na 
r -sin nt = 


sin nt = 1 


j cos n{t — a) — cos n{t + «) 


1 °° 1 
=-^(E- 

TT \ T) 




OO - 

E- 

r) 




= -log 

TT 


and finally 


(1.13) 


Xa(e“) = -lO; 


1 ^ 1 — cos(7 — a) 

271 ^ 1 — cos(7 + a) 


It follows from (1.13) that for A > 1 the set {t:Xo(e**) > A} is an 
interval containing t = —a and contained in (—a — /3i, — a + /32) where 


(1.14) 


ma(A) > 271 — 5ae 


— ttA 


Corollary. Let f be the indicator function of a set U of measure 2a 
on T. Then, for A > 1 

(1.15) |{1: l/(e“)l > A}| < 

I. 9 Returning to (T), we use Theorem 1.6 and the fact that conjuga¬ 
tion is an operator of norm 1 on L^(T) to obtain the following theorem. 
The method applies in a general context which we discuss briefly in the 
following subsection. 

Theorem. //'I /Tog^|/j G T^(T), then f e L^(T). 

PROOF: We shall use the fact that for g G L^(T) we have g G L^(T) and 

II. 9 II 7 A < ll.9lliA- This is an immediate corollary of Theorem 1.5.5. As 
we have seen in 1.5, this implies 

(1.16) m|g|(A) > 271(1 - ll^lllsA^^). 

We have to prove that Adm|^l (A) < 00 which is the same thing as 
Admi ji (A) = O (1) as i? ^ 00 . Integrating by parts and remembering 

tlog+ X = sup(logx, 0) for X > 0. 
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(1.6) we see that the theorem is equivalent to 

f-R 


(1 


.17) J (27r — m| (A))(iA = O (1) as i? ^ oo. 


In order to estimate 2t: — (A) we write / = g + h, where g = f when 

/I < A and h = f when |/| > A. We have f = g + h and consequently 

(1.18) > A} C {t:\g{t)\ > A/2} U {t:\h{t)\ > A/2}. 

By (1.16) 

(1.19) \{t:\g{t)\> X/2}\ <8 tvX ^\\g\\i 2 =8tiX ^ j 

and by (1.6) 

^OC 

\{t:\h{t)\ > A/2}| < 2cX-^\\h\\Li = 2cX-^ 


JX 


xdin\f\ 


for X > X, (log .t) 2 > (log A) 2 and we obtain 

2c _ 

(1.20) |{t: \h{t)\ > A/2}| < / aiv'log xdm.c 

X^logXJx 

By (1.18), (1.19), and (1.20) we have 

27r — m, ?, (A) < SttA”^ / x^dm^c^ - ■^= / x^/log xdm, ?,. 

Jo AVlogA/^ 

Thus (1.17), and hence the theorem, will follow if we show that as 

R oo, 


1^ x^dm^j^dX=0{l) 


( 1 . 21 ) 


1 


A Vlog X\Jx 


x^/loga;dm|J|^(iA = O (1) 


The information that we have concerning m| is that it is a monotonic 
function tending to 27r at infinity and such that 


( 1 . 22 ) 


xlogxdm|j| < oo 
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In order to derive (1.21) from (1.22) we apply Fubini’s theorem. The 
domain for the first integral is the trapezoid 

{{x, X): 1 < X < R, 0 < a; < A} 

and integrating first with respect to A we obtain 

fR 

<271+ j xdm|j|=0(l) 

The domain for the second integral is the strip 

{{x, X): 1 < X < R, X < x}. 

Integrating first with respect to A we obtain 


-— 

X R> If I 


1 


h AVlog A \Jx 


.X'\/log.xdm| j:|^(iA = 


,-R 


2 j xlog,x(im|j| + 2A/log i? j xi/log =0(1) 


and the proof is complete. 


1.10 When the underlying measure space is infinite, e.g. the line R 
rather than T, we can use /i({.x: f{x)} > A) instead of the distribution 
function. For postive integrable functions it gives the complete infor¬ 
mation about the distribution of /. 

A slightly coarser gauge, which is often more transparent and easier 
than the distribution function to work with, even when the underlying 
measure is finite, is the “lumping” of diuf, defined (for arbitrary mea¬ 
sure space {X, B, ^}, finite or infinite), as follows: 

Definition: For a measurable real-valued / and n g Z set 

m„ = m„(/) = < |/(x)| < 2"}). 

Observe that: a) / is of weak type p if, and only if, m„(/) = O (2“"p), 
b) / G if and only if < oo, in fact 


CXD 


(1.23) 


— OC' 
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1.11 What we have done in 1.9 is interpolate, using what we know 
about the properties of an operator (the conjugation operator / ^ /) 
on L^(T) and on L^(T), to prove that it maps the intermediate space 
LlogL(T) into L^{T). 

The same method can be used to prove M. Riesz’ theorem below. 
We use the parameters m„ rather than the distribution functions, and 
the reader should compare the first proof below to that of 1.9. 

Riesz’ original proof is given as second proof. 

Theorem (M. Riesz). For 1 < p < oo, the mapping f ^ / is a 
hounded linear operator on L^jT). 

We have mentioned already that for p = 2 the theorem is obvious 
(from Theorem 1.5.5). From ParsevaTs formula (1.7.1) it follows that 
if p and q are conjugate exponents, the mappings / ^ / in Lp{T) and 
in L®(T) are, except for a sign, each other’s adjoints and consequently 
if one is bounded, so is the other and by the same bound. Thus it is 
enough to prove the theorem for 1 < p < 2. 

First Proof: Assume 1 < p < 2. We need to show that there exists a 
constant Cp such that if / e L'p{T) then / e Lp{T), and ||/||p < Cp\\f\\p. 

Since ||/||^p < we estimate m„(/). Given n, we 

write / = fo^n + .fi,n where /o,„(t) = ff) if \f{t)\ > 2" (and is zero 
elsewhere) and = f{t) if |/(t)| < 2", (and is zero elsewhere). 

Since 1 < p < 2, /o,„ G and /i^„ G L'^. We have 

CXD n 

(1.24) ||/o,„|Ui < ^2"m„(/), ||/i.n||L= < ^22"m„(/). 

n+1 

As / = fo.n + fi,n, the inequality > 2” implies at least one of 
the inequlities Ifo.nff > 2”“^ or |/i.„(t)| > 2"“^, so that 

(1.25) m„+i(/) < p{{t:\fo.n{t)\ > 2”^^}) +/x({t: |/i,„(t)l >2”^^}) 

By 1.6 we have 

(1.26) K{t:\ku{t)\ > 2"-i}) < < Cl2-”f^m,(/)2■^ 

n+1 

and since conjugation has norm 1 on L^(T), 

(1.27) > 2”-'}) < < C22-2"X^nr,(/)27T 
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It follows that 

CXD 71 

mn(/) < ci2-"^mj(/)2-' + 
n 

CXD 

and ll/l^, <^ 2 "Pm„(/) 

— OC' 

CXD n 

<C3 ^2^’" ( 2 -" ^ m,(/)2^' + 2-2" ^ m,(/)22^) 
n+1 

=C3 ^ 2 (P- 2 )("-'»)mj(/) 2 '’p) 

n<j n>j 

the sums with respect to both n and j. Summing first with respect to n 
produces constants which depend only on p and we have 

II/IIlp < Cp^mj(/)2?P < C'(p)||/||^;,p. 
j 

Second Proof: Let / c Lp(T), / > 0 . Let f{re^*-) be its Poisson inte¬ 
gral, f{re''*) the harmonic conjugate, and H{re^*') = /(re**) + if{re^*). 
We may clearly assume that / does not vanish identically, and, since 
/ > 0, it follows that /(re‘*) > 0, hence if(re**) 7 ^ 0 in £>. Let G'(re’‘) 
be the branch of (i7(re**))^’ which is real at r = 0. Let 7 be a real 
number satisfying 

. TT TT 

(1-28) ^ 2 ’ 

For 0 < r < 1 we have 

^ j |G(re**)|dt = ^ j\G{re^^)\dt + ^ jjGirG^it, 

where j'j is taken over the set where |arg(if(z))| < 7 and Jjj is taken 
over the complementary set (defined by the condition 7 < |arg(if(z))| 
< Trf 2, where a = re'*). In Jj we have 

|Ff(z)| </(z)(cos7)-/ 

hence 


1 

27r 


f |G(re* 


)|dt<(cos 7 ) P||/|| 


P 

IP 


I 


(1.29) 
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and, in particular, 

(1.30) ^ J 5RG(re*‘)di < (cos 7)-^1|/||fp 

On the other hand, we have in 

(1.31) |G(z)| < 3fi(G(z))(cosp7)-i 
(both factors being negative). Now, since 

^ j 3?(G(re**))dt = G(0) = (/(0))^>, 

it follows from (1.30) that 

^ - (/(O))*' + (cOS7)“*’ll./llip(T) 

and this, combined with (1.31) and(1.29), implies 

(1.32) ^ l\Gire^^)\dt<c4f\\i, 

where Cp is a constant depending only on p. 

Since |,/(re®'')|^' < |iT(re®'^)|*’ = |G('re'''')|, it follows from (1.32), 
letting r ^ 1, that / G Lp{T) and 

\\f\\L.<cl/P\\fh.. 

The theorem now follows from the case / > 0 and the linearity of the 
mapping f ^ f. ◄ 

EXERCISES FOR SECTION 1 

1. Show that there exists a constant A such that for all n, A and / e G(T), 
such that ll/lloo < 1, 

\{t:S„(f,t) > A}| < Aer^ 

2. Show that for 1 < p < oo there exist constants Ap such that for all n, A 
and / e i^(T), such that \\f\\LP < 1 

|{t:S„(/G) > A}| < 

3. Prove that if / e i^(T), 1 < p < oo, then 

limj|/(re**) - /(e**)||i,P = 0. 
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4. Prove that if / G L^(T), g G L‘‘(T), where p~^ + q~^ = 1, 1 < p < oo 

then f{n)g{n) converges. 

5. Show that Theorem 1.7 is sharp in the sense that there exist real valued 

functions / such that |/| < 1 and J = oo. 

Hint: Take / = 2xa — 1. 

6. Prove that if / G C (T) then e-^ G (T) no matter how large 11 /11 oo is. 
Hint: Write f = P + fi where P is a polynomial and || /i || < 1 

it i(y / /it icy \ \ 

7. Show that log ~ = IRIlogl ~ j J is a constant multi¬ 

ple of the conjugate function of the indicator function of (a, fd) by examining 



8. Let 1 < p < oo. Show that there exists a constant Op such that for / in 
P^'(T), and A > 0, 

Remark: This is an immediate consequence of 1.11; try, however, to prove it 
by using 1.8. 

Hint: Assume that / is real valued. Denote Ux = {f: /(e**) > A} and Vx = 
< —A}. Denote by gx the indicator function of Ux', deduce from 
ParsevaTs formula that (with g = p/(p — 1)) 

A|Pa| < J f{e^)gx{e^)dt= - j f{e'-^)g'x{e^)dt <2Ti\\f\\Lp\\(T>.\\L<i 

and use (1.15) to evaluate ||(?a||i,'!. Repeat for Vx- 

2 THE MAXIMAL FUNCTION OF HARDY AND LITTLEWOOD 

2.1 Definition: The maximal function of a function / G L^(T) is 
the function 

. 1 ri + h 

(2-1) = supo<,,<^|— ^ ./(r)dT|. 

If we allow the value +oo then Mf{t) is well defined for all f G T. We 
shall see presently that Mf{t) is finite for almost all f G T and that Mf 
is of weak L^-type. This will follow from the following simple 

Lemma (Vitali). From any family Ul = {/q,} of intervals on T one can 
extract a sequence {/„} of pairwise disjoint intervals, such that 

OO - 

U -^”1 ^ 4|U-^“| ■ 

n=l ty. 


( 2 . 2 ) 
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PROOF: Denote oi = sup^g^l/l and let h be any interval of D satisfy¬ 
ing |/i| > |ai; let be the subfamily of all the intervals in which 
do not intersect Ii. Denote a 2 = supj^j^ |/| and let I 2 G 112 be such 
that I/ 2 I > |a 2 - We continue by induction; having picked 
we consider the family flfc+i of the intervals of 0 which intersect none 
of Ij,j < k, and pick 7^+1 e flj+i such that |/fc+i| > fa^+i where 
ftfc+i = supjgQ^^^ |/|. We claim that the sequence {/„} so obtained sat¬ 
isfies (2.2). In fact, denoting by the interval of length 4|/„| ofwhich 

In is the center part, we claim that |J Jn 3 U la which clearly implies 
( 2 . 2 ). 

We notice first that ^ 0 and consequently nfl/,, = 0. For / G 0 let 
k denote the first index such that I ^ 11^; then / n /;,_i 7 ^ 0 and, since 
ffc-il > j\I\, I C Jfc-i and the lemma is proved. ◄ 

2.2 Theorem. For f e L^(T), M/ is of weak type. 

PROOF: Since Mf{t) < Af|^|(t), we may assume that / > 0. Let A > 0; 
if Mf{t) > A let It be an interval centered at t such that 

(2.3) [ f{t)dt>\\It\. 

Jit 

Thus we cover the set {t: Mf{t) > A} by a family of intervals {It}. Let 
{/„} be a pairwise disjoint subsequence of {/(} satisfying (2.2). Then, 
by (2.2) and (2.3), 

(2.4) > A}| < lULI < 4|U/J < f f 

•4 


2.3 The maximal function of a bounded function is clearly bounded 
by the same bound so that the map / Mf has norm 1 in L°°{T). 
The map is subliniear^ rather then linear, but we can still interpolate 
between L^(T) and L°°(T). 

Lemma. Let f G L^(T) and let m(A) = m| 7 |(A) be the distribution 
function of\f\. Then 

(2.5) \{t:Mf{t) > 2A}| ydmiy)- 


'An operator S is suhlinear if S(j\ + f2) is defined whenever Sfi and S/2 are both 
defined, and if 


S{/i+/2)|<|S7i| + |S72 


a.e. 
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Proof: Write / = g + h where g = f when |/| < A and h = f when 
/I > A. We have Mf{t) < Mg{t) + Mh{t) < A + Mhit)', hence, by (2.4), 

\{t:Mf{t) > 2A}| < \{t:Mhit) > A}| < ^ y \h{T)\dT ydm{y). 


In terms of the “lumped” distribution this says, (with n shifted to n — 2), 
(2.6) m„(Af/) <4-22-" ^ 2^m,(/) = 16 ^ 2(^-”)m,(/) 

_7>r7, —1 

Theorem, (a) For 1 < p < oo there exists a constant Cp such that if 
f e LP{T), then Mf e Lp{T) and ||M/||lp < CpWfhp- 
(b) If f\og^\f\ G L^(T) then Mf e L^(T) and 

\\Mfh^ <2 + 4 I |/|log+|/|dt. 

Jj 

Proof: («) If / e Lp(T) then 2-^Pinf f) < 2P\\f\\lp. By (2.6), 
||M/||Pp < ^2"Pm„(M/) < 16 Y, 

j+l+n 

= 16 ^ •2^*'mj(/) = 16 ^ ^2'”’mj(/) 

/ +1 > 71 71, <1 j 

< 16 ll/ll/, = c^||/||/,. 

n<l 

ib) If /log+l/l G L1(T) then Ej>o J™j(/) < /|/| log+|/|. 

||Af/|U. < 1 + E 2”m„(Af/) <1 + 16 ^ 2"+(^-”)m,(/) 

n>l 

= 1 + 16^ E 2^m,(/) = l + 16^(j + l)2.^m,(/). 

,7>0 l<n<j + l ,7>0 


by (2.6). ◄ 

The use of the “lumped distribution” necessarily gives somewhat 
worse constants than the same proof done with the distribution func¬ 
tions. Here is the proof done “properly”. 
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PROOF: Denote by m(A) and n(A) the distribution functions of |/| and 
M f respectively. We can rewrite (2.5) in the form 

4 r°° 4 r°° 

(2.7) 27r - n(2A) < j J y dm{y) < ^ J dm{y); 

hence if / e 1 < p < oo, we have A^'(27r — n(A)) ^ 0 as A ^ oo. 

We have ||M/||Pp = ^ \Pdn{X) = XPdn(2\); integrating by 

parts we obtain (1 < p < oo) 


/•CXD nCXD 

/ APdn(2A) = [AP(27r - n(2A))]^ + / (2 t 

Jo Jo 


< 


8pfJ°AP '^J^ydm{y)d\ 


^2t: + 8 A ^ ydm{y)d\ 

and integrating by parts again we finally obtain: 

(forp>l) [ XPdn(2X) < [ XPdm{X) 

Jo P - 1 Jo 


-n{2X))pXP-^dX 

if p > 1 
if p = 1 


8p 


p — 1 


MfWl. 


(for p=l) 


0 


Xdn{2X) < 27r + 8 


A log A(im(A) 


1 


= 2n + 8 \f\\og+\f\dt. 

Jt 


•4 


2.4 Lemma. Let k be a nonnegative even function on (—tt, tt), mono¬ 
tone nonincreasing on (0, such that k{t)d,t = 1. Then for all 
/gL1(T) 

(2.8) ly fc(t - T)/(r)dr| < Af/(t). 

PROOF: The definition (2.1) is equivalent to 

Mf{t) = supo<ft<^| J fh{t - T)/(r)dr| 

where //,, is the indicator function of (—/t, h) multiplied by 1 /2h (so that 
/ fhdt = 1). A function k satisfying the conditions of the lemma can 
be uniformly approximated by convex combinations of //i, 0 < h < tt, 
and (2.8) is then obvious. ◄ 
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2.5 Let / G L^(T), let f{re‘'-) be its Poisson integral and let be 

the harmonic conjugate, 

Definition : The maximal conjugate function of f is the function 

f{eJf = supo<^^<i|/(re**)|. 


Theorem. Let f G Lp{T), 1 < p < oc; then f e Lp{T) and 


WIWl. < CpWfU. 

Proof: Since /(re**) is the Poisson integral of f{(f j and the Pois¬ 
son kernel satisfies the eondition of Lemma 2.4, we obtain |/(re**)| < 
Hence /(e‘*) < Mjft) and the theorem follows from 2.3 and 
1 . 11 . ◄ 


2.6 We have defined the conjugate / of a function / G L^(T) as the 
boundary value of the harmonic function /(re‘*) = {Q{r,j * f){t) where 


(2.9) 


Q{r, t) 


2r sin t 

1 — 2r cos t + f 


is the conjugate Poisson kernel. Since the limit 


( 2 . 10 ) 


(5(1, t) = lim Q{r,t) 

r—s-1 


sin t cos t 2 t 

- = -— = cot - 

1—cost sint/2 2 


is so obvious and so explicit, we are tempted to reverse the order of the 
operations and write 


(2.11) / = Q(l,t)*/ 

The difficulty, however, is that is not Lebesgue integrable so that 

the convolution (2.11) is, as yet, undefined. We propose to show next 
that, the convolution appearing in (2.11) can be defined as an improper 
integral and that, with this definition, (2.11) is valid almost everywhere. 

Lemma. For f G L^(T) and = I — r, we have 

E{rf)= \ ^ Q(h'r)/(t - t)o!t - /(re’*)| <4M|y|(t). 
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Proof: Write 


( 2 . 12 ) 


-E(r,t) <1^ / - Qir,T))f{t - T)dT^ + 

11 

+ \^ J ^Q{r,T)f{t - T)dT\= E,{r,t) + E.2{r,t). 


We notice that the function 


(2.13) 


<3(1,0 - Qir, t) = 


(1 — r)^ sint 

(1 — cos0(l — 2rcost + r^) 
t) 


is odd, and is monotone decreasing on (0, tt). For id <t < tt 
^Q(1,0 < ^ (sin d/2) < TT 

so that 


(2.14) 


(3(1,0 - <3(c0 < 7i'P('r,0- 


It follows that 


(2.15) 


^ n‘27T — i} 

Ei{r,t)< — \Q{l,t)-Q{r.,t)\\f{t-T)\dT 


<2 / Pir,'r)\f{t-T)\dT <TrMifi{t). 


In order to estimate E 2 {r, t) it is sufficient to notice that in (—d, d) we 
have |(5('r, 01 < and consequently 

(2.16) E2{r,t) < —^—-[ \f{t-T)\dT 

7r(l-r)3_,, TT ^ 


Corollary. 


^™Po<-d<7r / Q(l,T)/(t - r)dr < f{E ) + 
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2.7 The estimates (2.15) and (2.16) are clearly very wasteful. They 
do not take into account the fact that Q{r, t) is odd and we can improve 
them by writing 

(2.17) (Q(l,^)-Q(f’,r))(/(t-T)-/(t + T))dr| 

and 


(2.18) 



-t) - f{t + T))dT 
t) - f{t + T))dT\ 


where 0 < di < 0 (the mean value theorem). 

At every point t of continuity of /, and more generally, at every 
point in which the primitive of / is differentiable, we have; 


(2.19) f - f{t + T))dT = o{:di). 

Jo 

By (2.18) it is clear that if (2.19) holds, E 2 {r, t) 0. 

Theorem. Let f e T^(T); at every t G T for which (2.19) is valid we 
have, (d = 1 — r), 


E{rd) = ^ Q(l,T)/(t - T)dT - ,/(re**)| ^ 0 

as r 1. 

PROOF: As in (2.12), E{r,t) < Ei{rf) + E 2 {r,t). We have already 
remarked that under the assumption (2.19), lim,,^i E 2 {rf) = 0 so that 
we can confine our attention to Ei{r,t)- For e > 0, let r/ > 0 be such 
that for 0 < di < r/ 

(2.20) / (/(t - r) - f{t + r))(ir < eth 

Jo 


and write 
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The second integral tends to zero by virtue of the fact that on (r/,7r), 
Q{r,T) Q(1,t) uniformly. The first integral is integrated by parts. 
Writing 

{f{t-T) - f{t + T))dT, 

Jo 

we see that it is bounded by 




fV 


Ji) 


- Q(r,di)) ; 


integrating by parts once more and remembering that Q{1, di) < vr/di, 
it follows from (2.14) and (2.20) that Ei{r,t) < lOe + o(l) and the 
theorem is proved. ◄ 


2.8 Let F be defined on T and assume that for all d > 0, F is integrable 

onT\(-d,d). 

Definition: The principal value of F{t)dt is. 


PV / F{t)dt = lim / F{fdt. 

For / G L^(T) condition (2.19) is satisfied for almost all t G T; since 
f{re'f /(e“‘) almost everywhere, we obtain, 

Theorem. Let f G L^(T). The principal value of ^ \ f{t — t) cot 
exists for almost all t G T, and, almost everywhere, 

f^e''t) = PV^ I /(t-r)cot^dr. 

2.9 Theorem 2.7 can be used both ways. We can use it to show the 
existence of the principal value of PV f f{t — r) cot ^dr if we know 
that /(e‘‘) exists or to obtain the existence of/(e’‘) at points where 

PV j f{t — r) cot '^dr 

clearly exists. For instance, if / satisfies a Lipschitz condition at t, 
that is, if \f{t + h) — f{t)\ < K\hf for some K > 0 and a > 0, then 
^ — f{t + t)| cot < oo and it follows that /(e‘‘) exists and 

/(e“) = ^ JO -'t')- fit + t)) cot ^dr 


( 2 . 21 ) 



92 


An Introduction to Harmonic Analysis 


If / satisfies a Lipschitz condition uniformly on a set i? C T, that is, if 
for some K > 0 and a > 0 

|/(t + h)-/(t)| < Ar|/i|“ foralltGi;, 

then the integrals (2.21) are uniformly bounded and 

^ ^ -t)- f{t + r)) cot ^ /(e**) 

uniformly in t G £" as e ^ 0. It follows, reexamining the proof of 2.7, 
that /(re®‘) ^ /(e®*) uniformly for t G 77 as r ^ 1. In particular, if E is 
an interval, it follows that /(e®^) is continuous on E. 

2.10 Conjugation is not a local operation; that is, it is not true that if 
f{t) = g{t) in some interval /, then f{t) = g{t) on I, or equivalently, 
that if ,/(t) = 0 on /, then f{t) = 0 on /. However, 

Theorem. If f{t) = Q on an interval I, then f{t) is analytic on L 

PROOF: By the previous remarks / is continuous on I. Thus the func¬ 
tion F = / + i/ is analytic in D and is continuous and purely imaginary 
on I. By Schwarz’s reflection principle F admits an anal 5 dic extension 
through /, and since F(e**) = if{ef) on I, the theorem follows. ◄ 


Remark: Using (2.21) we can estimate the successive derivatives of/ 
at points t G / and show that / is analytic on I without the use of the 
"complex" reflection principle. 


EXERCISES FOR SECTION 2 

The first three exercises were covered already in Theorem 1.8.4. The main 
point here is the localization (exercise 4). 

1. Assume/ G Lip^^(T), 0 < a < 1. Show that/ G Lip^,(T) for alio' < a. 

2. Assume / G C'"(T), n > 1. Show that / G C’"“^(T) and G 

Lip^(T) for all o < 1. 

3. Assume / G Lip^(T), 0 < o < 1. Show that / G Lip^(T) 
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Hint: 


f{t + h) - f{t) j [f{t + h-T) - f{t + h)) cot ^dr 



' (/(i-d -/(d) cot ^dr 


f‘2-n —2h 


/ f{t + h)) cot 


'2/i 

p27T- 

-2h 

J2h 

{fit - d - fit)) cot ddr 


/‘2tt — 2h \ h 

=0(/i“) + J (/(t - r) -/(t)) (cot -cot^)dT 

- { f{t + h) - f{t)) / cot dr. 

J2h ^ 

4. Localize exercises 1-3, that is, assume that / satisfies the respective 
conditions on an an interval 7 c T and show that the conclusions hold in I. 

3 THE HARDY SPACES 

In this section we study some spaces of functions holomorphic in 
the unit disc D. These spaces are closely related to spaces of functions 
on T and we obtain, for example, a characterization of functions 
and of measures whose Fourier coefficients vanish for negative values 
of n. We also prove that if for some / G T^(T), /(e®*) is summahie 
then S[f] = S[f], and, finally, we obtain results concerning the absolute 
convergence of some classes of Fourier series. We start with some 
preliminary remarks about products of Moebius functions. 

3.1 Let 0 < Id < 1; the function b{z,() = defines, as is 

well known, a conformal representation of D onto itself, taking ( into 
zero and zero into |d. The important thing for us now is that b{z, Q 
vanishes only at z = d and \b{z, d| = 1 on |z| = 1. If 0 < |d < r, then 
~ holomorphic in |z| < r, vanishes only at z = (, 

and |6(d r) I “ ^ l-^l “ C = 0 we define b{z, 0) = z. 

Let / be holomorphic in |z| < r and denote its zeros there by 
d , ■ ■ ■, Cfc (counting each zero as many times as its multiplicity). The 

function /i(z) = .f{z)^J[b[f.,^)'j is holomorphic in |z| < r, is 
zero-free and satisfies |/i(z)| = |/(z)| for |z| = r. Since log|/i(z)| is 
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harmonic in | 2 ;| < r we have 

log|/i(0)| = ^ j log|/i(re“)|(it 

and if we assume, for simplicity, that /(O) ^ 0, the formula above is 
equivalent to Poisson-Jensen’s formula'. 

k 

(3.1) log|/(0)| + log f[ r|C„r' = ^ I \og\f{rP^)\dt. 

n=l 

We implicitly assumed that / has no zeros of modulus r; however, 
since both sides of the formula depend continuously on r, the above is 
valid even if / vanishes on \z\ = r. The reader should check the form 
that Poisson-Jensen’s formula takes when / vanishes at 2 : = 0. 

The term log nfj,=i 's positive, and removing it from (3.1) 

we obtain Jensen s inequality 

(3.2) log|,/(0)| < ^ j \og\f{re»')\dt. 

or, if / has a zero of order s at z = 0, 

log|lini +log(r*) <^( \og\f{rP*')\dt. 

Zty j 

Another form of Jensen’s inequality is: let / be holomorphic in 
\z\ < r and let , (f, be (some) zeros of / in \z\ < r, counted each 
one at most as many times as its multiplicity. Then 

m 

(3.3) log|/(0)| + ^log(rlCr') <- j \og\f{rPf\dt. 

Inequality (3.3) is obtained from (3.1) by deleting some (positive) terms 
of the form log(r|((Ti|“^) from the left-hand side. 

3.2 Let p > 0 and let / be holomorphic in D. We introduce the nota¬ 
tion 

(3.4) hp{f,r) = ^ j\f{reJf\Pdt. 

IfO < r < I and p < 1 we have f{rped*) = * P(p,t) and conse¬ 

quently for p > 1 we have 

hpifPP) = \\.firpc"*')VLP < ll/(’’e*‘)||iP = hp{f,r) 
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or, in other words, hp{f, r) is a monotone nondecreasing function of r. 
The case p = 2 is particularly obvious since for f{z) = we have 

h 2 {f, r) = X^laripT^”. We show now that the same is true for all p > 0. 

Lemma. Let f be holomorphic in D and p > 0. Then hp{f,r) is a 
monotone nondecreasing function of r. 

PROOF: We reduce the case of an arbitrary positive p to the case p = 2. 
Let TT < r < 1. Assume first that / has no zeros on | 2 ;| < r and consider 
the function! g{z) = (/(z))^/^; then 

^ J Ifind^Wdt =^J\g{nd*)\^dt J\g{rd^){^dt 

= ^l\fird'Wdt 

or hp{f,ri) < hp{f,r). 

If / has zeros inside |z| < r but not on |z| = r, we denote the zeros, 
repeating each according to its multiplicity, by (i,... and write 

/i(z)=/(z)(n&(^,^)) 

1 

For |z| < r we have |/(z)| < |,fi(z)|, for |z| = r we have |/(z)| = |/i(z) 
and /i is zero-free in |z| <r. It follows that 

hp{f,ri) < hp{fi,ri) < hp{fi,r) = hp{f,r). 

Since hp{f, r) is a continuous function of r, the same is true even if / 
does have zeros on |z| = r, and the lemma is proved, ◄ 

3.3 Lemma. Let {Cn} be a sequence of complex numbers satisfying 
Cnl < 1 andff{l — |Ct 7 ,|) < oo. Then the product 

(3.5, 

converges absolutely and uniformly in every disc Dr = { 2 :: 1^1 < r}, 
r < 1. 


'Any branch of 
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Proof: It is sufficient to show that converges uni¬ 

formly in \z\ < r < 1. But 

1 1 _ C"(Cri. ~ z) I _ I (ICnl + ^Ct 7.) (l ~ ICri I) I ^ 1 + T ^ , ,, 

I |Cn|(l-<n)l “ I |Cr.|(l-^Q 

and the series converges — ICnl) < oo. ◄ 

The product (3.5), often called the Blaschke product corresponding 
to {C«}, is clearly holomorphic in D and it vanishes precisely at the 
points (n. Nothing prevents, of course, repeating the same complex 
number a (finite) number of times in {Cn}, so that we can prescribe not 
only the zeros but their multiplicities as well. Since all the terms in 

(3.5) are bounded by 1 in modulus, we have \B{z)\ < 1 in Z9. 

3.4 We now introduce the spaces Hf' (H for Hardy) and TVf (Af for 
Nevanlinna). 

Definition: The space Hp, p > 0, is the (linear) space of all func¬ 
tions / holomorphic in D, such that 

(3.6) ||,/||//P = lim hp{f,r) = supo<r<ihp{f,r) < oo. 

r-—s-1 

The space Af is the space of all functions / holomorphic in D, such that 

(3-7) II/IIa/- = supo<,,<i ^ j log+|/(7W*)|(it < oo. 

Remarks: (a) For p > 1, || \\hp as defined in (3.6) is a norm and we 
shall show later that Rp endowed with this norm, can be identified with 
a closed subspace of Lp{T). For p < 1, || ||^^p satisfies the triangle 
inequality and is homogeneous of degree p. It can be used as a metric 
for RP; II \\hp is homogeneous of degree one but does not satisfy the 
triangle inequality. || Ha/- is not homogeneous and does not satisfy the 
triangle inequality. 

(b) If p' < p we have Af D Rp' d Rp. 

The space R^ has a simple characterization: 

Lemma. Let f{z) = then f G R^ if, and only if is 

finite. 

Proof: h 2 {f,r) = It follows that ||/|||-2 = I]i^|anP- ◄ 
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An immediate consequence is that in this case / is the Poisson integral 

of/(e'‘) ««£"“■ 

3.5 Lemma. Let f JV and denote its zeros in D by (i, ( 2 , ■■■, each 
repeated according to its multiplicity. Then E(1 ^ ICnl) < co- 

Remark: The convergence of the series E(1 “ iCn I) is equivalent to the 
convergence of the product HlCnl hence to the boundedhess (below) of 
the series EloslCnl (not counting the zeros at the origin, if any). 

PROOF: We may assume /(O) ^ 0. By Jensen’s inequality (3.3), if M 
is fixed and r sufficiently close to 1 


log|,/(0) 


M 


.flk < ^logic,i| 

1 


M log r. 


Letting r ^ 1 we obtain 

^ M 

log|/(0)| - II/IIa/- < ^log|C„, 

1 

and since M is arbitrary the lemma follows ◄ 

3.6 If we combine Lemma 3.3 with 3.5 we see that if / e Af, the 
Blaschke product corresponding to the sequence of zeros of / is a well- 
defined holomorphic function in D, having the same zeros (with the 
same multiplicities) as / and satisfying \B{z)\ < 1 in £>. If we write 
F{z) = f{z){B{z))~^ then F is holomorphic and satisfies |F(z)| > 
\f{z)\ in D. We shall refer to / = BF as the canonical factorization 
off. 

Theorem. Let f e Fl^, p > 0, and let f = BF be its canonical 
factorization. Then F G F[p and HTUz/p = ll/H/jp. 

PROOF: The Blaschke product B has the form 

N 

B{z)= lim z"‘rf6(z,C„). 

N—^oc 

1 

If we write Fn{z) = f{z) (z™ Cn)) then Lyv converges to F 

uniformly on every disc of the form |z| < r < 1. Since the absolute 
value of the finite product appearing in the definition of Fj^ tends to 
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one uniformly as | 2 | ^ 1, it follows from Lemma 3.2 that G and 

\\Fn\\hp = WfWhp- Letr < 1, then 

hp{F,r)= lim hp{FjM,r)< lim \\FM\f^p = \\f\f^p. 

N—^OC N—^OC 

Now hp{F,r) < ll/ll^p for all r < 1 is equivalent to ||F||/^p = ||/||l/p, 

and since the reverse inequality is obvious, the theorem is proved. ◄ 

Theorem 3.6 is a key theorem in the theory of spaces. It allows 
us to operate mainly with zero-free functions which, by the fact of being 
zero-free, can be raised to arbitrary powers and thereby move from one 
HP to a more convenient one. This idea was already used in the proof 
of Lemma 3.2. Our first corollary to Theorem 3.6 deals with Blaschke 
products. 

3.7 Corollary. Let B be a Blaschke product. Then |(e’*)| = 1 almost 
everywhere. 

PROOF: Since \B{z)\ < 1 in £) it follows from Lemma 1.2 that B(e'*) 
exists as a radial (actually: nontangential), limit for almost all t G T. 
The canonical factorization of f = B is trivial, the function F is identi¬ 
cally one, and consequently 

\\B\\%. = ^l\Bie‘*)fdt. 

Since |i?(e‘‘)| < 1, the equality above can hold only if |i?(e‘‘)| = 1 
almost everywhere. ◄ 

3.8 Theorem. Assume f G HP, p > 0. Then the limit IvcUr^i f{re‘'') 
exists for almost allt gT and, denoting it by /(e®‘), we have 

WffHP = ^ / \fiFffdt. 

PROOF: The case p = 2 follows from 3.4. 

For arbitrary p > 0, let / = BF be the canonical factorization of 
/, and write G{z) = {F{z))p/‘^. Then G belongs to H‘^ and conse¬ 
quently G(re'*) ^ G(e’*) for almost all f G T; at every such t, F{re' f 
converges to some F(e'‘) such that = |G(e**)|. Since B 

has radial limit of absolute value one almost everywhere we see that 
/(e®*) = lim/(re®*) exists and |/(e®*)//^ = |G(e®*)| almost everywhere. 
Now ll/ll^p = WFfpp, = \\G\\l. = i /|G(e®*)|2dt = and 

the proof is complete. ◄ 
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3.9 The convergence assured by Theorem 3.8 is pointwise conver¬ 

gence almost everywhere. For p > 2 we know that / is the Poisson 
integral of /(e®*) and consequently converges to /(e®*) in the 

LP{T) norm. We shall show that the same holds for p = 1 (hence for 
p > 1); first, however, we use the case p > 2 to prove: 

Theorem. Let 0 < p < p' and suppose f G and f{e^^) G L^' {T). 
Then f G iT®® . 

Proof: As before, if we write / = BF, G{z) = then G G 

and G?(e®*) G G is the Poisson integral of G(e®*) and 

consequently G G F['^p !which means F G F[p , hence / G . ◄ 

Corollary. Let f G L^(T) and assume f G T^(T).- then (/ + if) G H^. 

PROOF: We know (Corollary 1.6) that (/ + if) G Hp for all p < 1 and 
by the assumption (/ + if){e''*‘) G L^(T). ◄ 

3.10 Theorem. Every function f in can be factored as f = / 1/2 
with /i ,/2 G 

PROOF: Let / = BF be the canonical factorization of /. We can take 

fi= F^/ff2 = BF^/f ◄ 

3.11 We can now prove: 

Theorem. Let f G and let fie'-f be its boundary value. Then f is 
the Poisson integral q/'/(e®*). 

PROOF: We prove the theorem by showing that /(re®*) converges to 
/(e®*) in the L^ norm. This implies that if .f( 2 :) = then a„, are 

the Fourier coefficients of /(e®*) which is clearly equivalent to / being 
the Poisson integral of/(e®*). 

Write / = / 1/2 with f^ G H^, j = 1,2. 

/(re®‘) - /(e®‘) = /i(re®‘)/ 2 (re®*) - /i(e®‘)/ 2 (e®‘); 

adding and subtracting /i(e®*)/ 2 (re®*) and using the Cauchy-Schwarz 
inequality, we obtain 

||/(rC*) - /(e®‘)|Ui < ||/ 2 ||L=ll/i(re‘‘) - /i(e®‘)|U= 

+ ||/i||L/|/ 2 (re®*)-/ 2 (e®‘)|U= 

As r ^ 1, ||/j(re®*) — /j(e ®*)||£2 ^ 0, and the proof is complete. ◄ 
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Remark: See exercise 2 at the end of the section for an extension of 
the theorem to the case 0 < p < 1. 

Corollary. Let f G L^(T) and f G L^(T). Then S'[/] = S[f]. 

PROOF: From 3.9 and the theorem above follows that /(re®*) is the 
Poisson integral of /(e®*) (see Remark 1.4). ◄ 

3.12 Theorem. Assume p > 1. A function f belongs to HP if, and 
only if it is the Poisson integral of some f{P^) G Lp(T) satisfying 

(3.8) /(n) = 0 for all n < 0. 

PROOF: Let / G HP; by Theorem 3.11, / is the Poisson integral of 
/(e®*) and (3.8) is clearly satisfied. On the other hand, let / G L^'(T) 
and assume (3.8); the Poisson integral of /, 

CXD CXD 

/(re®0 = ^/(n)r"e®"‘ = ^/(n)z" 

0 0 

is holomorphic in D, and since ||/(re®*) \\lp < ||/(e**) ||lp, it follows that 

f{z) G HP. ◄ 

3.13 For p > I, we can prove that every / G Hp is the Poisson integral 
of /(e®*) without appeal to Theorem 3.11 or any other result obtained in 
this section. We just repeat the proof of Lemma 1.2 (which is the case 
p = 00 of 3.12): if / G Lp{R), ||,f (re®*) ||p is bounded as r ^ 1; we can 
pick a sequence r„ ^ 1 such that /„(e®*) = /(r„e®*) converge weakly 
in LP{T) to some /(e®*). Since weak convergence in Lp{T) implies 
convergence of Fourier coefficients, it is clear that (3.8) is satisfied and 
that the function / with which we started is the Poisson integral of 

For p = I the proof as given above is insufficient. L^(T) is a sub¬ 
space of M{T), the space of Borel measures on T, which is the dual of 
C'(T), and the argument above can be used to show that every f e H^ 
is the Poisson integral of some measure p on T. This measure has the 
property 

(3.9) fi{n) = 0, for all n < 0. 

All that we have to do in order to complete the (alternative) proof of 
Theorem 3.12 in the case p = 1 is to prove that the measures satisfying 

(3.9) , often called anal 3 dic measures, are absolutely continuous with 
respect to the Lebesgue measure on T. 
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Theorem {F. and M. Riesz). Let j^i be a Borel measure on T satisfy¬ 
ing 

(3.9) /j(n) = 0, foralln<0. 


Then g is absolutely continuous with respect to Lebesgue measure. 
We first prove; 


Lemma. Let E C T be a closed set of measure zero. There exists a 
function g> holomorphic in D and continuous in D such that: 


(3.10) 


(j) piefy = 1 on E, 

(ii) \p{e'f\<l onD\E. 


PROOF: Since E is closed and of measure zero we can construct a func¬ 
tion on T such that j/;(e'*) > 0 everywhere, is continuously dif¬ 
ferentiable in each component of T \ i?, if efy ^ oo as t approaches 
E, and V’(e**) G L^(T). The Poisson integral tp{z) of ip{efy is positive 
on D and oc as z approaches E. The conjugate function is 

continuous in D \ E (see the end of section 2) and consequently, if we 
put p{z) = then p is holomorphic in D and continuous in 

D \ E. At every point where ij){z) < oo we have \p{z)\ < 1, and as 
oo, p{z) 1. If we define p{z) = I on E then p satisfies 
(3.10). ◄ 


Proof of the theorem: Assume that p satisfies the condition (3.9). 
We can assume /i(0) = 0 as well (otherwise consider p — p{0)dt) and it 
then follows from ParsevaTs formula that 


(3.11) = J fdp = 0 

for every / e C'(T) which is the boundary value of a holomorphic func¬ 
tion in D or, equivalently, such that f{n) = 0 for all negative n. Let 
£■ C T be closed and of (Lebesgue) measure zero. Let pho a function 
satisfying (3.10). Then, by (3.11) 


/ p”^dp = 0 


for all rn > 0 


and by (3.10) 

lim f p^' dp = p{E). 

rn —s-cxD / 

Thus p{E) = 0 for every closed set E of Lebesgue measure zero and, 
since p, is regular, the theorem follows. ◄ 
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3.14 Theorem 3.13 can be given a more complete form in view of the 
following important 

Theorem. Let f G H^, p > 0; then 

log|/(e'‘*)| gL1(T) 

Remarks: The same conclusion holds under the weaker assumption 
/ G N. We state it for H^’ since we did not prove the existence of fie'*) 
for / G Af (cf [28], Vol. 1, p. 276). Since plog^|/| < |/|p we already 
know that log^|/(e'*)| G L^(T). Thus the content of the theorem is that 
/(e‘‘) cannot be too small on a large set. 

PROOF: Replacing / by f, if / has a zero of order m at 2 : = 0, we 
may assume /(O) ^ 0. Let r < 1; then, by Jensen’s inequality 

log|./(0)| - II/IIa/- < j log“|/(re**)|(it < 0 

(where log^ x = — log x- if a; < 1 and zero otherwise). It follows that 
/'|log|/(re'*)||dt is bounded as r ^ 1 and the theorem follows from 
Patou’s lemma. ◄ 

Corollary. If f f 0 is in HP, /(e’*) can vanish only on a set of measure 
zero. 

Combining Theorem 3.13 with our last corollary we obtain that ana¬ 
lytic measures are equivalent to Lebesgue’s measure (i.e., they all have 
the same null sets). 

3.15 Theorem. Let E be a closed proper subset ofJ. Any continuous 
function on E can be approximated uniformly by Taylor polynomials^. 

PROOF: We denote by C{E) the algebra of all continuous functions on 
E endowed with the supremum norm. The theorem claims that the 
restrictions to E of Taylor polynomials are dense in C{E). 

If a measure p carried by E is orthogonal to all z" , n = 0,1,..., 
it is analytic: p) = fi{n) = 0, and hence /x = fdt with / G H^, / 

carried by E. By Theorem 3.14, / = 0. Hence there is no nontrivial 
functional on C{E), which is orthogonal to all Taylor polynomials, and 
the theorem follows from the Hahn-Banach theorem. ◄ 

I We use the term "Taylor polynomial" to designate trigonometric polynomials of the 
form 
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3.16 We finish this section with another application of 3.10. 

Theorem (//a/'rfp). Let f{z)= |a,i|n“^ < oo. 

Remark: The theorem can also be stated: Let f e L^(T) satisfy (3.8), 
thenj:T\f{n)\n-^ <\\fh.. 

PROOF: If F(e'*) is a primitive of /(e'*) then F is continuous on T and 
consequently its Fourier series is Abel summable to F at every t e T. 
In particular tends to afinite limit as r ^ 1. If we assume 

a„ > 0 for all n then J2T '^n /n is clearly convergent (compare with 

1.4.2). 

In the general case we write / = / 1/2 with fj = ^ e Fl'^, 

j = 1,2. Write /*(z) = Y.\^3.n\F\ and/*(z) = ff{z)fi{z) = Y.Kz^. 

The functions f* are clearly in hence /* e and, since < > 0, 
it follows from the first part of the proof that Y^{a*Jn) < 00 . But 

n n 

^ ^ Ax fcAl2.n, —fc I ^ ^ |d-l I I ^2,77—I — (Ij.^ 

k=0 k=0 

and the theorem follows. ◄ 

3.17 Let / G and assume that ,/(e‘‘) is of bounded variation on 

T. If / ~ then inane"'* is the Fourier-Stieltjes series 

of df. Thus the measure df satisfies the condition of Theorem 3.13 and 
consequently cif = f'dt and f'{z) is in H*. Combining this with 3.16 
we obtain: 

Theorem. Let f G H* and assume that f{e'*) is of bounded variation 
on T. Then fie'*) is absolutely continuous andf2°^^\f{n)\ < 00 . 

An equivalent form of the theorem is (see 3.9): 

Theorem. Let /, / G L^(T) and assume that both f and f are of 
bounded variation. Then both f and f are absolutely continuous, and 

E!°^J/(n)| < 00 . 


EXERCISES FOR SECTION 3 

1. Deduce Theorem 3.13 (F. and M. Riesz) from Theorem 3.11. 

2. Show that for all p > 0, if / G W, then J \f{e‘*) — /(re**)|^dt ^ 0 as 
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Hint: Reduce the general case to the case in which / is zero-free. Tn the case 
that / is zero-free, write /i = ,f =; then /i e and 

/(e*‘) - /(re*‘) = (/i(e*‘) - /i(re*‘))(/i(ef‘) + /i(re*‘)); 

hence show that if the statement is valid for 2p is also valid for p. Use the fact 
that it is valid for p > 2. 

3. Let i? be a closed set of measure zero on T. Let ip be a continuous 
function on E. 

(a) Show that there exists a function holomorphic in D and continuous 

on D such that = !p(e**) on E. 

(b) Show that 4? can be chosen satisfying the additional condition 

Hint: Construct <E> by successive approximation using 3.15 and Lemma 3.13. 

4. Let / e L^(T) be absolutely continuous and assume/' log+ 1 /'I e L^(T). 
Prove that X]|/(n)| < oo. 



Chapter IV 


Interpolation of Linear Operators and the 
Theorem of Hausdorff-Young 


Interpolation of norms and of linear operators is really a topic in 
functional analysis rather than harmonic analysis proper; but, though 
less so than ten years ago, it still seems esoteric among authors in func¬ 
tional analysis and we include a brief account. The interpolation theo¬ 
rems that are the most useful in Fourier analysis are the Riesz-Thorin 
theorem and the Marcinkiewicz theorem. We give a general description 
of the complex interpolation method and prove the Riesz-Thorin theo¬ 
rem in section 1. In the second section we use Riesz-Thorin to prove 
the Hausdorff-Young theorem. We do not discuss the Marcinkiewicz 
theorem although it appeared implicitly in the proof of theorem III. 1.9. 
We refer the reader to Zygmund ([28] chap. XII) for a complete account 
of Marcinkiewicz’s theorem. 

1 INTERPOLATION OF NORMS AND OF LINEAR OPERATORS 

1.1 Let B be a normed linear space and let F be defined in some do¬ 
main H in the complex plane, taking values in B. We say that F is 
holomorphic in O if, for every continuous linear functional p on B, the 
numerical function h{z) = {F{z),ij) is holomorphic in fl. Assume now 
that B is a linear space with two norms || ||o and || ||i defined on it. We 
consider the family B of all B-valued functions which are holomorphic 
and bounded, with respect to both norms, in a neighborhood of the strip 
H — {2:0 < R( 2 ) < 1}. B is a linear space which we norm as follows: 
for B G B put 

(1.1) ||B||=sup,^{||F(*y)||o,||B(l + tt/)||i}. 

For 0 < a < 1, the set Ba = {F e B: F{a) = 0} a linear subspace of 
B. We shall say that || ||o and || ||i are consistent if Ba is closed in B for 
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all 0 < a < 1. A convenient criterion for consistency is the following 
lemma: 

Lemma. Assume that for every f ^ B, f f 0, there exists a functional 
ju continuous with respect to both || ||o and || ||i , such that {f,iJ,) f 0. 
Then || ||o and || ||i are consistent. 

PROOF: Let 0 < a < 1 and let G B, L,, F m B. Let /x be an 
arbitrary linear functional continuous with respect to both norms. The 
functions {Fn{z),f) are bounded on the strip Vl and tend to {F{z),j.i) 
uniformly on the lines z = iy and z = I + iy. By the theorem of 
Phragmen-Lindelof the convergence is uniform throughout f2 and in 
particular {F{a),y,) = lim„^oo(T’ri(a),M = 0- Since this is true for 
every functional It it follows that F{a) = 0, that is, F € Ba and the 
lemma is proved. ◄ 

Remark: The condition of the lemma is satisfied if || ||o and || ||i both 
majorize a third norm || || 2 . This follows from the Hahn-Banach theo¬ 
rem: if / ^ 0, there exists a functional /x continuous with respect to || ||2 
such that (/, jj) f 0. It is clear that if, || ||j > || ||2 then /x is continuous 
with respect to || ||,, j = 0,1. 

1.2 We interpolate consistent norms on B as follows: for 0 < a < 1, 
the quotient space B/Ba is algebraically isomorphic to B (through the 
mapping F ^ F{a)). Since Ba is closed in B, B/Ba has a canonical 
quotient norm which we can transfer to B through the aforementioned 
isomorphism; we denote this new norm on £> by || H^. 

The usefulness of this method of interpolating norms comes from 
the fact that it permits us to interpolate linear operators in the following 
sense: 

Theorem. Let B (resp. B’) he a normed linear space with two consis¬ 
tent norms II llo and II 111 (resp. || ||q and || Hj. Denote the interpolating 
norms by \\ ||a (resp. || \\[J, Q < a < 1. Let '& be a linear transformation 
from B to B' which is bounded as 

(1-2) (B,|| II, ^(BMI II') j = 0,L 

Then S is bounded as 

0-3) {B,\\\\a)^{B/\\t), 

and its norm ||S||„ satisfies 
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PROOF: We denote by B' the space of holomorphic B'-valued functions 

g 

which is used in defining || ||'^. The map B ^ B' can be extended to a 
map B ^ B' hy writing SF{z) = S{F{z)). To show that SF so defined 
is holomorphic, we consider an arbitrary functional p continuous with 
respect to || ||q or || ||'j^ and notice that {SF{z),fi) = {F{z),S*fi). Since 
SF{z) is clearly bounded it follows that SF e B'. 

Let / G B, ||/||„ = 1; then there exists an F g i? such that F{a) = / 
and such that ||f || < 1 + e. Applying S to f , we obtain 

||S/||L<||SF||'<(l + £)max(||S||o, ||S||i); 

hence 

||S||„ < max(||S||o, ||S||i) 

which proves the continuity of (1.3). To prove the better estimate (1.4), 
we consider the function where e“ = ||S||o, ||S||j)^. We 

have 


|S/L< ||S(e“(^-“)F(z))||' 

= sup,{e-““||SF(rt)||;,e“(i-“)||SF(l + rt)||;} 

< (1 + e) sup{e-““||S||o,e“('-“)||S||i} 

= (1+g)||S||1-«||S||?. ◄ 


Remark: The idea of using the function goes back to Hadamard 

(the "three-circles theorem"); it can be used to show that, for every 

feB, 

(1-5) ll/IU< ll/ll^“ll/ll?. 

1.3 A very important example of interpolation of norms is the follow¬ 
ing: let (X, dy) be a measure space, let 1 < po < Pi < oo, and let B 
be a subspace of n We claim that the norms || ||o and || ||i 

induced on B by LP°{df) and U^^{di), respectively, are consistent. By 
Lemma 1.1, all we have to show is that, given / G B, / ^ 0, there exists 
a linear functional /x, continuous with respect to both norms, such that 
(/> m) 7 ^ Oi we can take as p the functional defined by (/, p) = / /pdy 
where p G n L°°{di) has the property! that /p > 0 whenever |/| > 0. 

ilf we write / = |/|e®x> with real-valued ip, we may take g = min(l, \f\^° )e'“i^ . 
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Theorem. Let (X, dy) be a measure space, B = n (dy) (with 
1 < Pq < Pi < oo). Denote by || \\j, the norms induced by (dy), and 
by \\ II„ the interpolating norms. Then || ||q, coincides with the norm 
induced on B by (dy) where 


( 1 . 6 ) 


PoPi 

Poa + pi{l - a) 


Po 


1 — a 


if Pi 



PROOF: Let f e B and ||/||j,c» < 1. Consider F{z) = |j|“( 2 +“)+ie'‘Y 
where / = |/|e*'^ and 


Po -Pi 

Poa + pi{l - a) 


-1 

1 — a 


if 



We have F{a) = f and consequently ||/||„ < ||F||. Notice now that 
\Fiiy)\ = so that 


l-F(*i)llo= f/|/r"“dy)'^"" <1; 


similarly ||L(1 + it)||i < 1 (use the same argument ifpi < oo and check 
directly if Pi = oo); hence ||/||o, < 1. This proves || ||„ < || ||lp». In 
order to prove the reverse inequality, we denote by qo, qi the conjugate 
exponents of po and pi and notice that the exponent conjugate to pa is 


(1.6’) 


qoQi 

qoa + qi{l - a) 


Qi 


a 


if 



We now set B' = n (dy) and denote by B' the corresponding 
space of holomorphic S'-valued functions. 

Let fB and assume ||/||LPn > 1; then, since B' is dense in L®“, there 
exists a g G B' such that ||(7 ||l'!c < 1 and such that f fgdf > 1. As in the 
first part of this proof, there exists a function G e B' such that G{a) = g 
and ||G|| (with respect to qo, qi) is bounded by 1. Let F e B such that 
F{a) = f . The function h{z) = f F{z)G{z)dy (remember that for each 
z eLl, F{z) e B and G{z) e B') is holomorphic and bounded in fl (see 
Appendix A). Now h{a) > 1, hence, by the Phragmen-Lindeloff theo¬ 
rem, \h{z) \ must exceed 1 on the boundary. However, on the boundary 
\h{z)\ < ||L||||G|| < ||L|| so that ||F|| > 1. This proves ||/||a > 1 and it 
follows that II ||„ and || ||lp<. are identical. ◄ 


1.4 As a corollary to Theorems 1.2 and 1.3, we obtain the Riesz- 
Thorin theorem. 
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Theorem. Let (X.y) and (25,t)) be measure spaces. Let B = n 
(liy) and B' = Lp» n L^’i {d\)), and let '& be a linear transformation 
from B to B', continuous as S : {B, || ||j) (S', || ||(-), j = 0,1, where 

I II j (resp. II W'j) is the norm induced by LPj (d^) (resp. LPj{d'(])). Then S 
is continuous as 

S: (S,|| |U)^(S',|| !!(,) 

where || ||a, (resp. || \\'^) is the norm induced by Lp^ (df) (resp. LP'^{dX))), 
Pa and p'a are defined /« (1.6)/ 

A bounded linear transformation S from one normed space B to 
another can be completed in one and only one way, to a transformation 
having the same norm, from the completion of B into the completion 
of the range space of S. Thus, under the assumption of 1.4, S can 
be extended as a transformation from LP^ff) into with norm 

satisfying (1.4). The same remark is clearly valid for Theorem 1.2. 

1.5 Our first application of the Riesz-Thorin theorem is Bochner’s 
proof of M. Riesz’ Theorem III.l .11. We show that Lp{T) admits con¬ 
jugation if p is an even integer. It then follows by interpolation that the 
same is true for all p > 2, and by duality, for all p > 1. 

Let / be a real-valued trigonometric polynomial and assume, for 
simplicity, /(O) = 0. As usual we denote the conjugate by / and put 
= |(.f + *./)• .f^ is a Taylor polynomial^ and its constant term is 
zero; the same is clearly true for {f'^)P, p being any positive integer. 
Consequently 

^ J\f\t))Pdt = 0. 

Assume now that p is even, p = 2k, and consider the real part of the 
identity above; we obtain: 

I, - (?) 2(1 /- (?) ? / dr-'r^> 

-= 0 . 


By Holder’s inequality 


1 

2 ?! 


< ||/| 


‘2k — ‘2rn 
L2k 


2 rn . 


+We use the term "Taylor polynomial" to designate trigonometric polynomials of the 
form e®"*. 
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hence 

or, denoting 

II/1l-II/IIZ- 

we have 

Y'ik < ^2A;^^2fe-2 ^ ^2A:^^2*:-4y2fc-4 ^_^ 

which implies that Y is bounded by a constant depending on k (i.e., 
on p). Thus the mapping / / is bounded in the L'p{T) norm for all 

polynomials /, and, since polynomials are dense in Lp{T), the theorem 
follows. 

EXERCISES FOR SECTION 1 

1. Prove inequality (1.5). 

2. Let {an} be a sequence of numbers. Find min(^|an|) under the con¬ 
ditions = 1, = a. 3. Let B be a vector space with consistent 

norms || ||o, || ||i, and B a space of linear functionals on B which are continu¬ 
ous with respect to both || ||o and || ||i. Let || ||* be the norm on B induced by 
the duality with {B, || ||j), j = 0,1, and || ||* the interpolating norms. Let || ||„» 
be the norm on B induced by the dual of (B, || ||„). Prove that for f £ B, 

ll/lbv < ll/ll*^- 

4. Let (X, B) be a measurable space, and let /i and u be positive measures 

on it. Let B = (X, B, fi) n (X, B, c). 

i. What are necessary and sufficient conditions for the consistency of the 

norms (on B): || ||o = || ^nd || ||i = || 

ii. When the norms above are consistent, what are the interpolating norms 

II lU? 

5. Let 0 < a < 6. For / e C°°(T), define ||/||o = ^, and 

l/lli = ^X^|/(n.)p|np*’j ^. Show that the norms so defined are consistent on 
C'°°(T) and find the interpolating norms || ||c,. 

6. Assume 0 < a < 6. What are the interpolating norms between the ones 
induced on C°° (T) by C“(T) and by C'’(T)? 

Hint: For / G L^{T) define ||/|| w.k — 1111 ( 2 ^’ (/)ll^^ the notation is that of 
1.8.2. For 0 < a < b, and for / e C°°(T), define ||/||o = sup^||/||w,fc2“* and 
ll/lli = sup^||/||w,fc2“. 
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2 THE THEOREM OF HAUSDORFF-YOUNG 

The theorem of Riesz-Thorin enables us to prove now a theorem 
that we stated without proof at the end of 1.4 (Theorem 1.4.7); it is 
known as the Hausdorff-Young theorem: 

2.1 Theorem. Let 1 < p < 2 and let q be the conjugate exponent, 
that is, q = p/{p — 1). If f G L'p{T) then 'f2\.f{n)\'^ < oo. More precisely 

PROOF: The mapping IF : f ^ {./(«)} is a transformation of functions 
on the measure space (T, dt) into functions on (Z, dn), Z being the group 
of integers and d/a the so-called counting measure, that is, the measure 
that places a unit mass at each integer. We know that the norm of the 
mapping as (T) ^ L°° (Z) = is 1 (1.1.4) and we know that it is an 
isometry of onto L‘^{Z) = (1.5.5). It follows from the Riesz- 

Thorin theorem that JF is a transformation of norm < 1 from L^’(T) into 
L'?(Z) = i"', which is precisely the statement of our theorem. We can 
add that since the exponentials are mapped with no loss in norm, the 
norm of T on Lp{T) into T* is exactly 1 . ◄ 

2.2 Theorem. Let 1 < p < 2 and let q be the conjugate exponent. If 
{a„} G then there exists a function f G L'J(T) such that a„ = f{n). 
Moreover, W/Wli < 

PROOF: Theorem 2.2 is the exact analog to 2.1 with the roles of the 
groups T and Z reversed. The proof is identical: if {a„} G f then 
f{t) = is eontinuous on T and f{n) = a„. The case p = 2 is 

again given by Theorem 1.5.5 and the case 1 < p < 2 is obtained by 
interpolation. ◄ 

2.3 We have already made the remark (end of 1.4) that Theorem 2.1 

cannot be extended to the case p > 2 since there exist continuous func¬ 
tions / such that = oo for all t > 0. An example of such 

a function is f{t) = '£’^^2 uS{ilTnp [28], vol. I, p. 199); 

another example is g{t) = ^ rr)V^2^”'/^/„, (t) where are the Rudin- 
Shapiro polynomials (see exercise 6, part c of 1.6). We can try to ex¬ 
plain the phenomenon by a less explicit but more elementary construc¬ 
tion. 

The first remark is that this, like many problems in analysis, is a 
problem of comparison of norms. It is sufficient, we claim, to show 
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that, given p < 2, there exist functions g such that ||.g||oo < 1 and 
is arbitrarily big. If we assume that, we may assume that our 
functions g are polynomials (replace g by (T„((?) with sufficiently big 
n) and then, taking a sequence pj 2, gj satisfying ||,i9j||oo << 1 and 
J2\gj{n)\^j > 2'j we can write / = where the integers 

rrij increase fast enough to ensure that e^'^->*gj{t) and have 

no frequencies in common if j ^ k. The series defining / converges 
uniformly and for any p <2 we have 

j n ■ Pj>P' 

One way to show the existence of the functions g above is to show that, 
given £ > 0, there exist functions g satisfying 

(2-1) \\g\\oo < 1, ||.9||l= > sup„| 3 (n)| < £. 

In fact, if (2.1) is valid then 

and if £ can be chosen arbitrarily small, the corresponding g will have 
5 ^| 9 (n)|^ arbitrarily large. 

Functions satisfying (2.1) are not hard to find; however, it is im¬ 
portant to realize that when we need a function satisfying certain con¬ 
ditions, it may be easier to construct an example rather than look for 
one in our inventory. We therefore include a construction of functions 
satisfying (2.1). The key remark in the construction is simple yet very 
useful: if P is a trigonometric polynomial of degree N, f e L^(T) and 
A > 2N is an integer, then the Fourier coefficients of p{t) = f{Xt)P{t) 
are either zero or have the form f{m)P{k). This follows from the iden¬ 
tify p{n) = Ylxrn+k-n /(™)-P(^') the fact that there is at most one 
way to write n = Xrn + k with integers rn, k such that |fc| < < A/2. 

Consider now any continuous function of modulus 1 on T, which is 
not an exponential (of the form e’”*); for example the function ip{t) = 
gjcost^ Since = |fy’|li 2 = 1 and the sum contains more than one 

term, it follows that sup|'!/(n)| = p < 1. Let M be an integer such that 
< £. Let g < 1 be such that > |. Let p = ap]{ip), where the 
order N is high enough to ensure g < |<p(t)| < 1. It follows from the 
preceding remark that if we set A = 3A^ and g{t) = H^i the 

Fourier coefficients of g are products of M Fourier coefficients of p] 
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hence \g{n)\ < < e. On the other hand | < < \g{t)\ < 1 and 

(2.1) is valid. 

2.4 We can use the polynomials satisfying (2.1) to show also that The¬ 

orem 2.2 does not admit an extension to the case p > 2. In fact, we 
can construct a trigonometric series ^ a„e‘"* which is not a Fourier- 
Stieltjes series, and such that < oo fo'' T > 2. 

Let gj be a trigonometric polynomial satisfying (2.1) with e = 2^^ . 
Since now p > 2 we have 

and consequently, for any choice of the integers m,j, gj{t) = 

does satisfy X^|a„|P < cx) for all p > 2. We now choose the 
integers nij increasing very rapidly in order to well separate the blocks 
corresponding to je'”''->*'gj{t) in the series above. If we denote by 
the degree of the polynomial p, , we can take m, so that ruj — 3Nj > 
rrij-i + 3Nj-i. If ^ 0 .^ 6 '"* is the Fourier-Stieltjes series of a measure p 
then 

p, * = je™'^*'gi Nj being de la Vallee Poussin’s kernel) 

and consequently 

j 

3||mIIm(t) > ill.9jllLi > ^ 

which is impossible. We have thus proved 

Theorem, (a) There exists a continuous function f such that for all 

P < 2, El/(^)l^ = oo¬ 
f'll There exists a trigonometric series, which is not a Fourier- 

Stieltjes series, such that X^|,/(n)|*’ < cx) for all p > 2. 

Both statements can be improved. See Appendix B. 

2.5 We finish this section with another construction: that of a set E 
of positive measure on T which carries no function with Fourier coeffi¬ 
cients in tP for any p < 2. Such a set clearly must be totally disconnected 
and therefore carries no continuous functions. Its indicator function, 
however, is a bounded function whose Fourier coefficients belong to no 
F,p < 2. 

Theorem. There exists a compact set E on T such that E has pos¬ 
itive measure and such that, the only function f carried by E with 
< oo for some p < 2, is / = 0. 



114 


An Introduction to Harmonic Analysis 


First, we introduce the notation^ 

(2.2) ll/lb,» = sup|/(j)| = (El/O') 

and prove: 

Lemma. Let e > 0, 1 < p < 2. There exists a closed set C T 
having the following properties: 

(1) The measure ofE^ p is > 2 tt — e. 

(2) If f is carried by E^ p then 

11/11.7^^” < £||/||.7^i:p ■ 


Proof: Let 7 > O. Put 


, - for 0 < t < 7 mod 2 t: 

Tft) = { ^ 

1 for y < t < 2 tt mod 27 r, 


Then, by Theorem 2.1 


(2.3) 


WiWrt'i < WT'^Wlp < 2717 


i-i 


. 1 1 , 
where - H— = 1. 
P Q 


We notice that p.y (0) = 0 so that, if we choose the integers Ai, A2 ,..., Ajv 
increasing fast enough, every Fourier coefficient of py{Xjt) is es¬ 
sentially a Fourier coefficient of one of the summands. It then follows 
that 


(2.4) 


1 

N 




We take a large value for N and put y = e/N and 


1 ^ 

4'(i) = "^7(^74). 


N 

i 

Then, by (2.3) and (2.4), it follows that 

so that if N is large enough ||'F||7Pi>-! < e. We can take 

N 

E,pp = {t : <i>(t) = 1} = : pfXf) = 1}. 


'Notice that II ||jc-^i is the same as || ||a(t)- 
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Since ip^{Xjt) 7 ^ I on a set of measure 7 , it follows that 

\Es.p\ > 27r — N"f = 2tt — e. 

Now if / is carried by E^^p, then for arbitrary n, 

fin) = ^ ^ J 

It follows from Parseval’s formula that 

/('«)l = I'^fi'n- rn)^{m)\ < \\^\\jri<i\\f\\jrfp < e\\f\\jrfp; 

and the proof of the lemma is complete. ◄ 

Proof of the theorem: Take E = where £„ = 3“", and 

Pn = 2 — Sn- The measure of E is clearly positive, and if / is carried by 
E and ||,f < 00 , it follows that for all n large enough 

< SnWfWrePp <£n\\f\\TeP, 

hence / = 0 and so / = 0. ◄ 


EXERCISES FOR SECTION 2 

1. Verify that (fm, as defined in exercise 6 part c) of 1.6, 

satisfy (2.1) when 

2. Show that ifiV > and if m,n increases fast enough, then g, defined 

by: git) = for 2TTnlN < t < 27r(n+l)/IV, 71 = Q,... .N, satisfies (2.1). 

3. Let {a„} be an even sequence of positive numbers. A closed set f? C T 
is a set of type U(a„) if the only distribution p carried by E and satisfying 
fi(n) = o(a„) as |n| ^ 00, is = 0. Show that if ^ 0 there exist sets E of 
positive measure which are of type U{a.n). Hint: For 0 < a < tt we write (see 
exercise 3 of 1.6): 


Aa{t) 


1 — a ^ |t| |t| < a 

0 a < |t| < Ti. 


We have Aa e A(T), ||Aa||A(T) = 1, and Aa(0) = a/2Tv. Choose nj so that 
|n| > rij implies a„ < 10^-'; put Ej = {t: A 2 -J {2njt) = 0} and E = OifLiEj. 
Notice that |if | > 27r — ^ > 0 . If /i is carried by E we have, for all m and 

j, (e®”®*A 3 -j( 2 njt), It) = 0 since A-^-j {2njt) vanishes in a neighborhood of E. 
By Parseval’s formula 

0= (e®”®*A 3 -j( 2 „^t),M) = ^/i(m) + A 3 -j(fc)/i(m+ 2njfc). 

A; 7^0 
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If nj > \m\ and if \fj.{n)\ < (in we have for k >0, |/i(m + 2njfc)| < 10 \ hence 
{3^^ /2tv)\ jl{rri)\ < 10^^ . Letting j ^ oo we obtain /t(m) = 0, and, rn being 
arbitrary, /i = 0. 



Chapter V 


Lacunary Series and Quasi-analytic 
Classes 


The theme of this chapter is that of 1.4, namely, the study of the 
ways in which properties of functions or of classes of functions are 
reflected by their Fourier series. 

We consider important special cases of the following general prob¬ 
lem: let A be a sequence of integers and B a homogeneous Banach 
space on T; denote by Ba the closed subspace of B spanned by {e’^‘}AeA 
or, equivalently, the space of all / G B with Fourier series of the form 
Describe the properties of functions in Ba in terms of 
their Fourier series (and A). An obvious example of the above is the 
case of a finite A in which all the functions in Ba are polynomials. If 
A is the sequence of nonnegative integers and B = Bp(T), 1 < p < 
oo, then Ba is the space of boundary values of functions in the cor¬ 
responding HP. In the first section we consider lacunary sequences 
A and show, for instance, that if A is lacunary a la Hadamard then 
(B^(T))a = (L^(T))a and every bounded function in (B^(T))a has an 
absolutely convergent Fourier series. 

In the second section we prove the Denjoy-Carleman theorem on 
the quasi-analyticity of classes of infinitely differentiable functions and 
discuss briefly some related problems. 

1 LACUNARY SERIES 

1.1 A sequence of positive integers {A„} is said to be Hadamard la¬ 
cunary, or simply lacunary, if there exists a constant q > I such that 
A„,+i > q\n for all n. A power series ^ is lacunary if the se¬ 

quence {A„} is, and a trigonometric series is lacunary if all the fre¬ 
quencies appearing in it have the form ±A„ where {A„} is lacunary. 

The reason for mentioning Hadamard’s name is his classical theo- 
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rem stating that the circle of convergence of a lacunary power series is a 
natural boundary for the function given by the sum of the series within 
its domain of convergence. The general idea behind Hadamard’s theo¬ 
rem and behind most of the results concerning lacunary series is that the 
sparsity of the exponents appearing in the series forces on it a certain 
homogeneity of behavior. 

1.2 Lacunarity can be used technically in a number of ways. Our first 
example is "local"; it illustrates how a Fourier coefficient that stands 
apart from the others is affected by the behavior of the function in a 
neighborhood of a point. 

Lemma. Let f G L^(T) and assume that f{j) = Q for all j satisfying 
1 < |no — i| < 2A^. Assume that f{t) = O {t) as t ^ 0. Then 

( 1 - 1 ) \fino)\ < 


PROOF: We use the condition f{j) = 0 for 1 < |no—j | < 2N as follows: 
if gjv be any polynomial of degree 2N satisfying gfiO) = 1, then 

f{no) = ^ I 


As gM we take the Jackson kernel, J^v = l|KAr ||^2 K^,. By 1.(3.10), and 
the estimate ||KAr |||2 = we obtain 

< 2TT^N-‘h-^. 


We now write 

\f{no)\< ^ I\f{t)\JN{t)dt = 


' + / + 




The first integral is bounded by 


The second integral is bounded by 




suP|t|<A-i/4|f^V(f)l y ^ sup|(|<jv-i/4|f^V(f)l- 
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The third integral is bounded by 

J\f{t)\dt = 27T^N-^\\fh.. 

Adding up the three estimates we obtain (1.1). ◄ 

Corollary. Let {A„} he a lacunary sequence and f ~ cosA„t 

be in L^(T). Assume that f is differentiable at one point. Then a„, = 
o(A;:^). 

PROOF: Assume that / is differentiable at t = 0. Replacing it, if nec¬ 
essary, by / — /(O)cost — /'(O)sint we can assume /(O) = /'(O) = 0. 
It follows that f{t) = off) as t ^ 0. The lacunarity condition on {A„} 
is equivalent to saying that there exists a positive constant c such that, 
for all n, none of the numbers j satisfying 1 < |A„ — j| < cA„,, is in 
the sequence; hence f{j) = 0 for all such j. Applying the lemma with 
no = A„ and 2N = cA„, we obtain a„ = 2/(A„) = o(A“^). ◄ 

Corollary. The Weierstrass function ^2^”cos2”t is nowhere differ¬ 
entiable. 

The condition a„ = o(A“^) clearly implies that J]|an| < oo. It is not 
hard to see (see Zygmund [28], chap. 2, §3, 4) that fff) = 5]] an cos A„T 
is then in Lip^(T) for all a < 1 and that it is differentiable on a set 
having the power of the continuum in every interval. Thus, for a lacu¬ 
nary series, differentiability at one point implies differentiability on an 
everywhere dense set. This is one example of the "certain homogeneity 
of behavior" mentioned earlier. We can obtain a more striking result 
if instead of differentiability we consider Lipschitz conditions. For in¬ 
stant, if 0 < a < 1, a lacunary series that satisfies a Lip^,, condition at a 
point satisfies the same condition everywhere (see exercise 1 at the end 
of the section). 

1.3 Another typical use of the condition of lacunarity is through its 
arithmetical consequences. A useful remark is that if A,+i > q\j with 
g > 3, then every integer n has at most one representation of the form 
n = Vj^i where rjj = —1,0,1. With this remark in mind we consider 
products of the form 


N 


p^(i)=n(i+ aj cos(Ajt + pj)) 
1 


( 1 . 2 ) 
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the a, ’s being arbitrary complex numbers and ipj G T. 

The Fourier coefficients of a factor 1 + aj cos{Xjt + :^j) are: 1 for 
n = 0, for n = Xj), n = —A,), and zero else¬ 

where. If we assume the lacunarity eondition with <? > 3, it follows 
that PAr(n) = 0 unless n = '^iljXj, with r/j = — 1 , 0 , 1 , in which case 
PN{n) = rir/jT^o ; in particular Pn{^) = 1- If we compare the 

Fourier series of Pn+i to that of Pn we see that Pn+i contains Pjv as 
a partial sum, and contains two more blocks: \aN+iiey^+^e'-^^+^*'PN 
and The frequencies appearing in the first 

blocklie within the interval (Ayv+i—^f^ Aj, AAT+i+^f^ Aj) C {XN+i{q— 
2)/((7 — 1 ), Aiv+i<?/ {q — 1 )) and the second block is symmetric to the first 
with respect to the origin. No matter what coefficients aj we take, the 
(formal) infinite product 


pit) = Ui^ + aj cos(Ajt + ipj)) 

1 

can be expanded as a well-defined trigonometric series, and if the prod¬ 
uct converges in the weak-star topology of M (T) to a function / or a 
measure q,, then the corresponding trigonometric series is the Fourier 
series of / (resp. /i). 

We shall refer to the finite or infinite products described above as 
Riesz products. Two classes of Riesz products will be of special inter¬ 
est. 

1. The coefficients a, are all real and \aj\ < 1. In this case 1 + 
ajCOfi{Xjt+Lpj) > 0 hence Pat (t) > OforallW. It follows that UPArl 1 7,1 = 
1 and, taking a weak-star limit point, it follows that P is a positive mea¬ 
sure of total mass 1 (i.e., that the trigonometric series formally corre¬ 
sponding to P is ’the Fourier-Stieltjes series of a positive measure of 
mass 1). 

2. The coefficients a, are purely imaginary (in which case we shall 
write P{i) = ]/[(l + -iaj cos(Ajt + (,Dj)) with Uj real) and satisfy^|a 

00. In this case 1 < |1 + iajCos{Xjt + < 1 + fflj 1 < l-Pv(t)P < 

+ ctj) < 00. Since the P^ are uniformly bounded we can pick a 
sequence Nj such that Pn, converge weakly to a bounded function P 
whose Fourier series is the formal expansion of P. 


1.4 The usefulness of the Riesz products can be seen in tbe proof of 

Lemma. Let f{t) = Cje'’'^P with X-j = —A, , Ai > 0 and, for 
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some q> 1, A,+i > qXj, 

j = 1,2,..., N. Then 

(1.3) 

< Aii/iioo 

and 


(1.4) 

ll./IU= <s,||/|Ui 


where Aq and Bq are constants depending only on q. 

PROOF: We remark first that it is sufficient to prove (1.3) and (1.4) in 
the case that / is real valued (i.e., c, = c_,) since we can then apply 
them separately to the real and imaginary parts of arbitrary /, thereby 
at most doubling the constants Aq and Bq. 

Assume first that q > 3. In order to prove (1.3) we consider the 
Riesz product P{t) = + cos{ Xjt + Pj)) where pj is defined by 

the condition = |cj|. We have ||P||li = 1 and consequently 

1/271 J P{tl)f{t)dt\ < ||/||oo. Since P{\j) = |e“^J we obtain from Par- 
seval’s formula: — ||/||oo, and (1.3) follows with 

Aq = 2 for real-valued / and A, = 4 in the general case. 

For the proof of (1.4) we consider a Riesz product of the second 
type. We remark that ||/|||2 = I/kjk and if we take a,- = |c,| • ||/||// 
and pj such that = \Cj\ tliGn P(qt'j — rT(^ cos^Aj't “h 

is uniformly bounded by n(l + o'j) ^ < 6 = S “j < 62 . By Parseval’s 
formula 

II./IIl2 = ^ = ^ / P{t)f{t)dt < e5||/||Li 

which is (1.4) with Bq = 2eP Again if we put Bq = 4e5 then (1.4) is 
valid for complex-valued functions as well. 

If 1 < q < 3 and we try to repeat the proofs above, we face the dif¬ 
ficulty that, having set the product P the way we did, we cannot assert 
that P{Xj) is (or in case 2) since may happen to sat¬ 
isfy nontrivial relations of the form Aj = with r]k = 0,1, —1. We 

can, however, construct the Riesz products for subsequences of {A, }. 
Let M = Mq be an integer large enough so that 

(1.5) q^^ >3, 1 - -P—r > - and 1 + ^ < q. 

qM _i q qiM _ i 

For k < m < M write A^"*^ = X^+jM and notice that Aj™J > g^A^™k 

By the remark concerning the frequencies appearing in a Riesz product 
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it follows that all the frequencies n appearing in any product corre¬ 
sponding to satisfy ||n| — for some j, hence by 

(1.5) if fc > 0, fc ^ rn mod M, ±Xk does not appear as a frequency in a 
Riesz product constructed on {A^”*\}. It follows that if 

N 

Pit) = J^(l + Clrn+jM COs(A„t+jMt + ^rn+jM)) 

1 

then 

and repeating the two constructions used above we obtain 
(1-3’) ^|c„,,+jAf| < 4||/||oo 

(1.4’) <4e5||/||i 

Adding (1.3’) and (1.4’) for m = 1,... ,M we obtain (1.3) and (1.4) 
with Ag = AMq and = 4e5 Mg. -4 

Theorem. Let {Aj } he lacunary. (a) If f = is the Fourier 

series of a boundedfunction, then X^|cj| < oo. 

(b) Ifffcjel^A' is a Fourier series, then < oo. 

PROOF: Write / ~ ^ and apply (1.3) resp.(1.4) to (Jn)/, t). ◄ 

1.5 The role of the Riesz products in the proof of Lemma 1 .4 may 
become clearer if we consider the statements obtained from 1.4 by du¬ 
ality. For an arbitrary sequence of integers A, we denote by the 
space of all continuous functions / on T such that f{n) = 0 if n 0 A. 
C\ is clearly a closed subspace of C'(T). 

Definition : A set of integers A is a Sidon set if every / e Ca has an 
absolutely convergent Fourier series. It follows from the closed-graph 
theorem that A is a Sidon set if, and only if, there exists a constant K 
such that 

(1-6) Ei/wi 

for every polynomial f G Ca- 
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Lemma. A set (of integers) A is a Sidon set if, and only if for every 
bounded sequence {(ixlAeA there exists a measure g G M{T) such that 
ji{X) = dxfor A G A. 

PROOF: Let A be a Sidon set and {(iA}AeA a bounded sequence on A. 
The mapping / ^ X^AeA is a well-defined linear functional on 

Ca- By the Hahn-Banach theorem it can be extended to a functional on 
C(T), that is, a measure g. For this measure g we have 

(1.7) /i(A) = J = d\ for all A G A. 

Assume, on the other hand, that the interpolation (1.7) is always pos¬ 
sible. Let / G Ca and write d\ = sgn(/(A)). Then, by ParsevaTs for¬ 
mula, X^|/(A)| = f{\)d\ is summable to (/, //) where /x is a measure 

which satisfies (1.7). Since for series with positive terms summability 
is equivalent to convergence, X]|/(A)| < oo and the proof is complete. 

The statement of part (a) of Theorem 1.4 is that lacunary sequences 
are Sidon sets, and the Riesz product is simply an explicit construction 
of corresponding interpolating measures. 

1.6 The statement of part (b) of Theorem 1.4 is that for lacunary A, 
(L^T))a = (L^(T))a. Every sequence {dA} such that '^\dx\'^ < oo 
defines, as above, a linear functional on (L^(T))a which, by 1.4, is a 
closed subspace of L^(T). Remembering that the dual space of L^(T) 
is L°°(T), we obtain, using the Hahn-Banach theorem, that there exists 
a bounded measurable function g such that 

(1.8) g{\) = dx AgA. 

Here, again, Riesz products (of type 2) provide explicit construction of 
such functions g. One can actually prove the somewhat finer result: 

Theorem. Let A be lacunary and assume that < c>o. Then 

there exists a continuous function g such that (1.8) is valid. 

We refer the reader to exercise 6 for the proof. 

EXERCISES FOR SECTION 1 

1. Let {An} be lacunary and let / ~ Un cos Ani. Assume that / satisfies 
a Lip^ condition with 0<a<latt = to. Show that an = O (A7") as n oo. 
Deduce that / G Lip^j(T). 
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2. Let {An} be a sequence of integers and assume that for some 0 < a < 1 
the following statement is true: if / ~ Un cos Ant satisfies a Lip^ condition 
at one point, then / e Lip^(T). Show that (An) is lacunary. 

Hint: If the sequence (An) is not lacunary it has a subsequence {^,k} such that 
lim /i 2 fc-i//U 2 fc = 1 and Iim/x 2 fc+i//it 2 fc = oo. For an appropriate sequence {uk}, 
the function f{t) = ^afc(cos/i 2 fct — cos/i 2 fc-it) satisfies a Lip^ condition at 
t = 0 but / ^ Lip^,(T). 

3. Let / e ^ On cos Ant with (An) lacunary. Assume /(t) = 0 

for |t| < r], r] being a positive number. Show that / is infinitely differentiable. 

4. Show directly, without the use of Riesz products, that if An+i > 4An and 
f(t) = an cos Ant is real-valued, then 

sup|/(t)| > 

Hint: Consider the sets (t: On cos Ant > |an/2|}. 

5. If (in ^ 0 as n ^ oo we can write d„ = where {5n} is bounded 

and -i/in = i/’(n) for some -i/> e I/^(T). (See theorem 1.4.1 and exercise 1.4.1.) 
Deduce that if A is a lacunary sequence and dA ^ 0 as |A| ^ oo, there exists a 
function g & (T) such that 


fh = g{X) for A e A 

6. Use Theorem 1.4.1 to show that if '^\dn\^ < oo, there exist sequences 

(dn) and (V’n) such that dn = Y^\5nf < oo, and i/in = for some 

ip e L^(T). Remembering that the convolution of a summable function with a 
bounded function is continuous, prove Theorem 1.6. 

7. Assume Aj+i/Aj > q > 1. There exists a number M = Mq such that 

every integer n has at most one representation of the form n = '^gjXmj+jM 
where g-j = —1,0,1, and 1 < nij < M. Use this to show that the product 
nr(i+Ei d,ni+jM aos[Xni+jAit + has (formally) the Fourier co¬ 

efficient |(ifce*‘^‘' at the point Afc). Show that if 0 < dfc < I/Mq for all k, then 
the product above is the Fourier Stieltjes series of a positive measure which 
interpolates {\dk(M'’] on (Afc). 

8. Assume Aj+i/Aj > g > 1 and Y^\dj\'^ < oo. Find a product analogous 
to that of exercise 7), which is the Fourier series of a bounded function, and 
which interpolates (dj) on (Aj). 

*9. Show that the following condition is sufficient to imply that the se¬ 
quence A is a Sidon set: to every sequence (dA) such that |dA| < 1 there exists 
a measure/I e M{T) such that |/i(A) — dA| < |. 

10. Show that a finite union of lacunary sequences is a Sidon set. 

*11. Let An be positive integers such that An+i/An > 3. Show that for 
every 17 > 0 and e > 0 there exists a > 0 such that if bn are real numbers, 
^|6n|^ = 2 and sup \b„\ < a, then, if |u| < 17, we have 


1 




COS Xnt 


— e 


,^2 

TT < e. 


(1.9) 
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Hint: Write = 11 (^ + — ^u^bn cos^ Ant) (1 + Cn) 

with|c„| < If 0,17'^ <<e, wehave |n(l + '’") “l| < < e, and the factor 

n(l+cn) can be ignored. In the main factor replace cos^ Ant by |(l+cos 2Ant), 
and check that the constant term of the product is the product of the constant 
terms of the factors. 


*2 QUASI-ANALYTIC CLASSES 

2.1 We consider classes of infinitely differentiable functions on T. Let 
{Mn} be a sequence of positive numbers; we denote by the 

class of all infinitely differentiable functions / on T such that for an 
appropriate i? > 0 

(2.1) ||/(”)|U n=l,2,... 

We shall denote by C*{M„} the class of infinitely differentiable func¬ 
tions on T satisfying: 

(2.2) ||/("■)||L= <^”M„ n=l,2,... 


for some R (depending on /). 

The inclusion C*{M„} c C*{Mri} is obvious; on the other hand, 
since the mean value of derivatives on T is zero, we obtain (i) ||oo < 

1./*-”^^^ ||l 2 and consequently c C'*{Af„+i}. Thus the two 

classes are fairly close to each other. 

Examples: If M„, = 1 for all n, then C*{Mn} is precisely the class of 
all trigonometric polynomials on T. 

If M„ = nl, C*{Mn} is precisely the class of all functions anal 5 dic 
on T. (See exereise 1.4.3) 

We recall that a sequence {c„}, c„ > 0, is log-convex if the sequence 
{log Cn} is a convex function of n. This amounts to saying that, given 
fc < / < m in the range of n, we have 

m, — I I — k 

(2.3) log Cl < -- log Cfc H- - log Cm. 

m — k m — k 


or equivalently 
(2.4) 


^ Hn-k/im.-k) n-k)/{m-k) 

<-1 '-k '--m 


2.2 The identity ||/*'”^||l 2 = (X)allows an expression of 
condition (2.2) directly in terms of the Fourier coefficients of /. Also it 
implies 



126 


An Introduction to Harmonic Analysis 


Lemma. Let f be N times differentiable on T. Then the sequence 
{IIIIL2} is monotone increasing and log-convex for I <n < N. 

PROOF: The fact that ||/*'”^||l2 = 2 is monotone increas¬ 

ing is obvious. In order to prove (2.4) we write p = (m — k)/{m — 1), 
and q = {m, — k)/{I — k); then 1/p -I- 1/q = 1 and by Holder’s inequality 

Elf if)? f' = E(l/(i)p/''2'"/^0(l/(2)l'V”''/^) < llE"')|li(''llE™)f// 

which is exactly (2.4). ◄ 

It follows from lemma 2.2 (cf. exercise 2 at the end of this section) that 
for every sequence {Mf} there exists a sequence {M„,} which is mono¬ 
tone increasing and log-convex such that C*{Mn} = C*{Mf}. Thus, 
when studying classes C*{Mn} we may assume without loss of gener¬ 
ality that { Af„ } is monotone increasing and log-convex; throughout the 
rest of this section we always assume that, for k < I < ni, 

(2.5) Ml < 

2.3 For a (monotone increasing and log-convex) sequence we define 
the associatedfunction rf ) by 

(2.6) r(r) = inf 

n>0 

We consider sequences which increase faster that i?” for all > 0; 
the infimum in (2.6) is attained and we can write T(r) = min„>o Af„r-”. 
If we write gi = Mf^, and gn = Af„_i/Af„ for n > 1; then is 
monotone-decreasing since by (2.5), gn+i/gn = M‘EMn-iMn+i < 1; 
we have = Hi consequently 

( 2 . 6 ’) Tir)=l[f,rrf 

rjryi 

The function rf) was implicitly introduced in 1.4; thus it follows from 
1.4.4 that if / G C*{Mn} then, for the appropriate i? > 0 

|,/(.?)| < T{jR-f, 

and exercise 1.4.6 is essentially an estimate for T(r) in the case AT„ = 
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2.4 An analytic function on T is completely determined by its Tay¬ 
lor expansion around any point to to e T, that is, by the sequence 
{/*'"n^o)}5^Lo- In particular if = 0, n = 0,1,2,..., it follows 

that / = 0 identically. 

Definition: A class of infinitely differentiable functions on T is 

quasi-analytic if the only function in the class, which vanishes with 
all its derivatives at some to £ T, is the function which vanishes identi¬ 
cally. 

The main result of this section is the so-called Denjoy-Carleman 
theorem which gives a necessary and sufficient conditions for the quasi- 
analyticity of classes C*{Mn}. 


Theorem. Z.et{M„} be monotone increasing and log-convex. Letrir) 
be the associated function (2.6). The following three conditions are 
equivalent: 


(*) 

(n) 

{in) 


C*{Mn} is quasi-analytic 
log r(r) 


E 


1 + 
M„ 


■dr = —oo 


M, 


n+l 


The proof will consist in establishing the three implications {ii) ^ {i) 
(Theorem 2.4 below), (*) => {Hi) (Theorem 2.8), and {Hi) => {H) (Lemma 
2.9). 

We begin with: 


2.5 Lemma. Let 'y{z) f 0 be holomorphic and bounded in the half 
plane 5R(z) > 0 and continuous on 5R(z) > 0. Then 


\og\Lp{±iy)\ 


dy 


i + r 


> 


OO 


Proof: The function -F(C) = holomorpbic and bounded in 

the unit disc D (and is continuous on D except possibly at (( = 1). By 
III.3.14 we have \og\F{e^*)\dt > —oo. The change of variables that 
we have introduced gives for the boundaries e‘‘ = {iy — l)/{iy + 1), or 
t = 2 arc cot y. 

Consequently dt = and 

/ ^og\(p{iy)\ f log|T’(e'*)|dt >-oo; 

Jo l + y^ 2 Jo 



128 


An Introduction to Harmonic Analysis 


similarly log|<( 5 (—jj/)| > —cx) and the lemma is proved. ◄ 

2.6 Theorem. A sufficient condition for the quasi-analyticity of the 
class C*{Mn} is that ^ dr = — oo where rf) is defined by 

(2.6), 


PROOF: Let / G C*{M„} and assume that = 0 n = 0,1,.... 

Define 

Integrating by parts we obtain, z f 0, 


ffiz) 




fi'ifdt 


and since /(O) = /(27r) = 0 the first term vanishes for all a 7 ^ 0 (we have 
used the same integration by parts in 1.4.5; there we did not assume 
/(O) = 0 but considered only the case z = im, that is, e“^‘/ is 27r- 
periodic.) Repeating the integration by parts n times (using = 

(27r) = 0 for j < n), we obtain 


ffiz) 


1 

27rz“ 


p27r 


0 




For R(z) > 0, |e < 1 on (0,27r) and consequently 


hence 


Lp{z)\ < 


Izl" 


for n = 0 , 1 .... 


\ip{z)\ < t(|z|) 


or 

\og\<y{z)\ < logT(|z|). 

It follows that log\ip{iy)\f^ = —00 and by lemma 2.4 ip{z) = 0. 
Since ffiin) = f{n) it follows that / = 0. ◄ 

2.7 Lemma. Assume > 0, hi ^ 1- Write ip{k) = ■ 

Then f{t) = is carried by [—1,1] ( mod 27r), it is in¬ 

finitely differentiable and \ \ fW ) || < 2 [([q 
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PROOF: All the factors in the product defining (p{k) are bounded by 1 
so that the product either converges or diverges to zero (actually it con¬ 
verges for all fc) and ip{k) is well defined. if{k) clearly tends to zero 
faster than any power of k so that the series defining / converges uni¬ 
formly and / is infinitely differentiable. We have (^(0) = 1 so that / ^ 0. 

The sequence ( ^ is the sequence of Fourier coefficients of 

I J k = — oc 

the function rj(t) = 7r/xJ^]l[_„.^,,.]. ff we write (^Ar(fc) = Y\o we 

have 

oc 

fN{t) = ^ (f>N{k)e^^* = To * Fi K ... Fat 

— OC' 

and the support of /n is equal to [— Ylo /b] ^tt. Since /n 

converges uniformly to /, the support of / is equal to [— /i,, 

mod 27r. Finally, since ||/*'"^|Ia 2 = 

n 71 

0 0 

we obtain ||l 2 < ([([q and the proof is com¬ 
plete. ◄ 


2.8 Theorem. A necessary condition for the quasi-analyticity of the 
class C*{Mn} is that ff wfy ~ 

PROOF: Assume that 5]^ Without loss of generality we may 

assume ^ 'Wfd < I (replacing AF„ by Af^ = M^K'' does not change 
the class C*{A4^} while ^ = R-^ ff i^)- 

Write /io = /xi = 1/4, /Xj = Mj^i/A/f, j > 2. Then the function 
/ defined by Lemma 2.7 has a zero of infinite order (actually vanishes 
outside of [—1,1]), is not identically zero, and / e ◄ 


2.9 Lemma. Under the assumption of theorem 2.4 we have 


E 


Mn+l 


< 2e> 


log T(r) 
1 + 


dr. 


PROOF: As before we write ^ . We define the counting func¬ 

tion M{r) of {/x„} by: 

M{r) = the number of elements pj such that pjv > e, 
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and recall that T(r) = n^jr>i(Mj^) hence 


- log T(r)= ^ log(yT,r) > ^ \og{i_ijr) > M{r). 

/Xjr>l (ijr>e 


Thus for fc = 2,3,... 


(2.7) 


— logT(r) , M{e}) f , 1 At(e^) 

—;-^ „ , 1 , I,, / dr > -,—; 

1 + - 2e^*=+^ J^k 2e^ e'' 


on the other hand, 

(2.8) ^ /r, < (At(e") - 


and the theorem follows by summing (2.7) and (2.8) with respect to 
k, k = 2,3,.... ◄ 


Remark: Theorems 2.4, 2.8, and lemma 2.9 together prove Theorem 
2.4. We see in particular that if is not quasi-analytic, it con¬ 

tains functions (which are not identically zero) having arbitrarily small 
supports. 

For further reading, generalizations, and related topics we mention 
[IV]]. 


EXERCISES FOR SECTION 2 

1. Show that {cn} is log-convex if, and only if, < Cn_iCn+i for all n. 

2. (a) Let be a log-convex sequence for all a belonging to some 

index set I. Assume that = sup„^iCn < oo for all n. Prove that {Af„} is 
log-convex. 

(b) Let {Mn} be a sequence of positive numbers. Let {cn} be the family 
of all log-convex sequences satisfying c“ < for all n. Put M„ = sup_,^ c“. 
Then C*{Mn} = 

3. Let Mj < j\ for infinitely many values of f. Show that and 

C^{Af„} are quasi-analytic. 

Hint: Assuming f e C* {Mn} and (0) = 0 for all k, use Taylor’s expansion 
with remainder to show / = 0. 

4. We say that a function tp e C°°(T) is quasi-analytic if C *is 
quasi-analytic. Let / e C°°(T); show that if the sequence {Aj} increases fast 
enough and if we set 

h{i) = ^ - ^2j+if{k)e'‘\ 
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then both /i and /2 = / — /i are quasi-analytic. Thus, every infinitely differen¬ 
tiable function is the sum of two quasi-analytic functions. 

5. Show that C'^{n!(logn)“’‘} is quasi-analytic if 0 < a < 1, and is 
nonquasi-analytic if a > 1. 

6. Let r(r) be the function associated with a sequence 

(a) Show that (r(r))^^ is log-convex function of r. 

(b) Show that = max,. r"T (r). 

7. Let {uJn} be a log-convex sequence, n = 0,1,..., cc„ > 1, and let A{(Jn} 

be the space of all / e (7(T) such that ||,/||{,j„} = ^|/(n)|(x)|„| < oo. Show 
that with the norm || ||{,j„}, A{un} is a Banach space. Show that a necessary 
and sufficient condition for A{uin} to contain functions with arbitrarily small 
support is < °°- 

8. Let {iu„} be log-convex, > 1, and assume that lu„ ^ oo faster than 
any power of n. The sequences (t„ = {}^_ tend to zero as \n\ oo. 

Show that the subspace that (7„, k = 0,1,... generate in co (the space 
of sequences tending to zero at oo) is uniformly dense in co if, and only if, 

= oo 

Hint: The dual space of co is . If {an} e is orthogonal to Ok, fc = 0,..., 
the function f{t) = ^ which clearly belongs to A{ujn}, has a zero of 

infinite order. 

9. Let / be as in exercise 1.3. Show that / = 0 identically. 



Chapter VI 


Fourier Transforms on the Line 


In the preceding chapters we studied objects (functions, measures, 
and so on) defined on T. Our aim in this chapter is to extend the study 
to objects defined on the real line R. Much of the theory, especially the 
C theory, extends almost verbatim and with only trivial modifications 
of the proofs; such results, analogous in statement and in proof to the¬ 
orems that we have proved for T, often are stated without a proof. The 
difference between the circle and the line becomes more obvious when 
we try to see what happens for with p > 1. The (Lebesgue) measure 
of Mbeing infinite entails that, unlike L^(T) which contains most of the 
"natural" function spaces on T, C{R) is relatively small; in particular 
U'(R) <f_ L^(R) forp > 1. The definition of Fourier transforms in L^(R) 
has now a much more special character and a new definition (i.e., an 
extension of the definition) is needed for Lp{R), p > 1. The situation 
turns out to be quite different for p < 2 and for p > 2. If p < 2, Fourier 
transforms of functions in Lf‘{R) can be defined by continuity as func¬ 
tions in L'hR), q = p/{p — 1 ); however, if p > 2 , the only reasonable 
way to define the Fourier transform on L^’(R) is through duality and 
Fourier transforms are now defined as distributions. The plan of this 
chapter is as follows: in section 1 we define the Fourier transform in 
T^(R) and discuss its elementary properties. We also mention the con¬ 
nection between Fourier transforms and Fourier coefficients and prove 
Poisson’s formula. In section 2 we define Fourier-Stieltjes transforms 
and obtain various characterizations of Fourier-Stieltjes transforms of 
arbitrary and positive measures. In section 3 we prove Plancherel’s 
theorem and the Hausdorff-Yoimg inequality, thereby defining Fourier 
transforms in Lp{R), 1 < p < 2. In section 4 we use Parseval’s for¬ 
mula, that is duality, to define the Fourier transforms of tempered dis¬ 
tributions, and study some of the properties of Fourier transforms of 
functions in LP{R),p < oo. Sections 5 and 6 deal with spectral anal- 
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ysis and synthesis in L°°{R). In section 5 we consider the problems 
relative to the norm topology and show that the class of functions for 
which we have satisfactory theory is precisely that of Bohr’s almost pe¬ 
riodic functions. In section 6 we study the analogous problems for the 
weak-star topology. Sections 7 and 8 are devoted to relations between 
Fourier transforms and analytic functions. Finally, section 9 contains 
Kronecker’s theorem (which we have already used in chapter II) and 
some variations on the same theme. 

1 FOURIER TRANSFORMS FOR L (]R) 

1.1 We denote by L^(R) the space of Lebesgue integrable functions 
on the real line. For / e L^(R) we write 

/ CXD 

\f{x)\dx, 

-■oc- 

and when there is no risk of confusion, we write ||/||li or simply ||/|| 
instead of ||,f ||f,i(K)- 

The Fourier transform / of / is defined by 

(1.1) ./(C) = j .f{x)e^'^^^dx for all real 

This definition is analogous to I.(1.5), and the disappearance of the 
factor 1/271 is due to none other than our (arbitrary) choice to remove 
it. It was a natural normalizing factor for the Lebesgue measure on T; 
but, at this point, it seems arbitrary for R. The factor l/27r will reappear 
in the inversion formula and some authors, seeking more symmetry for 
the inversion formula, write ^/lJ^ in front of the integral (1.1) so that 
the same factor appear in the Fourier transform and its inverse. The 
added symmetry, however, may increase the possibility of confusion 
between the domains of definition of a function and its transform. In 
L^(T) the functions are defined on T whereas the Fourier transforms 
are defined on the integers; in (R) the functions are defined on R and 
the domain of definition of the Fourier is again the real line. It may be 
helpful to consider two copies of the real line; one is R and the other, 
which will serve as the domain of definition of Fourier transforms of 
functions in (R), we denote by R. This notation is in accordance with 
that of chapter VII. 

iThroughout this chapter, integrals with unspecified limits of integration are always 
to be taken over the entire real line. 
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Most of the elementary properties of Fourier coefficients are valid 
for Fourier transforms. 

Theorem. Let f,g G L^(R). Then 

(a) if + 9){0 = fiO + aiO 

(b) For any complex number a 

{af){0 = «/(0 

(c) If J is the complex conjugate of f, then 

m=Wo 

(d) Denote fy{x) = f{x — y), y G R. Then 

fviO = 

(e) \fiO\<I\.fiO\dx=\\f\\ 

(f) For positive A denote 


p{x) = A/(Ax); 

then y 

m = /(|). 

Proof : The theorem follows immediately from (1.1). Parts (a) through 
(e) are analogous to the corresponding parts of 1.1.4. Part (1) is obtained 
by a change of variable y = \x: 

TiO = I fi\x)e-d^^^F-dXx = j fiy)e-di/^y)dy = /(|). ^ 

1.2 Theorem. Let f e Then f is uniformly continuous on R. 

Proof: 

fO + 0 - fiO = I f{x){e-d^+^'>- - e-^^^Odx, 

hence 

(1.2) |/(^ + ,/) _/(^)| < I\f{x)\\e-^x^ - l\dx. 

The integral on the right of (1.2) is independent of f the integrand is 
bounded by 2|/(a;)| and tends to zero everywhere as r/ ^ 0. ◄ 
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1.3 The following are immediate adaptations of the corresponding the¬ 
orems in chapter 1. 

Theorem. Let f,g G T^(R). For almost all x, f{x—y)g{y) is integrable 
(as a function of y) and, if we write 

Hx) = j fix - y)g{y)dy, 

then h e (R) and 

ll^ill < ll/ll ll^ll; 

moreover, 

Ho = fiOHO for all (. 

As in chapter I we denote h = f*g, call h the convolution of / and g, 
and notice that the convolution operation is commutative, associative, 
and distributive. 

1.4 Theorem. Let f, h G L^(R) and 

Hx) = ^J 

with integrable Hif). Then 

( 1 . 3 ) [h * f)ix) = ^ J HiOfiOO^'^df 

PROOF: The function H{f)f{y) is integrable in (/,y), hence, by Fu- 
bini’s theorem, 

{h * f){x) = j Hx - y)fiy)dy = ^ IJ HiOe''^''er^-‘^yf{y)d(dy 

= ^j I e-^^yfiy)dyd( =^j H{i)f{i)F^'^df 

1.5 Theorem. Let f G L^ (R) and define 

Fix) = f fiy)dy. 

•J — OC' 

Then, ifFGL^ (R) we have 

Ff) = — fiO all real / 7 ^ 0. 
if 


(1.4) 
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An equivalent statement of the theorem is: if F,F' G (R), then 
F'{0 = i^F{0. 

1.6 Theorem. Let f G L^(R) and xf{x) G T^(M). Then f is differen¬ 
tiable and 


(1-5) ^/(O = (^)(0- 

Proof: 


( 1 . 6 ) 


h 


= / fix)e' 


-i^x 


ihx 


dx. 


The integrand in (1.6) is bounded by |x/(a;)| (which is in L^(R) by 
assumption) and tends to —ixf{x)e~F^- pointwise, hence (Lebesgue) it 
converges to —ix:f{x)e^'^^^ in the L^(R) norm. This implies that, as 
h 0, the right-hand side of (1.6) converges to and the 

theorem follows. ◄ 


1.7 Theorem (Riemann-Lebesgue lemma). ForfeL^fR) 

lim f{£) = 0. 

ICHO 

PROOF: If g is continuously differentiable and with compact support 
we have, by 1.5 and 1.1, \fg{0\ < IIh'IIthk) hence lim|^|^ooL9(0l = 0- 
For arbitrary f & (R), let e > 0 and 5 be a continuously differentiable, 

compactly supported function such that ||/ — c/||li(k)' We have both 
1/(6 - .661 < £ andlim^^oo|.66l = 0; hence limsup|^l^^||/(^)|| < e. 
This being true for all e > 0, we obtain lim^^oo /(6 = 0- 

1.8 We denote by A(R) the space of all functions ip on R, which are 
the Fourier transforms of functions in L^(R). By the results above, 
A(R) is an algebra of continuous functions vanishing at infinity, that 
is, a subalgebra of C'o(R), the algebra of all continuous functions on R 
which vanish at infinity. We introduce a norm to A(R) by transferring 
to it the norm of (R), that is, we write 

11 / 16 ( 6 ) = II/IIli(k)- 

It follows from 1.3 that the norm || I 6 (i), is multiplicative, that is, 

satisfies the inequality: 

I 62 II A ( 6 ) 
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The norm || is not equivalent to the supremum norm; conse¬ 

quently, A(R) is a proper subalgebra of (70(18). 

1.9 A summability kernel on the real line is a family of continuous 
functions {kx} on R, with either discrete or continuous parameter^ sat¬ 
isfying the following: 


/ kx{x)dx = 1 


(1.7) IlfcAll = (7*(1) as A ^ oc 

lim / \k\{x)\dx = 0, for all a > 0. 

J\x\>i 

A common way to produce summability kernels on R is to take a func¬ 
tion / e L^(R) such that J f{x)dx = 1 and to write kx{x) = \f{\x) 
for A > 0. Condition (1.7) is satisfied since, introducing the change of 
variable y = Xx, we obtain 

[ kx{x)dx = I f{y)dy = 1 


\k\\\ = / \kx{x)\dx = / \f{y)\dy = ||/| 


and 


\kx{x)\dx = / \f{y)\dy^0 as A ^ oo. 

.x|>(5 J\y\>XS 


The Fejer kernel on R is defined by 

Ka(.t) = AK(A,x'), A > 0, 


where 



The second equality in (1.8) is obtained directly by integration. By the 
previous remark it is clear that the only thing we need to check, in order 
to establish that {Ka} is a summability kernel, is that J K{x)dx = 1. 
This can be done directly, for example, by contour integration, or using 


+The indexing parameter A is often real valued; however, it should not be considered 
as an element of R so that no confusion with the notation of 1.1.d should arise. 
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the information that we have about the Fejer kernel of the circle, that 
is, that for all 0 < <5 < tt 


(1.9) 


lim — 

n—s-cxD 27 r 


n + 1 


sin(ri + 1 ) 3.72 
sin 0,72 


2 

dx = 1. 


Since J K(x)dx = f K),(x)dx, we may take A = n + 1, in which case 

Ka(-t) = 2 TT{ri+i) ’ and notice that if (5 > 0 is small enough, 

the ratio of 27rKA(a:) to the integrand in (1.9) is arbitrarily close to one 
in 71 < S. More precisely, we obtain (A = n + 1): 


sin (5 A ^ 1 
(5 / 27r 


1 

n + 1 


sin(n + l).x 72 

372 


1 7 

dx < — / Ka(3;) 

271 J-s 


<i- r^ 7°("+iwn 7, 

271 J_^n+1 \ sin.T 72 J 


Letting n^oowe see that / K{x)dx = limA^oo K\(x)dx is a num¬ 
ber between sin^ 6/S^ and 1; since <5 > 0 is arbitrary J K{x)dx = 1. 

1.10 Theorem. Let f e L^(R) and let {/sa} be a summability kernel 
on R, then 

lim 11/ - k'A * /||li(k) = 0- 

A— S-CXD 

Proof: Repeat the proof of theorem 1.2.3 and lemma 1.2.4. ◄ 


1.11 Specifying theorem 1.10 to the Fejer kernel and using theorem 
1.4, we obtain 

Theorem. Let f € L^{R), then 
( 1 . 10 ) = 
in the L^ (R) norm. 


Corollary {The uniqueness theorem). Let f e L^(R) and assume 
that /(/) = D for a// / G R then / = 0. 



VI. Fourier Transforms on the Line 


139 


1.12 If it happens that / is Lebesgue integrable, the integral on the 
right-hand side of (1.10) converges, uniformly in x, to ^ J 
We see that / is equivalent to a uniformly continuous function and ob¬ 
tain the so-called "inversion formula"; 


( 1 . 11 ) 




An immediate consequence of (1.11) is 


( 1 . 12 ) 


Ka(0 = max ( 1 - y,0 


and, by theorem 1.3, 


(1.13) 


(Ka*/)(0 


(i - f) m 
0 , 


Cl < A 
Cl > A. 


Combining this with theorem 1.10, we obtain 


Theorem. The functions with compactly carried Fourier transforms 
form a dense subspace of (R). 

This theorem is analogous to the statement that trigonometric poly¬ 
nomials form a dense subspace of I/^(T). 

1.13 Besides the Fejer kernel we mention the following; 

De la Vallee Poussin’s kernel 


(1.14) VA(a.-) = 2K2a(*) - Ka(x), 
whose Fourier transform is given by 

1, lei < 1 

(1.15) VA(C)=<|2-f, A<|C|<2A 

0, 2A<|C|. 


Poisson’s kernel 

where 

(1.16) 


PA(a;) = AP(Aa:), 


P(x) = 


1 


7r(l + x'f 
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and 


(1.17) 

II 

Cb 

1 

and finally Gauss’ kernel 

GA(a:) = AG(Ax), 

where 


(1.18) 

G(.x') = {2TT)^^e^^ 

and 


(1.19) 



To the inversion formula (1.11) and the summability in norm (theo¬ 
rems 1.10 and 1 . 11 , one should add results about pointwise summabil¬ 
ity. Both the statements and the proofs of section 1.3 can be adapted to 
(R) almost verbatim and we avoid the repetition. 

1.14 As in chapter I, we can replace the (M) norm, in the statement 
of theorems 1.10 and 1 . 11 , by the norm of any homogeneous Banach 
space B c As in chapter I, a homogeneous Banach space is a 

space of functions which is invariant under translation and such that for 
every f € B, fy (defined hy fy{x) = f{x — y)) depends continuously 
on y. The assumption B c L^(M) is more restrictive than was the as¬ 
sumption B c L^(T) in chapter 1 ; it excludes such natural spaces as 
LP{R), p > 1. We can obtain a reasonably general theory by consid¬ 
ering homogeneous Banach space of locally summable functions, that 
is, functions which are Lebesgue integrable on every finite interval. We 
denote by L the space of all measurable functions / on M such that 


Ik = sup„ 


J /+1 


\f{x:)\dx < oo 


and by Cy the subspace of C consisting of all the functions f which 
satisfy 

Wfy-fWc^O asy^O. 


Theorem. If B is a homogeneous Banach space of locally summable 
functions on M and if convergence in B implies convergence in measure, 
then the C norm is majorized by the B norm and, in particular, B C Cc. 
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PROOF: If the L norm is not majorized by || \\b, we can choose a se¬ 
quence fn G B such that ||/n||ij < and ||/r,,||£ > 3". Replacing fn 
by fn{x — Vn) (if necessary) we may assume J|/„(a;)|da-’ > 3” Since 
l.fnllfl ^ 0, fn converges to zero in measure and it follows that if 
Uj oo fast enough J2fnj, which belongs to B, is not integrable on 
( 0 , 1 ). ◄ 


We can now extend Theorem 1.10 to homogeneous Banach spaces of 
locally summable functions (see exercises 11-14 at the end of this sec¬ 
tion); Theorem 1.11 can be generalized only after we extend the defi¬ 
nition of the Fourier transformation. 

1.15 We finish this section with a remark concerning the relation be¬ 
tween Fourier coefficients and Fourier transforms. 

Let f G (K) and define by 


CXD 

(^(t) = 27r ^ f{t + 2nj). 

j=-x 


t is a real number, but it is clear that ip{t) depends only on t (mod 27r) 
so that we can consider ip as defined on T. We clearly have ip G Li(T) 
and 

IvIIli(t) < II./IIli(k)- 

For n G Z, we have 


ip{n) 


1 

27T 



f{t + 27rj)e 


= / f{x)e = f{n). 


so that ip is simply the restriction to the integers of /. Similarly, if we 
write /a(.t’) = A/(A.x) and: 

CXD 

(1.20) px{t) = 2Tr /A(t + 27rj), 

j = — OC 

we obtain, using 1.1, 

•' 7 ) 

(1-21) f,^(n) = f{-). 

The preceding remarks, as simple as they sound, link the theory of 
Fourier integrals to that of Fourier series, and we can obtain a great 
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many facts about Fourier integrals from the corresponding facts about 
Fourier series. (For examples, see exercises 5 and 6 at the end of this 
section.) 

An application to the procedure above is the very important formula 
of Poisson: 

oo oo 

(1.22) 27rA ^ f{2nXn)= ^ f{j). 

n —=o<D n= —oc 

In order to establish Poisson’s formula, to understand its meaning and 
its domain of validity, all that we need to do is simply rewrite it as 


CXD 

(1.23) (^a(O) = ^ 

n= — oc 


If t/3A(0), as defined by (1.20), is well defined and if the Fourier series of 
(fix converges to ipa(O) for t = 0, then (1.23) and (1.22) are valid. One 
enhances the generality of (1.22) considerably by interpreting the sum 
on the right as 


N 


lim 

N^oc 




j(f 


that is, using C-1 summability instead of summation. Using Fejer’s 
theorem, for instance, one obtains that, with this interpretation, (1.22) 
is valid if t = 0 is a point of continuity of cpx. We remark that the 
continuity of / and / is not sufficient to imply (1.22) even if both sides 
of (1.22) converge absolutely (see exercise 15). 


EXERCISES FOR SECTION I 

1. Perform the integration in (1.8). 

2. Prove that ^ = 1 by contour integration. 

3. Prove (1.17). 

Hint: Use contour integration. 

4. Prove (1.19). 

Hint: Show that G(0 satisfies the equation d/tfGf) = (use 1.5 and 

1 . 6 ). 

5. Let/ e L^(K) and!pA(t) defined by (1.20). Show that limA^ooUv^AlUicr) 
= 11 / 111 , 1 ( 4 ); hence deduce the uniqueness theorem from (1.21). 

6. Prove Theorem 1.7 using (1.21), the uniform continuity of Fourier trans¬ 
forms and the Riemann-Lebesgue lemma for Fourier coefficients. 
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7. Show that yl(]R) contains every twice continuously differentiable func¬ 
tion with compact support on K. Deduce that yl(]R) is uniformly dense in Co (M); 
however, show that yl(]R) ^ Co(IR). 

8. Let / e L^(K) be continuous at x = 0 and assume that /(f) > 0, f e M. 

Show that / e (K) and /(O) = ^ / /(f )(if. 

Hint: Use the analog to Fejer’s theorem and the fact that for positive functions 
C-1 summability is equivalent to convergence. 

9. Show that Co n with the norm ||/i|| = sup,^|/(x)| + ||/||i:,i(j{) is 

a homogeneous Banach space on M and conclude that if / e Co n (M) then 

f{x) = liniA^oo ^ ^ uniformly. 

10. Let / be bounded and continuous on K and let {La} be a summability 
kernel. Show that kx * f = f kx(x — y)f{y)dy converges to / uniformly on 
compact sets on K. 

11. Let / e Cc and let y: be continuous with compact support; write 

if* f = J 'y>{y)f{x -y)dy. 

Interpreting the integral above as an Cc-valued integral, show that (p * f e Cc 
and \\ip * /lie < ll/IU- Use this to define g * f for g e L^(K) and 

/ e £c. 

12. Show that if / e Cc then |/| e Cc (notice, however, that ^ Cc) 

and, using exercise 11, prove that if / G Cc and g & (K) then for almost all 

X e M, g{y)f{x — y) £ L^(IR) and g * f, as defined in exercise 11, is equal to 
f 9iy) fix - y)dy. 

13. Let f £ C and let g £ L^(]R). Prove that g{'y)f{x — y) £ L^(]R) for 
almost all x, and that L(x) = / g{y)f{x — y)dy satisfies ||h||£ < ||9l|i:,i(j{)||/IU- 

14. Let {fcA} be a summability kernel in L^(]R) and let B c Cc be a ho¬ 

mogeneous Banach space. Show that for every feB, ||fcA * / — /||b ^ O, and 
conclude that if / G Bn L^(K), / = liniA^oo /^a^^ “ in the B 

norm. 

15. Construct a continuous function / G I/^(]R) such that / G L^(K), 
f{2'Kn) = 0 for all integers ri, /(O) = 1 and j'{n) = 0 for all integers n ^ 0. 
Hints: 

(a) We denote ||/|U(a) = ^ /l/(?)Mf- Lst g be continuous with support in 
[0,27r] and such that g £ (K). Write 

N / I -I \ 

9Nix) = ^ E - N^) 

N 

Show that gnif) = [N + l)^^KAr(f)5(f) where Kat is the 27r-periodic Fejer 
kernel, and deduce that ||ffAr|U(A) ^ 0 as V ^ oo. 
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(b) Let be nonnegative continuous functions such that pD G L^(]R) 

and such that = < < < > Then, if Nj oo fast 

[O otherwise. 

enough, IU(a) < 2“^ and / = has the desired properties. 

2 FOURIER-STIELTJES TRANSFORMS. 

2.1 We denote by M(R) the space of all finite Borel measures on R. 
M(R) is identified with the dual space of C'o(R)—the (sup-normed) 
space of all continuous functions on R which vanish at infinity—by 
means of the coupling 

(2.1) {f,f,) = Jfdil /gCo(R), /iGM(R), 

The total mass norm on M{R) is defined by ||/i||M(K) = J\di^\ and is 
identical to the "dual space" norm defined by means of (2.1). The map¬ 
ping / f{x)dx identifies L^(R) with a closed subspace of A'/(R). 
The convolution of a measure /x e M(R) and a function sp e Co(R) is 
defined by the integral 

(2.2) (/X * f){x) = J ip{x - y)dn{y). 

and it is clear that/x=up G C'o(R) and that ||;(i>^(/9||oo < ||mIIm(k) ll<(5||oo- The 
convolution of two measures, u G M (R), can be defined by means of 
duality and (2.2), analogously to what we have done in 1.7, or directly 
by defining 

(/X * ij){E) = J i_i{E - y)dij{y) 

for every Borel set E. Whichever way we do it, we obtain easily that 

lift * i^IIm(k) < IImIIm(k) IklUr(K)- 

2.2 The Fourier-Stieltjes transform of a measure ^ G M (R) is defined 
by: 

(2.3) /x(^) = J e'‘^®xi/x(x) = J e^’'^^dji{x) ^ G R. 

It is clear that if y is absolutely continuous with respect to Lebesgue 
measure, say = f{x)dx, then /x(^) = f{^). Many of the properties 
of Fourier transforms are shared by Fourier-Stieltjes transforms: if 
ytx, u G M(R) then |/x(^)| < ||/x||m(k), A(0 uniformly continuous, and 
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= /i(C)u(C)- A departure from the theory of Fourier trans¬ 
forms is the failing of the Riemann-Lebesgue lemma (the same way it 
fails for M(T)); the Fourier-Stieltjes transform of a measure /i need not 
vanish at infinity. 

Theorem (Parseval’s formula). Let i.i G M(R) and let f he a con¬ 
tinuous function in L^(R) such that f G L^(R). Theif 

(2-4) y f{x)dfi{x) = ^ J fiOK-0- 

Proof: By (1.11) 

fix) = ^ I 


hence 

j f{x)d/.i{x) = ^ II I fiOK-0- ^ 

Corollary {uniqueness theorem). If hif) = 0./or all f then /x = 0. 

The assumption f{f) G L^(R) justifies the change of order of integra¬ 
tion (by Fubini’s theorem); however, it is not really needed. Formula 
(2.4) is valid under the weaker assumption f{f)h{—f) G T^(R), and is 
valid for all bounded continuous / G (R) if we replace the integral on 
the right by limA^oo ^ j\ (l - x) fiOK-Odf (cf exercise 1.10). 

2.3 The problem of characterizing Fourier-Stieltjes transforms among 
bounded and uniformly continuous functions on R is very hard. As 
far as local behavior is concerned this is equivalent to characterizing 
Gl(R): every / g A(R) is a Fourier-Stieltjes transform, and on the other 
hand, if p G M{R) and Va is de la Vallee Poussin’s kernel (1.14), then 
/i * Va G LfT) and /ITVa(C) = KO for |^| < A. 

The following theorem is analogous to 1.7.3: 

Theorem. Let if be continuous on R, define <I>a by: 

Then ip is a Fourier-Stieltjes transform if and only if <1>a G L^(R) /br 
all A > 0, and H'I’aIIlvk) is bounded as \ ^ oo. 

iNotice that (2.4) is equivalent to J f(x)dij,(x) = l/27r J 
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Proof: If cp = fi with p e M(R), then * Ka- It follows that for 

all A > 0, $A € L^(R) and ||$a||li(k) — IImIIm(k)- 

If we assume that $a G L^(R) with uniformly bounded norms, we 
consider the measures ^x{x)dx and denote by /x a weak-star limit point 
of ^\{x)dx as A ^ oo. We claim that = fi and since both functions 
are continuous, this will follow if we show that 

( 2 - 5 ) J 'A-09ii)d^ = J 

for every twice continuously differentiable g with compact support. For 
such g we have g = G with G e A n C'o(R); by Parseval’s formula 

I 9i0A-0d^ = J giOA-O (^1 - y ^ df, 

^\{x)dx = 2x1 J G{x)dAA 

= 19(0K-Od^ 

and the proof is complete. ◄ 

Remark: The application of Parseval’s formula above is typical and is 
the, more or less, standard way to check that weak-star limits in M (R) 
are what we expect them to be. Nothing like that was needed in the case 
of M(T) since weak-star convergence in M(T) implies pointwise con¬ 
vergence of the Fourier-Stieltjes coefficients (the exponentials being to 
(7(T) of which M(T) is the dual). The exponentials on R do not belong 
to Cb(R) and it is false that weak-star convergence in M(R) implies 
pointwise convergence of the Fourier-Stieltjes transforms (cf. exercise 
1 at the end of this section.) However, the argument above gives: 

Lemma. Let /i„ G Af(R) and assume that /i„ ^ ji in the weak-star 
topology. Assume also that pAO AO pointwise, cp being continuous 
on R. Then jd = p. 

2.4 A similar application of Parseval’s formula gives the following 
useful criterion: 

Theorem. A function p defined and continuous on R, is a Fourier- 
Stieltjes transform if, and only if there exists a constant C such that 

y j fiOA-OdO < Csupff{x)\ 



( 2 . 6 ) 
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for every continuous f G (R) such that f has compact support. 

PROOF: If (^ = fi, (2.6) follows from (2.4) with C = ||/i||Af(K)- if (2-6) 
holds, / 1-^ ^ J defines a bounded linear functional on 

a dense subspace of C'o(R), namely on the space of all the functions 
/ G Co n (M) such that / has a compact support. This functional has a 
unique bounded extension to Co(M), which, by the Riesz representation 
theorem, has the form / ^ f f{x)dp{x). Moreover, ||p||m(k) < C. 
Using (2.4) again we see that p — pis orthogonal to all the continuous, 
compactly supported functions / with / G T^(M), and consequently 

p = p. ◄ 

Remark: The family {/} of test functions for which (2.6) should be 
valid can be taken in many ways. The only properties that have been 
used are that {/} is dense in Co(M) and {/} is dense in Co(M). Thus we 
could require the validity of (2.6) only for (a) functions / such that / is 
infinitely differentiable with compact support; or (b) functions / which 
are themselves infinitely differentiable with compact support, and so 
on. 

2.5 With measures on M we can associate measures on T simply by 
integrating 27r-periodic functions. Formally: if if is a Borel set on T 
(T being identified with (—tt, tt]) we denote by the set E + 2'Kn and 
write E = Uif.„; if ^ G M(R) we define 

Pf{E) = p{E). 

It is clear that pr is a measure on T and that, identilying continuous 
functions on T with 2?!-periodic functions on R 

(2.7) / f{x)dx = [ f{t)dt. 

.m ./T 

The mapping p pj is an operator of norm one from Ai(R) onto 
M (T), and its restriction to (R) is the mapping that we have discussed 
in section 1 . 15 . It follows from (2.7) that p{ri) = pf{'n) for all n; thus 
the restriction of a Fourier-Stieltjes transform to the integers gives a 
sequence of Fourier-Stieltjes coefficients. 

Theorem. A function p defined and continuous on R, is a Fourier- 
Stieltjes transform if, and only if, there exists a constant U > 0, such 
that for all A > 0, are the Fourier-Stieltjes coefficients 

of a measure of norm < C onT. 
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Proof: If (^ = fi with j_i e M(R) we have (fin) = fi{n) = fiT{n) with 
ll/tiTlI < ||/u||- Writing di^i{x/X) for the measure satisfying 


we have ||/r(x/A)||M(K) = IImIIm(k) and/i(x/A)(^) = /x(^A). This implies 
ip{Xn) = ii{x/X)f{n) and the "only if part is established. 

For the converse we use 2.4. Let / be continuous and integrable 
on R and assume that / is infinitely differentiable and compactly sup¬ 
ported. We want to estimate the integral W J and, since 

the integrand is continuous and compactly supported, we can approxi¬ 
mate the integral by its Riemann sums. Thus, for arbitrary e > 0, if A is 
small enough: 

( 2 - 8 ) 1 ^ f f{0v{-0di\ < \ +s ■ 


Now, (A/27r)/(An) are the Fourier coefficients of the function V’A(t) = 
J2m=-oc /((^ + 27rm)/A) on T, and since the infinite differentiability of 
/ implies a very fast decrease of f{x) as |x| ^ oo, we see that if A is 
sufficiently small 


(2.9) sup|VA(t)| < sup|/(.T)| + e . 


Assuming that ip{Xn) = i-ix{n), G M(T) and ||yUA|Uf(T) < C, we 

obtain from ParsevaTs formula 


^ X]/(An)(p(-An) 


'^i’x{n)jxx{-n) < C'sup|V’A(t)|; 


by (2.8) and (2.9) 


^ f fUM-Od^ <Csup\f{x)\ + {C+l)s 


and since e > 0 is arbitrary, (2.6) is satisfied and the theorem follows 
from theorem 2.4. ◄ 


2.6 ParsevaTs formula also offers an obvious criterion for determin¬ 
ing when a function Lp is the Fourier-Stieltjes transform of a positive 
measure. The analog to 2.4 is 
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Theorem. A function ip, bounded and continuous on R, is the Fourier- 
Stieltjes transform of a positive measure on M if and only if 

(2.10) |/(Ov(-O>0 

for every nonnegative function / which is infinitely differentiable and 
compactly supported. 

PROOF: Parseval’s formula clearly implies the "only if part and also 
the fact that if we assume <p = fi with p G AL(R), then p is a positive 
measure. To complete the proof we show that (2.10) implies (2.6), 
with C = v^(0), for every real-valued, compactly supported infinitely 
differentiable / (hence with C = 2(p{0) for complex-valued /). 

As usual, we denote by KA(a;) the Fejer kernel (1.8) and notice that 

A^^Ka(.t) = K(At) = ^ nonnegative and tends to l/27r, 

as A ^ 0, uniformly on compact subsets of M. By (1.12) the Fourier 
transform of K(Aa;) is A“^ max(l — |^|/A,0) and, as pfi) is continuous 
at ^ = 0, 

(2.11) lini / = f(0). 

A—s-0 J A 

If / is real-valued and compactly supported and e > 0, then, for suffi¬ 
ciently small A and all x, 

27r(e + sup I/I) A (Aa;) — f{x) > 0; 

hence, by (2.10) and (2.11), if / G L^(M) 

(2.12) ^ j < ^(0)(2£ + sup|/|), 

rewriting (2.12) for —/ and letting e ^ 0 we obtain: 

.fiOA-Odi 


< (/i(0) sup|/|. 


2.7 The analog to 2.5 is: 

Theorem. A function p, defined and continuous on M, is the Fourier- 
Stieltjes transform of a positive measure, if and only if for all A > 0, 
{(p(An)}))L_ 3 ^ are the Fourier-Stieltjes coefficients of a positive mea¬ 
sure on T. 
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Proof: The "only if’ part follows as in 2.5. For the "if part we notice 
first that if (p{Xn) = with /ia > 0 on T, then \\i-i\\\ = v^(0) and 

consequently, by 2.5, (/? is a Fourier-Stieltjes transform. Using the con¬ 
tinuity of ip we can now establish (2.10) by approximating the integral 
by its Riemann sums as in the proof of 2.5. ◄ 

2.8 Definition: A function tp defined on R is said to be positive de:finite 
if, for every choice of ,....G M and complex numbers zi,... ,zn, 
we have 

N 

(2.13) ^ > 0 . 

j,k=l 

Immediate consequences of (2.13) are: 

(2.14) 
and 

(2.15) 1^(01 <¥^(0). 

In order to prove (2.14) and (2.15), we take A = 2, zi = 1, 2:2 = 2 :; 
then (2.13) reads 

< f ( 0)(1 + + piOz + pi-^z > 0 ; 

set z = 1, we get p{() + (p{—0 real; set 2 = i, we get iipiO — p>{—0 
real, hence (2.14). If we take 2 such that 2 (p(^) = —|</3(C)I we obtain: 

2^(0)-2|^(^)| >0 


which establishes (2.15). 

Theorem (Bochner). A function p> defined on R, is a Fourier-Stieltjes 
transform of a positive measure if and only if it is positive definite and 
continuous. 

PROOF: Assume first p = ji with p > 0. Let e N and 

2 i,..., 2 Ar be complex numbers; then 

-fi)z:',zy= I 

f N 

= / dp{x) > 0 


(2.16) 
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so that Fourier-Stieltjes transforms of positive measures are positive 
definite. 

If, on the other hand, we assume that if> is positive definite, it follows 
that for all A > 0, {ip{Xn)} is a positive definite sequence (cf. 1.7.6). 
By Herglotz’ theorem 1.7.6, ip{Xn) = for some positive measure 

jix on T, and by theorem 2.7, Lp = (i for some positive /i e Af(R). ◄ 

*2.9 Some assumption of continuity of ip in Bochner’s theorem is es¬ 
sential, but one may assume only that it is continuous at ^ = 0 since a 
positive definite function which is continuous at ^ = 0 is uniformly con¬ 
tinuous on the line. This can be obtained directly from condition (2.13) 
or as a consequence of Lemma 1.7.7 applied to (p{Xn), and letting A ^ 0 
(see exercise 9). 

Lemma. Let p = fj, for some positive /i e Af(R). Assume that p is 
twice differentiable at ^ = Oor just that 2p{0) — p{h) — p{—h) = O (h^). 
Then f ffdp < oo, and p has a uniformly continuous second derivative 
on R. 

PROOF: The assumption is that for some constant C, 

2hr‘^{p{Q) — p{h) — p{—K)) = / 2/)V^(l — cos.hx)dji{x) < C. 


Since the integrand is nonnegative, for every a > o, 


j x^dffx) < J 2/i ^(1 — cos hx)dp{x) < C. 

Now, u = x'^p e Af(R), and p” = —v. ◄ 

Notice that if 2p{(fj — p{h) — p{—h) = off), we have p = i^(0)5o- 

By induction on rn we obtain 

Proposition. Let p = p for some positive p G Af(R). Assume that 
p is 2rn,-times differentiable at f = Q, then f x'^™dp < oo, and p has 
a uniformly continuous derivative of order 2rn on R. Tfp^‘^”''\0) = 0, 
then p = (,5(0)(5o. 

*2.10 Positive definite functions which are analytic at ^ = 0 are au¬ 
tomatically analytic in a strip {C:C = C + \v\ < with a > 0. 

By Bochner’s theorem (and the previous remark) such functions are 
Fourier-Stieltjes transforms of positive measures. 
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Lemma. Let j^i be a positive measure on R. Assume that -F(C) = A(0 
is analytic at ^ = Q. Then there exists 6 > 0 such that j < cxd and 

fi is the restriction to M of the function 

(2.17) F(C) = / 


PROOF: The assumption is: for some a > 0, F{f) = 

in lei < a. This implies |f*'")(0)| < Cnla ", and in particular that 

J < C(2m)!QA^™. Since + . 7 ;^”'+^, we have 


|2m+l 


dp < {2 + f)C{2m + 2)\a 


2m+2 


and 

(2.18) 




7] \X[ 


-dll = '^rf 




< 00 


for all 'q < a. 


•4 


An immediate corollary of (2.17) is the fact that Ff + iq) is positive 
definite in and (with ^ + iq), 

(2.19) |i^(C)l 

Also, since f) = f {—ix)'^er'-^^dii, we have 

(2.20) \F^'"\Q)\ < |t('')(w/)| + C>(1). 

It follows that if {C = C + * 1 ?: flo < r/ < Ui} is a maximal strip in which 
F{f) is holomorphic, then the points ia^ and iai are both singular points 
ofF. 

If F is holomorphic on the entire imaginary axis, it is entire and we 
obtain the following special case of a theorem of Marcinkiewicz: 

Theorem. Assume that is the Fourier-Stieltjes transform of a 

positive measure, with P a polynomial, then deg P < 2. 

PROOF: We must have = J e~'F-^dp,. If P{f) = JJq cijlif Ufe f 0, 
there are A: directions d, such that F(re"b) « eJ“‘^ Fof ) By(^2.19) 
Aj = ±f and k <2. 
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*2.11 Positive measures and positive definite funetions are the bread 
and butter of Probability theory, which uses its own terminology. 

A real-valued random variable is, by definition, a measurable real¬ 
valued function X on some probability measure space (O, B, P). 

The expectation of an integrable random variable X is its integral 
with respect to P. It is denoted E (X). 

The distribution of a (real-valued) random variable X is the image 
of P under X; it is a probability measure on R. 

The (cumulative) distribution function of X is the function 

(2.21) Xx(A) = P(X<A); 

(so that the distribution of X is simply the measure dFx)- If $ is con¬ 
tinuous on R then <!> o X is integrable on (fl, B, P) if, and only if <!> is 
integrable dFx, and 

(2.22) E($oX) = y $(A)(iFx(A). 

The characteristic function of a random variable X is, by definition, the 
Fourier-Stieltjes transform of its distribution. Taking $(X) = in 
equation (2.22), we have 

(2.23) Xa(C) = E = J eJ^^dFxiX). 

The term is justified by the uniqueness theorem 2.2 

A normal (real-valued) variable is one whose distribution dFx is 
G{x)dx; X is Gaussian if it is a constant multiple of a normal variable. 

Notice that X is normal if, and only if, Xa:(^) “ ® ^ ■ 

A sequence X„ of real-valued random variables converge in distri¬ 
bution to Xq means: dFx„ dFxa in the weak-star topology. 

2.12 For the convenience of future reference we state here the analog 
to Wiener’s theorem 1.7.13. The theorem can be proved either by es¬ 
sentially repeating the proof of 1.7.13 or by reducing it to 1.7.13. We 
leave the proof as an exercise (exercise 7 at the end of this section) to 
the reader. 

Theorem. Let g e Af(R). Then 

X^oc ZA J — X 
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In particular, a necessary and sufficient condition for the continuity of 
p is 

lim ^ / \h{C)\^di = Q. 

A—s-CXD ZA J 

EXERCISES FOR SECTION 2 

1. Denote by <5n, the measure of mass one on K eoncentrated at x = n. 
Show that lim„^oo = 0 in the weak-star topology of M (M) and conclude 
that weak-star convergence of a sequence of measures does not imply pointwise 
convergence of the Fourier-Stieltjes transforms. 

2. Let fin = vr^{6i + ^2 + ■ ■ ■ + Sn). Show that ^ 0 in the weak- 
star topology and fin (C) converges for every ^ e K; however, lim f) is not 
identically zero. 

3. A set B C M(K) is uniformly-boundedly-spread (B e UBS for short), 
if it is bounded and liniA^oo sup^,^^ l\x\>\^‘^d\ = 0. 

a. Prove that B e UBS implies equi-continuity of {/),: y G B}. 

b. If ij,n are probability measures, and {fin} is equi-continuous at ^ = 0 then 

{yn} e UBS. 

c. If {yn} e UBS, and yn ^ y in the weak-star topology, then finiO yf) 
uniformly on compact subsets of M. 

4. Let /tin e MfR) such that ||/tin|| < 1. Assume that /in converges pointwise 
to a continuous function ip. Show that y = y for some y e M (M) such that 
|/i|| < 1; moreover, yn ^ y weak-star. 

5. Let An be integers such that An+i/An > 3. Write Xn = \[\ ffff cos ft. 
(An are real-valued random variables on the probability space T endowed with 
the normalized Lebesgue measure). Prove that An converge in distribution to a 
normal variable. 

Hint: Exercise V. 1.11. 

6. Show that if ip is continuous on K and (2.10) is valid, then p is posi¬ 
tive definite. Conclude from (2.15) that the boundedness assumption of 2.6 is 
superfluous. 

7. Prove Theorem 2.12. 

8. Express y{[a, 6]} and y{{a, 6)} in terms of y. ([a, 6] is the closed interval 
with endpoints a and b, and (o, b) is the open one.) 

9. Let (In be complex numbers, |on| < 1. Set bn = cin+i — (in and Cn = 
bn — hn -1 = Un+i + Un-i — 2on. Prove that if |cn| < e, then |6n| < 2f£. 

a. How does this imply that a positive definite function which is continuous at 
^ = 0 is uniformly continuous on M? 

b. Prove that if p is positive definite and (,o(0) — 'Stp{h) = o{ld), as h ^ 0, then 
((5 is a constant. 
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10, Show that there exists a uniformly continuous bounded function ip 
which is not a Fourier-Stieltjes transform, and such that {p{\n)} is a sequence 
of Fourier-Stieltjes coefficients for every A > 0. 

Hint: Construct a continuous function with compact support which is not a 
Fourier transform of a summable function. 

3 FOURIER TRANSFORMS IN L^'(]R); 1 < p < 2. 

The definition of the Fourier transform (i.e., Fourier coefficients) 
for functions in various function spaces on T, was largely simplified 
by the fact that all these spaces were contained in L^(T). The fact that 
the Lebesgue measure of R is infinite changes the situation radically. 
If p > 1 we no longer have U' (Z , and, if we want to have Fourier 
transforms for functions in Lp{R) (or other function spaces on R), we 
have to find a new way to define them. In this section we consider the 
case 1 < p < 2 and obtain a reasonably satisfactory extension of the 
Fourier transformation for this case. 

3.1 We start with (R). 

Lemma. Let f be continuous and with compact support on R,' then 

^ j = J \f{x)\^dx. 

We give two proofs. 

Proof I: Assume first that the support of / is included in (—tt, tt). By 
theorem 1.5.5, 


1 

271 


f{x)fdx 


E 


27T 


fin) 


2 


and replacing / by e / we have 

1 


(3.1) 


f(x)l'-^dx=^ + 

ri= — oo 


integrating both sides of (3.1) with respect to a on 0 < a < 1, we obtain 
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If the support of / is not in (—71,71), we consider g{x) = If 

A is sufficiently big, the support of g is included in (—tt.tt) and, since 
9(0 = we obtain 

I \f{x)\^dx = I\g{x)fdx = ^ f ^ 


•4 


Proof II: Write g = f * /(—t); we have g(0) = / f{x)f{x)dx = 
J\f{x)\‘^dx and g{^) = |/(/)|^. Ifwe know that/|/(/)|^d/ < cx)(e.g.,we 
assume that / is differentiable), it follows from the inversion formula 
(1.11) that 

^ J\fiO? d£, = g{0) = J\f{x)f dx. 

In the general case we may apply Fejer’s theorem and obtain 

and, since the integrand is nonnegative, its C-1 summability is equiva¬ 
lent to its convergence and the proof is complete. ◄ 

Definition: For g e L^(R) we write 

ll■ 9 llL 2 (i) = j 1.9(01''^'?^ ' ■ 

Theorem {Plancherel). There exists a unique operator XF from (R) 

onto (R) having the properties: 

(3.2) Tf = f for f 

(3-3) = ll/IU=(K)- 

Remark: In view of (3.2) we shall often write / instead of 9Ff. 

PROOF: We notice first that n L‘^{R) is dense in I/^(R) and conse¬ 
quently any continuous operator defined on (R) is determined by its 
values on n L^(R). This shows that there exists at most one oper¬ 
ator satisfying (3.2) and (3.3). By the lemma, (3.3) is satisfied if / is 
continuous with compact support, and since continuous functions with 
compact support are dense in n L^(R) (with respect to the norm 
II IUi(») + II IU=(K))’ (3-3) holds for all / G n ^^(R). The mapping 
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/ ^ / clearly can be extended by continuity to an isometry from L^(R) 
into L^(R). Finally, since every twice differentiable compactly sup¬ 
ported function on R is the Fourier transform of a bounded integrable 
function on R (1.5 and the inversion formula), it follows that the range 
of / ^ / is dense in (R) and hence coincides with it. ◄ 


Remarks: (a) Given a function f & L'^ (R) we define / as the limit (in 
L^(R)) of /„, where /„ is any sequence in n L^(R) which converges 
to / in L^(R). As such a sequence we can take 


/ri 


f{^') 

0 


a;| < n 
a;| > n 


and obtain the following form of Plancherel’s theorem: the sequence 


(3.4) XiO = / f{x)e-^i-dx 

J n 

converges, in L^(R), to a function which we denote by /, and for which 
(3.2) and (3.3) are valid. 

(b) The mapping / ^ / being an isometry of L^(R) onto T^(R), 
clearly has an inverse. Using theorem 1.11 and the fact that we have an 
isometry, we obtain the inverse map by / = lim /(„) in L^(R) where 

(3.5) nn){x) = ^f f{Od^- 

(c) Parseval’s formula 

(3.6) J f{x)g{x)dx = ^ j fiOdiOd^ 

for f.g& T^(R), follows immediately from (3.3) (and in fact is equiva¬ 
lent to it). 

3.2 We turn now to define Fourier transforms for functions in L^’(R), 
1 < p < 2. Using the Riesz-Thorin theorem and the fact that T : f ^ f 
has norm 1 as operator from L^(R) into L°°(R) and from L^(R) onto 
L^(R), we obtain as in IV.2: 

Theorem {Hausdorff-Young). Lei 1 < p < “2, q = p/{p — 1) and 
f & D L^(R). Then 
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For / G 1 < jj < 2, we now define / by continuity; for 

example, as the limit in L‘?(R) of The mapping T : 

/ 1 -^ / so defined is an operator of norm 1 from Lp{R) into L®(R); 
however, it is no longer an isometry and the range is not the whole of 
(see exercise 10 at the end of this section). 

3.3 The fact that for p < 2, is not an invertible operator from Lp(R) 
onto L®(R) makes the inversion problem more delicate than it is for 
L'^. The situation in the case of Lp{R) is similar to that which we 
encountered for Lp{T). We have inversion formulas both in terms of 
summability and in terms of convergence. The summability result can 
be stated in terms of general summability kernels without reference to 
the Fourier transform as we did in 1.10 for (R); and in fact the state¬ 
ment of Theorem 1.10 remains valid if we replace in it (R)by Lp(R), 
l<p<oo. Forp<2we can generalize theorem 1.11. We first 
check (see exercise 9 at the end of this section) that if g G Lp{R) and 
/ G (R) then / =1 ,g is a well-defined element in Lp{R) and f * g = fg. 
This is particularly simple if we take for / the Fejer kernel Ka: we have 

Ka *.9 = g 

and, since Kx* g is clearly bounded (Ka g T®(R), q = p/{p — 1)) and 
hence belongs to n L°°{R) c T^(R), it follows that 

and from the general form of theorem 1.10 we obtain; 

Theorem. Let g G Lp{R), 1 <p <2; then 


in the L*’(R) norm. 

Corollary. The functions whose Fourier transforms have compact sup¬ 
port form a dense subspace of Lp{R). 

3.4 The analog to the inversion given by 3.1, remark (b) (i.e., con¬ 
vergence rather than summability) is valid for 1 < p < 2 but not as 
easy to prove as for p = 2; it corresponds to theorem 11.1.5 and can be 
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proved either through the study of conjugate harmonic functions in the 
half-plane, analogous to that done for the disc in chapter III, or directly 
from II. 1.5. The idea needed in order to obtain the norm inversion for¬ 
mula for U'{R), 1 < p < 2, from II.1.5 is basically the one we have 
used in proof I of lemma 3.1. 

For / e Ui<p< 2 Lp(R) we write SnU, x) = ^ d^- 

Lemma. For 1 < p < oo, there exist constants Cp such that 


(3-7) ||5'Ar/||2^P(K) < Cp||/||2^P(K) 

for every function f with compact support and every N > Q. 

PROOF: Inequality (3.7) is equivalent to the statement that, for M ^ oo 


(3.8) 


(Sat)/, x)fdx 


-M 


<Cr, 


\\LP( 


Writing pm{x) = AF^Pf{Mx) we see that ||<^m||lp(k) = II/I|lp(k) and 

check that 


(3.9) SMNiPM,3f = Mx). 


In view of (3.9), (3.8) is equivalent to 


(3.10) 


i/p 

SMN{pM,x)fdx ) < CpWpMWhvi. 


As M ^ oo, the support of pm shrinks to zero and consequently the 
lemma will be proved if we show that (3.8) is valid, with an appropriate 
Cp, for all / with support contained in (—tt, tt) for Af = 1 (or any other 
fixed positive number) and for all integers N. We now write 


lA-l 

(3.11) SN{.f,x)= y —/(n + a)e*(”+“)='^da 

In 27 r 


and notice that is a partial sum of the Fourier 

series of (it is carried by (— tt, tt) which we now identify with 

T). As an Lp(T)- valued function of a, the integrand in (3.11) is clearly 
continuous! and, by II. 1.2 and II. 1.5, it is bounded in Lp{T) by a con¬ 
stant multiple of = (27r)^^/^’||/||AP(K)- We therefore obtain 


pi \ 

J \SN{f,x)\f’dx] < ij \SN{f,x)\Pdx] < C'p||/Hap(k) 


'Note that /, having a compact a support, is in L^(IR) and / is therefore continuous. 
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and the proof is complete. ◄ 

Corollary. For I < p <2, inequality (3.7) is validfor all f e Lp{R). 

Proof: Write / = lim„,^oo fn, with /„ G Lp{R), /„ having compact 
supports and the limit being taken in the Lp{R) norm. By theorem 3.2, 
f = lim/,j in i®(R) and consequently, we have for every fixed > 0, 
SnU, x) = lim„ SMifn, x) uniformly in x. It follows that 

ll^v(/)|| LP(K) < lminf||5iv(/ri)|| LP(K) < 

Cp l™ll/n||LP(K) = Cp ll/ll LP(K)- ^ 

Theorem. Let f e Lp{R), 1 < p < 2. Then 

lim ||5 'a(/) - /||lp(k) = 0. 

N^OO 

PROOF: {Sn} is a uniformly bounded family of operators which con¬ 
verge to the identity, as ^ oo, on all functions with compactly sup¬ 
ported Fourier transform, and hence, by corollary 3.3, it converges to 
the identity in the strong topology. ◄ 


EXERCISES FOR SECTION 3 

1. Let B c Cc be a homogeneous Banach space on K and let / e B. Show 
that: (a) for every p e L^(K), y * / can be approximated (in the B norm) 
by linear combinations of translates of /. In other words: for every e > 0, 
there exist numbers yi,... ,y„ e K and complex numbers Ai,..., A„ such that 
\\t* f - EJ=i ^ifyj II < where fy{x) = f{x - y). 

(b) For every y f y can be approximated by functions of the form ip* f 

with p & (M). Deduce that a closed subspace H of B is translation invariant 

(i.e., f e H implies fy e H for all y e R) if, and only if, f e H implies 
p * f e H for every p e 

2. Let F, G e L^(]R) and assume Ff) = 0 implies G(,() =0 for almost all 
5 e K. Show that, given e > 0, there exists a twice-differentiable compactly 
supported function $ such that 

|<1>F — G||j;_2(i) < £■ 

3. Let f,g G L^(]R) and assume that /({) = 0 implies g{L) = 0 for almost 
all f e R. Show that g can be approximated on (M) by linear combinations 
of translates of /. Hint: Use exercises I and 2 and Plancherel’s theorem. 
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4. For measurable sets E C R denote He = {/ G L^(]R):/ = 1e/}. 
Prove that He is a closed translation invariant subspace of L^(IR), and that 
every closed translation invariant subspace of (M) is obtained this way. 

5. Show that every closed translation invariant subspace of L^(K) is singly 
generated. 

6. Let / e I/^(K). Show that the translates of / generate L^(K) if, and only 
if, / ^ 0 almost everywhere. 

7. The information obtained from exercises 2 through 6 can be obtained 
very easily by duality arguments (i.e., using the Flahn-Banach theorem). For 
instance, by PlanchereTs theorem, exercise 6 is equivalent to the statement that 

spans I/^(]R) if, and only if, /({) ^ 0 almost everywhere. By the 
Hahn-Banach theorem does not span L^(]R) if, and only if, there 

is a function f e L^(]R), not identically zero, such that J = 0 for 
all a; e K. By the uniqueness theorem this is equivalent to: /i/i = 0 identically, 
that is, / vanishes on the support of i/i. 

Use the same method to prove exercises 3 through 5. 

8. Both the "if and the "only if parts of exercise 6 are based on PlanchereTs 
theorem and are both false for I/^(IR), p <2. Assuming the existence of a mea¬ 
sure /i carried by a closed set of measure zero and such that f e L"* for all q > 2, 
construct a function / e nL°°(]R) such that /(5) ^ 0 almost everywhere and 
such that the translates of / do not span L^(]R) for any p <2. 

Hint: Put p. on R. 

9. Show that if f G (K) and g e L^(R), then f * g = fg. 

We denote by EH the space of all functions / such that / e L^(K), (thus 
EH = A(]R)). By definition: 

I/IIeEP = ||/||l,P(A)- 

10. If /i e M(K) and ip G EH, 1 < p <2, then fnp G EH. 

11. Show that if ip G EH, f < p <2, and if we write 


m 


ipif.) e>o 
0 f < 0, 


then f) e EH, and ||'i/)|| < Cp\\ipELP ||. 

12. Let a and /3 be real numbers, a/3 ^ 0. Show that ifip G EH, I < p <2, 
and if we write 


(^) 


‘fiiK) C<o, 


then iba.p G EH. 

13. Let / e L^(K), 1 < p < 2. Show that h(x) = f f(x — y) siny/ydy 
is well defined and continuous onR, h G H{R) and || ft Hep (4) < Cp||/||ep(j{). 

14. Show thaf for 1 < p < 2, the nonus ||p||jc-EP and ||p||E,(i) are not 
equivalent. Deduce that EH ^ H{R) (g = p/(p — 1)). Flint: See 1V.2. 
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4 TEMPERED DISTRIBUTIONS AND PSEUDO-MEASURES 

In the previous seetion we defined the Fourier transforms for func¬ 
tions in L'P{R), 1 < p < 2, by showing that on dense subspace on which 

: / ^ / is already well defined (e.g., on n L^(R)), we have the 
norm inequality 

I/IIl'!(k) — II/IIap(k) 

and consequently there exists a unique continuous extension of T, as 
an operator from Lp{R) into L®(R). If p > 2 this procedure fails. It is 
not hard to see that not only is it impossible to extend the validity of the 
Hausdorff-Young theorem for p > 2, but also there is no homogeneous 
Banach space B on R such that for some p > 2, some constant C and 
all / e nL°°{R), 

WI'Wb < C'||/||lp(k)- 

So, a different procedure is needed if we want to extend the notion 
of Fourier transforms to Lp{R), p > 2. Clearly, we try to extend the 
notion, keeping as many of its properties as possible; in particular, we 
would like to keep some form of the inversion formula and the very use¬ 
ful Parseval’s formula. We realize immediately that, since the Fourier 
transforms of measures are bounded functions, if any reasonable form 
of inversion is to be valid, the Fourier transforms of some bounded 
functions will have to be measures; and once we accept the idea that 
Fourier transforms need not be functions but could be other objects, 
such as measures, the procedure that we look for is given to us by Par- 
sevaFs formula. 

So far we have established Parseval’s formula for various function 
spaces as a theorem following the definition of the Fourier transforms 
of functions in the corresponding spaces. In this section we consider 
Parseval’s formula as a definition of Fourier transform for a much larger 
class of objects. Having proved Parseval’s formula for Lp{R), 1 < p < 
2, we are assured that our new definition is consistent with the previous 
ones. 

4.1 We denote by 5'(R) the space of all infinitely differentiable func¬ 
tions on R which satisfy: 

(4.1) lim = 0 for all n > 0, j > 0. 

I x| —s-CXD 

5'(R) is a topological vector space, the topology given by the family 
of seminorms 


( 4 . 2 ) 


ll/llj> = sup|x-"./(^)(a,’)|. 
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This topology on 5'(R) is clearly metrizable'^ and S'(R) is complete, in 
other words, ^(R) is a Frechet space. 

Definition: A tempered distribution o« R is a continuous linear 

functional on 5(R). 

We denote the space of tempered distributions on R that is, the dual 
of 5(R), by 5'*(R). 5'(R) is a natural space to study within the theory 
of Fourier transforms. By theorems 1.5 and 1.6 we see that if / G 
S'(R) then / G S{R) (the analogous space on R) and, as is 

the Fourier transform of (—mapping 
/ ^ / is continuous from S{R) into S{R). By the inversion formula 
this mapping is onto 5'(R) and is bicontinuous. 

We now define /x, for /x G 5'*(R), as the tempered distribution on R 
satisfying 

(4-3) (./, A) = (/, p) 

for all / G ^(R). 

The space of tempered distributions on R is quite large. Every 
funetion g which is measurable and locally summable, and which is 
bounded at infinity by a power of x can be identified with a tempered 
distribution by means of: 


(/,5) = / f{x)g{x)dx f G 5(R) 


and so can every g G (R) , for any p > 1, and every measure g e M(R); 
thus our definition has a very satisfactory domain. However, the range 
of the definition is as large and this is clearly a disadvantage; it gives 
relatively little information about the Fourier transform. We thus have 
to supplement this definition with studies of the following general prob¬ 
lem: knowing that a distribution g e S* (R) has some special properties, 
what can we say about g? 

Much of what we have done in the first three sections of this chapter 
falls into this category: if g is (identified with) a summable function, 
then g is (identified with) a function in C'o(R); if /x is a measure, then 


' A sequence of functions fm G S(IR) converges to / if linim^oo H/i 
all j > 0 and n > 0. The metric in S(IR) can be defined by: 


dist(f, g) = 

j,n>a 


1 ll/-.9lb,n 

2J+" l + ||/-.9lb, 


/lb, 


0 for 
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jj, is a uniformly continuous bounded function; if // e Lf'(R) with 
1 < p < 2, then fi e L'J(R), q = p/{p — 1). 

We shall presently obtain some information about Fourier trans¬ 
forms of functions in Lp(R) with 2 < p < oo but we should not leave 
the general setup without mentioning the notion of the support of a 
tempered distribution. 

4.2 Definition: A distribution v g S'*(R) vanishes on an open set 
O c R, if {p, u) = 0 for all p e ^(R) with compact support contained 
in O. 

Lemma. Let Oi , O2 be open on R and let K be a compact set such that 
K C Oi U O2. Then there exist two compactly supported C°° functions 
Pi and p2 satisfying: support of pj C o, and pi + p2 = I on K. 

PROOF: Let U-j c Oj have the following properties: Uj is open, Uj is 
compact and included in Oj, and K c Ui'JU2- Denote the indicator 
function of Ui by fi and that of U 2 \ Ui by ■!/) 2 . Let e > 0 be smaller 
than the distance of K to the boundary of Ui U U2 and also smaller than 
the distance of Uj to the complement of Oj,j = 1,2. Let S{x) be an 
infinitely differentiable function carried by (—e,e) and whose integral 
is 1. Then we can take pj = fj * 6 ◄ 

Corollary. If u e S*{R) vanishes on Oi and on O2, it vanishes on 
Oi u O2. 

Proof: Let / e 5(R) have a compact support included in Oi U O 2 . 
Denote the support of / by K and let pi , p 2 be the functions described 
in the lemma. Then pj G 5'(R), / = f{‘pi + P 2 ) = fpi + fp 2 - Now 
{fpi, v) = 0, {fpi, v) = 0, and consequently (/, u) = 0. ◄ 

Our corollary clearly implies that the union of any finite number of 
open sets on which v vanishes has the same property, and since our 
test functions all have compact support, the same is valid for arbitrary 
unions. The union of all the open sets on which v vanishes is clearly 
the largest such set. 

4.3 Definition: The support S(u) of v p S'*(R) is the complement 
of the largest open set O c R on which v vanishes. 

Remarks: (a) If v is (identified with) a continuous function g then S(u) 
is the closure of {x: g{x) f 0}. If u is a measurable function g then S(u) 
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is the closure of the set of points of density of {x: g{x) ^ 0}. The set 
of points of density of {x: g{x) 7 ^ 0 } is a finer notion of support which 
may be useful (cf exercise 3.4). 

(b) The definition of S(u) implies that \f tp e 5(R) and if the sup¬ 
port of p is compact and disjoint from S(u) then [p, v) = 0. It may be 
useful to notice that if 1 /; £ S{R) and if S is infinitely differentiable with 
compact support and <5(0) = 1, then ip = limx^o5{\x)'ij) in S'(R), and 
consequently if the support of ip is disjoint from S(;y) (but not neces¬ 
sarily compact) we have {?/>, u) = limA^o(d(Ax)'0,;/) = 0. In particular, 
if S(u) = 0 then u = 0. 

(c) Let B D ^(R) be a function space and assume that every f e B 
with compact support can be approximated in the topology of B by 
functions pn G S'(R) such that the supports of pn tend to that of /. Let 
u e S*{R) and assume that u can be extended to a continuous linear 
functional on B. If f G B has a compact support disjoint from 5](;y), 
then (/, p) = 0 . 

4.4 ^(R) is an algebra under pointwise multiplication. The product fp 
of a function / e S'(R) and a distribution p e 5'*(R) is defined by 

{9,fv) = {(jLv), gGS{R). 

i.e., the multiplication by / in 5*(R) is the adjoint of the multiplication 
by / in 5'(R). From the definitions above, it is clear that S(/u) c 
s(/)ns(u). 

4.5 We denote by = BL^’jR)) the space of distributions on R 

which are Fourier transforms of functions in Lp{R), 1 < p < 00 (we 
keep the notation £l(R) for BL^(R)). inherits from Lp{R) its Ba¬ 
nach space structure; we simply put II/Hjtlp = ll.fllT^'jR); and we can 
identify with the dual of \f q = p/{p — 1) < 00 . In par¬ 
ticular, is the dual of yl(R). This identification may be consid¬ 

ered as purely formal: writing (/, g) = (/, g) carries the duality from 
(LP(R), L'^(R)) to {BUp however, we have already made enough 
formal identifications to allow a somewhat clearer meaning to the one 
above. Having identified functions with the corresponding distribu¬ 
tions, we clearly have S')!!) c and, if p < 00 , 5(R) is dense 
in BLP; consequently, every continuous linear functional on BU‘ is 
canonically identified with a tempered distribution. The identification 
of BL'^ as the dual of BU^ now becomes a theorem stating that a dis¬ 
tribution p G 5*(R) is continuous on S{R) with respect to the norm 
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induced by if, and only if, v £ TL'K We leave the proof as an 
exercise to the reader. 

We now confine our attention to TL°°. If /i is a measure in Af(R), 
it is the Fourier transform of the bounded function h{x) = f 
thus M(R) c The elements of are commonly referred to 

as pseudo-measures. It is clear that M(R) is a relatively small part of 
for instance, ^ L°° is not uniformly continuous on R, (p 
cannot be a measure. 

Definition : The convolution hi * h 2 of the pseudo-measures hi and 
112, {hj e is the Fourier transform of hih 2 . 

Again we reverse the roles; we take something which we have proved 
for measures, as a definition for the larger class of pseudo-measures. 
Thus, if hi and h 2 happen to be measures, hi * h 2 is their (measure 
theoretic) convolution. 

4.6 Another case in which we can identify the convolution is given by 

Lemma. Let hi G L°°{R) and ha G n then 

(4.4) {hi * h2m = {had - 

PROOF: We remark first that hih2 G n L °°{ R ) and consequently 
hi + ha = hi if 2 G fi(ii) SO that we can talk about its value at ^ G R. If 
hi G 5(R) we have 

(hi *h2)(C) = I hi{x)h 2 {x)e~'^^''dx = — JJ hi{r])h 2 {x)e''''^^’~^^^' dx drj 

= ^ / - v)hiir])dr] = (h2(‘? - r?), hi(??)). 

Since S'(R) is dense in L°°{R) in the weak-star topology (as dual of 
(R)), and since both sides of (4.4) depend on hi continuously with re¬ 
spect to the weak-star topology, (4.4) is valid for arbitrary hi G L°°{R). 

Corollary. If hi G L°°(R) and h 2 G n L°°(R), then 

S(hi * h2) C S(hi) + S(h2). 

4.7 This corollary can be improved: 

Lemma. Assume hi, h 2 G L°°{R). Then 

S(hi *h 2 ) c S(hi) + S(h 2 ). 
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PROOF: Consider a smooth function / £ yl(R) with compact support 
disjoint from S(hi) + S(/i 2 ). We have to show that (/, /ii/i 2 ) = 0 which 
is the same as f fhih-zdx = {fhi, /i 2 ) = 0. 

NowS(/i:i) = {C: G and, by 4.6, 'S{fTii) c S(/) + S(7ii). 

If ^0 £ S(//),i) n S(7i,2), then there exist r/o G S(/) and rji G S(hi) such 
that ^0 = Vo — that is, r]o = ^o + Vi- This would contradict the 
assumption S(/) n (S(/i,i) + S(/i, 2 )) = 0. It follows that 'S{fhi) is 

disjoint from S(/i 2 ), hence (/, /ii/i 2 ) = (/hi, h 2 ) = 0 and the lemma is 
proved. ◄ 

4.8 The reader might have noticed that we were using not only the du¬ 
ality between L^(R) and L°°{R) but also the fact that a multiplication 
by a bounded function is a bounded operator on (R). Another opera¬ 
tion between (R) and L°° (R) which we have used is the convolution 
that takes x L°° into L°°{R). Passing to Fourier transforms we see 
that TL°° is a module over A(R) the multiplication of a pseudomeasure 
by a function in g 1(R) being the adjoint of the multiplication in A(R). 
This extends the notion of multiplication introduced in 4.4. 

4.9 Let k be an infinitely differentiable function on R, carried by [— 1,1] 
and such that J k{^)d^ = 1. For / G A(R) we set 

/a = Afc(A/) * f = X I k{Xrj)f{^ - r])dr]. 

fx is infinitely differentiable, S(/a) c S(/) + [—1/A, 1/A], and as 
A ^ oo, /a ^ / in A(R). 

By 4.3, remark (c) it follows that if u G J^L°° and if / £ A(R) has 
a compact support disjoint from S(u), we have (/, u) = 0. Further, if 
/ G Al(R) and S(/) n S(u) = 0, it follows that ((1 — |/|/A)/, u) = 0 
for all A > 0 and letting A ^ cxi, we obtain (/, u) = 0. For convenient 
reference we state this as: 

Lemma. Let v G TL°° and f G A(R). ) n S(;/) = 0 then 

(.//^) = 0. 

4.10 We leave the proof of the following lemma as an exercise to the 
reader. 

Lemma. Let v G TL°^ and f G Gl(R).' then 

s(/v)cs(/)ns(u). 



168 


An Introduction to Harmonic Analysis 


4.11 We show now that a pseudo-measure with finite support is a mea¬ 
sure. Using the multiplication hy elements of A(R) we see that a pseu¬ 
domeasure with finite support is a linear combination of pseudomea¬ 
sures carried by one point each; thus it would be sufficient to prove; 

Theorem. A pseudo-measure carried by one point is a measure. 

PROOF: Let h G L°°{R) and assume S(/)-) = {0}. If pi, ip 2 G 
and = p-iiO ^ neighborhood of C = 0, then {pi,h} = {p 2 ,h)- 
Put c = {p, h) where p is any function in yl(R) such that p{^) = 1 
near ^ = 0. As usual we denote by K the Fejer kernel and recall that 
K(^) = sup(l — |^|. 0). By lemma 4.6 we have 

(4.5) = 

For 1^1 > 1 we clearly have hK{() = 0. If —1 < .(i < .(2 < 0 we have 
K(C 2 — r/) = k(^i — I/) = ^ 2—^1 for r/ near zero. By (4.5) and the 
definition of c we conclude that /iK (^2 — /iK (^2 = c {^2 — ^ 1 ), and since 
/iK(^) is continuous, upon letting ^ —1 we obtain = c{l + 

for —1 < ^ < 0. Repeating the argument for 0 < ^ < 1 we obtain 
/iK(^) = cK(^) and by the uniqueness theorem h{x) = c a.e. It follows 
that h is the measure of mass c concentrated at the origin. ◄ 

4.12 We add a few remarks about distributions in TU\ 2 < p < 00 . 
There is clearly no inclusion relation between Lp(R) and L°°(R) but 
it might be useful to notice that locally iFU’ c if p < p' and in 
particular all distributions in TU’ are locally pseudomeasures. (We re¬ 
call that a tempered distribution v belongs locally to a set G c S* (R) 
if for every g R there exists /i G G such that S(p, — u) does not 
contain 0. If v G TU’ and ^ G R we may take A > |^| and con¬ 
sider /i = Vau where \l\ is de la Vallee Poussin’s kernel (Va( 0 = 1 
for 1^1 < A, = 2 — |C|A“^ for A < |^| < 2A, and = 0 for |^| > A). 
It is clear that u = /x on (—A, A), that is, S(/x — v) n (—A, A) = 0 and if 
V = f with / G L*’(R), then /x = \l \* f and Va * / G n L°°{R) since 
Va G n U{R), q = p/{p — 1). In particular, if S(u) is compact, say 
S(u) c (—A, A), then p = u; we have thus proved: 

Theorem. If v G TU‘ andYliu) is compact, then v G TL°°. 

4.13 If u G TU n TL°° we can consider the repeated convolution of 
// with itself; writing u = / with f e U n L°°{R), the convolution of 
u with itself m times is the Fourier transform of and if m > p, 
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f m g l^(R) so that V * ■■■ -jf V G ^(R). In particular, assuming u 7 ^ 0 

S(u + -- -*u) c S(u)h -contains an interval. As an immediate 

consequence we obtain: 

Theorem. Let v G p < 00 , and let J be an open interval on R, 
such that J n S(u) 7 ^ 0. Then J n ^(u) is a basis for R. 

Theorems 4.11 and 4.13 are equivalent to the following approxima¬ 
tion theorems: 

4.11’ Theorem. Let ^ G R and denote 

f(C) = {/:/e A(R),/(O = 0} 

/o(e) = {./':/G^(R),^ ^S(/)} 

Then loif) is dense in I{f) in the Al(R) topology. 

4.13’ Theorem. Let E be closed, and denote 

/o(i?) = {,/:,/e5(R),S(/)n£: = 0}. 

Assume that E + E + ■ ■ ■ + E (m times) has no interior. Let 1 < p < m 
andq = p/{p — 1). Then Io{E) is (norm) dense in TVK 

The proofs of 4.11’ and 4.13’ are essentially the same and follow 
immediately from the Hahn-Banach theorem (and 4.11, 4.13, respec¬ 
tively). A linear functional on A(R) which annihilates loiO is a pseu¬ 
domeasure supported by {^}, hence is constant multiple of the Dirac 
measure at and hence annihilates If). A linear functional on EL'^ 
which annihilates Iq{E) is an element of supported by iJ; hence it 
must be zero. ◄ 

EXERCISES FOR SECTION 4 

1. Deduce 4.11 from 4.11’. 

2. Deduce 4.13 from 4.13’. 

3. What is a function h G L°° (K) such that is finite? 

4. If / G d(]R) and i/ G EL°°, then 

5. Let / G L“(]R). Show that 11(5^)) C S(/) U (-!:(/)). 

6. {Bernstein) Let h G L°°{R) and assume that S(L) C [—k,k]- Show that 
h is infinitely differentiable and that ||L''’"^||oo < fc’"||L||oo. 
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7. Let h e L°°(K), h ^ 0. Assume that h{x + y) = h{x)h{y) a.e. in {x.y). 
Show that for some G K, h{x) = a.e. 

8. Assume i/j e TL°°, j = 0,1,..., and Uj ^ uo in the weak-star topology. 
Let U be an open set such that U n S(;yj) = 0 for infinitely many j’s. Show that 

u n 51(770) = 0 . 

9. Fourier transforms of functions in Co (M) are called pseudo functions (on 
M). 

(a) Show that if / G (M), then / is a pseudo-function. 

(b) Show that if fj are pseudo-functions on IL/jIIa-i,” < c and \ j —> 00 

fast enough, then ^ converges (weak-star) in TL°°. 

10. Let h{x) = sin.j:^. Show that e‘^^h 0 (weak-star) as |A| ^ 00 

5 ALMOST-PERIODIC FUNCTIONS ON THE LINE 

The usefulness of Fourier series of functions on T is largely due 
to the information they offer about approximation of the functions by 
trigonometric polynomials. On the line, trigonometric polynomials do 
not belong to many of the function spaces in which we are interested, 
for example, to Lp{R) for p < 00 ; and the positive results, which we 
had for Lp{R) , 1 < p < 2, were in terms of trigonometric integrals rather 
than polynomials. Trigonometric polynomials do belong to L°° (R), and 
in this section we characterize the functions that are uniform limits of 
trigonometric polynomials. 

5.1 Definition: Let / be a complex-valued function on R and let 
£ > 0. An £-almost-period of / is a number r such that 

suP:,|./(a;-T)-/( t)| < e. 

Examples: t = 0 is a trivial e-almost-period for all e > 0; if / is periodic 
then its period, or any integral multiple thereof, is an £-almost-period 
for all £ > 0; if / is uniformly continuous, every sufficiently small t is 
an £-almost-period. 

5.2 Definition : A function / is (uniformly) almost-periodic on R if 
it is continuous and if for every £ > 0 there exists a number A = A(£, /) 
such that every interval of length A on R contains an £-almost-period of 
/. We denote by AT’(R) the set of all almost-periodic functions on R. 

Examples: (a) Continuous periodic functions are almost-periodic. 
(b) We shall show (see 5.7) that the sum of two almost-periodic 
functions is almost-periodic; hence / = cos .r+cos tts; is almost periodic 
(see also exercise 1 at the end of this section); noticing, however, that 
f{x) = 2 only for a; = 0, we see that / is not periodic. 
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(c) If / is almost-periodic, so are I/I, /, a/for any complex number 
a, and /(Ax) for any real A. 

5.3 Lemma. Almost-periodic functions are bounded. 

PROOF: Let / be almost-periodic. Take e = 1 and let A = A(l, /). For 
arbitrary x G R let r be a 1-almost-period in the interval [x — A, x]. 
We have 0 < x — r < A and |/(x) — /(x — t)| < 1, consequently 
|/(x)| < supo<,^<A|/(y)| + 1. ◄ 

Corollary. If f is almost-periodic, so is /^. 

PROOF: Without loss of generality we may assume |/(x)| <1/2 for all 
X e M. We have f^{x — r) — /^(x) = (/(x — r) + /(x))(/(x — r) — /(x)) 

which implies that, for every e > 0, e-almost-periods of / are also e- 
almost-periods of /^. ◄ 

5.4 Lemma. Almost-periodic functions are uniformly continuous. 

PROOF: Let / be almost-periodic, e > 0, A = A{e/3,f). Since / is 
uniformly continuous on [O.A], there exists r/o > 0 such that for all 

\v\ < Vo 

^^Po<x<A\.f(^ + v) - .fix)\ < s/ 3 . 

Let y G M; we ean find an e/3-almost-period of / say r, within the 
interval [y — A, y], and writing 

f{y + v) - fiy) = ifiy + v) - f{y-T + y))+ 

+ (/(y -T-y ri) - /(y - r)) + (/(y - r) - /(y)), 

we see that each of the three summands is bounded by e/3; the first 
and the third since r is an e/3-almost-period, and the second since 0 < 

y — T < A and |y| < r/o. Thus if |y| < r/o, |/(x + y) — /(x)| < e for all x, 

and the proof is complete. ◄ 

5.5 For a function / G L°°(M) we denote by lLo(/) the set of all trans¬ 
lates of /; lLo(/) = {/j,}yeK'^ 

Theorem. A function f G L°° (M) is almost-periodic if and only if 
lLb(/) is precompact (in the norm topology of L°°(M)/. 

i Remember the notation fyf) = ff-y). 
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Proof: We recall that a set in a complete metric space is precompact 
(i.e., has a compact closure) if, and only if, it is totally bounded, that 
is, if for every e > 0, it can be covered by a union of a finite number 
of balls of radius e. Assume first that / is almost-periodic and let us 
show that Wo{f) is totally bounded in L°°(R). Let £ > 0 be given and 
let A = A(£/2, /); by the uniform eontinuity of / we can find numbers 
rii,..., riM in [0, A] such that if 0 < i/o < A, infi<j<M \\fyo - II < e/2. 
For arbitrary y £ R let r be an c/2-almost-period of / in [y — A.y]; 
writing yo = y - t we obtain 0 < yo < A and \\fy - fy„\\^ < e/2; 
consequently, infi<j<M||/j/ — fru ||oo < £ and Wo{f) is covered by the 
union of balls of radius e, centered at f\jj , j = 1,M. 

Assume now that Wo{f) is precompact. Let e > 0 and let Oi,.... Om 
be balls of radius e/2 such that Wo(/) c We may clearly assume 

that Oj n Woif) ^ 0 and hence pick fy. e Oj, j = 1,., M. The balls 
of radius e centered at y, cover Ho(/). 

We claim that every interval J of length A = 2 maxi<j<M|t/j | con¬ 
tains an £-almost-period of /. If J is such an interval, denote by y 
its midpoint. There exists a jo such that \\fy — fyj ||oo < e; writing 
T = y — y-ja it is clear that r € .7 and, on the other hand, 

I/t ^ /l|oo = ll/r+:i/j„ ^ ||oo < £. 

All that we have to do in order to complete the proof is show that, under 
the assumption that ILo(/) is precompact, / is continuous.! show 
that it is uniformly continuous, that is, lim,,^o||/r, — /||oo = 0. Given 
£ > 0, let Oi,..., Om be balls of radius e/2 covering Wo{f), as above, 
and write Ej = {r: /V G 0.j}. Since UEj = R, at least one of these, say 
has positive mesure. But then ifj,, — Lj,, is a neighborhood of 0 in 
R, and for y e Ej — Ej we have \\fy — /||oo < £. 

5.6 Definition: The translation convex hull, W{f), of a function 
/ G L°°{R) is the closed convex hull of lTo(a/). Equivalently, it 

is the set of uniform limits of functions of the form 

(5.1) aife G R, ^|afc| < 1. 

Remark: If / is uniformly continuous we can define W{f) as the clo¬ 
sure of the set of all functions of the form 

(5.1’) (p*f with yi G L^(R), ||(/i||i,i(K) < 1. 

iThat is: / is equal a.e. to a continuous function. 
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Another observation that will be useful later is: 

(5.2) LL(e'«"7-) = : g e W{ f)}. 

By its very definition W{f) is convex and closed in L°°{R). Since 
W{f) D Wo{f ), it is clear that if LL(/) is compact then Wo{f) is pre¬ 
compact; the converse is also true: if lTo(/) is precompact, there exist 
for every e > 0, a finite number of translates {fyj }^i such that every 
translate of / lies within less than e from fy. for some 1 < 7 < M. 
Thus, every function of the form (5.1) lies within e of a function having 
the form ^ifyj with ^ 1 - the unit disc | 6 | < 1 we can 

pick a finite number of points such that every b in the unit disc 

lies within ||.f tfom one of the c^’s; thus every combination 

El^.7 l < 1 lies within s of some 

M 

(5.3) 

1 

It follows that W{f) is covered by the union of MN balls of radius 
3e centered at the functions of the form (5.3); hence W{f) is precom¬ 
pact and being closed it is compact. We have proved: 

Lemma. W{f) is compact if, and only if, Wo(/) is precompact, that 
is, if, and only if f G TlP(R). 

5.7 Theorem. AP{R) is a closedsuhalgebra of L°°{R). 

Proof : in order to show that AP(R)is a subspace, we have to show that 
if /, 9 e AT’(R) so does f+g. We clearly have W{f+g) C W{f) + W{g) 
and since, by 5.6, W{f) and W{g) are both compact, W{f) + W{g) is 
compact and hence W{f + g) is precompact. Since W{f + g) is closed, 
it is compact, and by 5.6, / + 9 G AP(R). 

It follows from the corollary 5.3 that /^, 9 ^, (/ + gf G AP(R) and 
consequently fg = l/ 2 ((/ + gf — — gf is almost-periodic and we 

have proved that AP(R)is a subalgebra of L°°(R). In order to show 
that it is closed, we consider a function / in its closure. Since / is the 
uniform limit of continuous functions, it is continuous. Given e > 0 
we can find a 9 G AP(R) such that ||/ — g\\°° < e/3, and if t, is an e/3 
almost-period of 9 we have 

fr - f = ifr - gf + (w - g) + {g- /), 
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hence ||/^ — /||oo < e/3 + e/3 + e/3 = e and t is an e-almost-period of 
/. Thus every interval of length A(e/3,5) contains an e-almost-period 
of /, and / is almost-periodic. ◄ 

5.8 Definition : A trigonometric polynomial on R is a function of 
the form 

n 

/(^') = e M. 

1 

The numbers are called the frequencies of f. 

By theorem 5.7, all trigonometric polynomials and all uniform lim¬ 
its of trigonometric polynomials are almost-periodic. The main theo¬ 
rem in the theory of almost-periodic functions states that every almost- 
periodic function is the uniform limit of trigonometric polynomials, 
and actually gives a recipe, analogous to Fejer’s theorem for periodic 
functions, for finding the approximating polynomials (see 5.20. 

5.9 Definition: The norm spectrum of a function h G L°°{R) is the 
set 

a{h) = G M, G W{h) for sufirciently small a f 0}. 

a{h) may well be empty even if h f 0; for instance, if h G C'o(R) we 
have W{h) c C'o(M) and consequently (j{h) = 0. We notice that from 
(5.2) and our definition above it follows immediately that 

(5.4) cr(e®^®/i) = C + = {i, + V-V & cr(/i)}. 

Lemma. Ifh G L°°(R) then a{h) C S(/i). 

PROOF: Since hy = efyfi it is clear that 'S{hy) = S(/i) and conse¬ 
quently S(/) C S(/t) for any / G W{h). If / = then / = a5^ 

{S^ is the measure of mass one concentrated at Q and S(/) = thus 
if C G a{h) then ^ G S(/!,). ◄ 

5.10 Lemma. Let h be bounded and uniformly continuous. Assume 
that r]K{7]x) * h converges uniformly as rj ^ 0 to a limit which is not 
identically zero. Then 0 G (j{h). 

PROOF: Writing = 'riK{rix) * h we have g,j = Kf/fh, so that 
S(5„) C [-v,ri] and hence S(lim„^o <?,,) = {0}. By 4.11, lim,,^o3r, 
is a constant, and by the remark following definition 5.6, G W{h) 
and hence lim,,^o.9?) G W{h) ; now, as lim g,, is a constant different 
from zero, we obtain 0ecr{h). ◄ 
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Corollary. Let 1.1 be a measure on R and assume /i({0}) 7 ^ 0. Let 
h{x) = / (so that /i = h); then 0 G <j{K). 

PROOF: Keeping the notations above, we have = K{(/7])n and con¬ 
sequently tends to /i({0})^o in M{R) which implies m({0}) 

uniformly. ◄ 

5.11 Remarks: It is clear that 0 G M plays no specific role in 5.9; 

if g{{(}) 7 ^ 0 we have ( G a{h) (h as above). Also, it is not essen¬ 
tial to use Fejer’s kernel: if f G L^{R), and if we assume that F,j * h 
converges uniformly to a nonvanishing limit, where P); = r]F{r]x), it 
follows that 0 G a{h). This can be seen as follows: given a sequence 
£„ ^ 0, we can write F = Gn + Hn such that G„, G L^{R), Gn 
has compact support, say included in (—Cn,c„), and HffrillLVK) < 
Writing = gGn{r]x), Hn,r]{x) = rjH„{r]x) and noticing that 

\\Hn,v * < £n\\h\\, we obtain lim„^oo Gn,,, * h = Fn * h. Re¬ 

membering that Ti{Gn.r, * h) C (—we obtain, letting r? ^ 0 
faster than c„ ^ 00 , S(limT), * /i) = 0 as before. 

The condition of existence of a uniform limit of F^, * h as r/ ^ 0 can 
clearly be replaced by the less stringent condition of the existence of a 
nonvanishing limit point, that is. a limit of some sequence * h with 
We restate these remarks as: 

Lemma. Let f G AP(M) and assume 0 ^ cr(./); then for all F G L^(M) 
* /||l“(k) = 0. 

PROOF: Let F g L^{R); with no loss of generality we may assume that 
i(K) < 1. It follows that G W{f) and, if it did not tend to 

zero as g 0, it would have, W{f) being compact, other limit points. 
By the preceding remarks this would imply 0 

5.12 Lemma 5.11 has the following converse: 

Lemma. Let f G GlP(R), F G L^(R) and f F{x)dx f 0. Lf for some 
sequence r]n 0, linin^ooWVnF{ri„x) * /|| = 0, then 0 f o-{f). 

PROOF: We notice first that for any translate of /, hence for any lin¬ 
ear combination of translates, and hence for any g G LL(/), we have 
lim„^oo||»?nP(»?„x') * ,g||L”(K) = 0. If ,g = const , gnF{rjr,x) *g = F{0)g 
and consequently the only constant in W(f) is zero, that is, 0 u(/). < 
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5.13 Theorem. To every f G A_P(R) there corresponds a unique 
number M{f ), called the mean value of f, having the property that 

PROOF: We have seen before that uniform limit points of riK{px) =i< / 
as 7] ^ 0 are necessarily constants. Since rjKfjx) * / G W{f) and 
since W{f) is compact, there exists a number a such that for an ap¬ 
propriate sequence rjn 0 , r]„K(T)„a,’) * / converges uniformly to a. 
Since K(0) = 1, r/,„K(r;„ai) * {f — a) ^0 uniformly; hence, by 5.12, 
0 0 a{f — a). If fj is another number such that 0 0 a{f — 0 ) we obtain, 
using 5.11, that as r? ^ 0 

rjKfjx) * [(/ - a) - (/ - 0)] = t]K{t]x) * {f - a) - r]K{r]x) *(/-/!) 

converges to zero uniformly. But r]K{r]x) * [(/ — a) — (/ — 0 )] = 0 — a 
identically and consequently 0 = a. Thus the property 0 0 a{f — a) 
determines a uniquely and we set M (/) = a. ◄ 

Corollary. If f G GlP(R) and F G T^(R), then qFfjx) * / converges 
uniformly as q ^ 0 to F{0)M{f). 

f 1/2 |.x| < 1 

In particular, taking F{a:) = < writing T = and 

[O \x\ > 1 

evaluating the convolution at the origin, we obtain: 

Corollary. For f G GlP(R), 

(5.5) Af(/)= lim ^ I f{x)dx. 

T^oo Z1 ./_ 7 ' 

Using the mean value we can determine the norm spectrum of / 
completely. By (5.4) it is clear that ^ G (t(/) if, and only if, 0 G 
cr(/e^’^®) and consequently 

(5.6) C e <y{f) ^ M{fe-^^0 f 0 

By our definition of M{f) and by corollary 5.9 it is clear that if / is 
a measure then /({O}) = M{f) and similarly 

(5.6’) fiO = 

thus we can recover the discrete part of /. We shall soon see that / has 
no continuous part when / G AP{R). 
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5.14 The mean value clearly has the basic properties of a translation 
invariant integral, namely: 

(5.7) M{f + g) = MU) + M{g), 

(5.8) M{af) = aM{f), 

(5.9) M{fy) = M{f) (where fy{x) = f{x - y)). 

It is also positive: 

Lemma. Assume f e AP(R), f{x) > 0 o« R, and f not identically 
zero. Then M{ f ) > 0. 

PROOF: By (5.7) we may assume /(O) > 0 and consequently, if a > 0 
is small enough, f{x) > a on —a < x < a. Let A = A(a/2, /); every 
interval of length A contains an a/2-almost-period of /, say r, and 
f{x) > a/2 in (r — a, r + a). It follows that the integral of / over any 
interval of length A is at least a^; hence M{f) > a^/A. ◄ 

5.15 We define the inner product of almost-periodic functions by: 

(5.10) {f,g),j = M{fg) 

and claim that with the inner product so defined, AP{R) is a preHilbert 
space, that is, satisfies all the axioms of a Hilbert space except for 
completeness. The bilinearity of {f,g)M is obvious and the fact that 
{.f\g)M > 0 unless / = 0 has been established in 5.14. In this pre- 
Hilbert space, the exponentials form an orthonormal family, 

since 


1 


/ lijn — / dR-'>y-^dx = 

T^oo2T.y_j. |0 


1 


We now introduce the notation^ 


if / = r/ 

if C / V. 


(5.11) fm) = = M(/e-'«^’=). 


that is, /({C}) are the Fourier coefficients of / relative to the orthonor¬ 
mal family Bessel’s inequality now reads 

(5.12) ^ (/>/)m = M(|/|2) 

iei 

Tf / is a measure on R, (5.11) agrees with (5.6’). By abuse of language we shall 
sometimes refer to /({^}) for arbitrary / e AP(IR), as the mass of the pseudomeasure / 
at 5. 



178 


An Introduction to Harmonic Analysis 


and it follows that /({^}) = 0 except possibly for a countable set of ^^’s. 
Combining this with (5.6) we obtain that for all / G AP(R), cr(/) is 
countable. 

5.16 We now introduce the mean convolution f * q of two almost- 
periodic functions. 

Let /, g G AP(R); then for every x G R, f{x — y)g{y), as a function 
of y, is almost periodic and My{f{x — y)g{y)) is well defined. Write: 

(5.13) (/ * g){x) = My{f{x - y)g{y)) = lim / f(x - y)g{y)dy. 

M 1 - ^OO J 

Lemma. / g is almost-periodic. IfM{\g\) < 1, then f g G W{f). 

PROOF: Without loss of generality we assume that M{\g\) < 1. It fol¬ 
lows that for all suthciently large T 

^ J ^ “ y)9iy)dy e w"(/) 

and, combining the compactness of W{f ) with the fact that the point- 
wise limit in (5.13) is well defined, we obtain / * g as the uniform limit 

M' 

of I-t ■/’(■* “ y)9{y)dy- ^ 

The convolution f * g has all the properties of convolutions on T 
and R; in particular 

(./*5r({0) = M^(My{f{x - y)g{y))e-'^^A 

(5.14) ^ ^ 

= M,My(^f{x - = /({C})g({C}). 

Also, 

/ ^ = Myifix - y)d^y) = Af,(/(t)e*«"-‘)) = /(U})e‘«", 

so that if g{x) = ^ (finite sum) then 

f m3= 
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5.17 For / G AlP(R), write f*{x) = and 

( 5.15 ) ^M ^ + y))■ 

Since /*{{£,}) = /({C}) we have by (5.14), 


If ll/lloo < 1, which we assume for convenience, then h G W(f ). 
Lemma, h, defined by {5.15), is positive definite. 

PROOF: Let Xj G R and Zj are complex numbers, j = 1,..., TV, then 

I I'T _ 

^ h{xj - Xk)zjZk = lim — / ^ /(.x, + y)f{xk + y)zjZkdy 


\ 2 


Since h is continuous, Bochner’s theorem 2.8 says that h is the Fourier 
transform of a positive measure or, equivalently, h is a positive measure. 

5.18 Proposition. Iff G /1P(R) and f G Af(R), then f = Y1 /({?})<^^) 
ll/llM(i) = EI/({C})|. and fix) = 

PROOF: By (5.6’), the discrete part of / is Y) we have 

SI/({C})I < ll/llM(i)' claim that the continuous part of / is zero. 

Denote the continuous part of / by /i; it is the Fourier transform 
of the almost-periodic function g = f — Y Wiener’s 

theorem 2.12, lim(2T)^^/^.^|_ 9 (.x)|^('i.x = 0 and, by 5.14,/x = 0. ◄ 

5.19 Theorem (Parseval’s identity). Let f G ,4P(R), then 

(5.16) ^|/({/})|2 = m(|/|2). 

Proof: Define h by (5.15). By Proposition 5.18 we have 

= Y.’<iO) = m = Miififi. 

•4 

Corollary (Completeness), {e'f ^ is a complete orthonormal ba¬ 

sis for AP(R). 

Corollary (Uniqueness). Let f G /1P(R), / 7 ^ 0. Then a{f) fi 0. 
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5.20 For arbitrary / G AP{R), the series ^ to which we 

refer as the Fourier series of /, converges to / in the norm induced by 
the bilinear form (•, •)m- Our next goal is to show that, as in the case of 
periodic functions, the Fourier series of any / G AP(R) is summable to 
/ in the uniform norm. 

5.21 Lemma. Given a finite number ofpoints Gi ■ ■ ■ fN S R and an 
£ > 0, there exists a trigonometric polynomial B having the following 
properties: 

(a) B(a;) > 0 

(b) M(B) = 1 

(c) B({Cj})>l-e for i = 1,..., N. 

Proof : We notice first that if fi,..., happen to be integers and if m 
is an integer larger than £“^ max|^j |, then the Fejer kernel of order m, 
namely K„i = ths properties mentioned. In 

the general case let Ai,..., A, be a basis for ... fN', that is, Ai,..., A, 
are linearly independent over the rationals and every can be written 
in the form with integral Aj^k- Let ei > 0 be such 

that (1 — ei)'^ > 1 — e, and let m > mgiXjfAj,k\; we contend that 
B = Hi K„j(Afex) has all the required properties. Property (a) is obvious 
since B is a product of nonnegative functions. In order to check (b) and 
(c) we rewrite B as 

(5.17) B(x) = E(l - ■ ■ ■ (l - 

the summation extending over |&i| < m,,... ,\kg\ < m. Because of the 
independence of the A^’s there is no regrouping of terms having the 
same frequency and we conclude from (5.17) that B(0) = the constant 
term in (5.17) = Af(B) = 1, which establishes (b), and 

B(fe}) = B({;f^ A,,,A4) = n (l - > (1 - e,Y >l-e, 

1 k=l 

which establishes (c). ◄ 

Theorem. Let f G AP(R). Then f can be approximated uniformly by 
trigonometric polynomials Pn G W{ f). 
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PROOF: Since a{f) is countable we can write it as For each 

n let B„ be the polynomial described in the lemma for ,..., and 
£ = 1/n. Write P„ = f B„. By 5.17, Pn e bF(/) and taking account 

of (c) above, limB„({(,}) = /({^}) for every e a{f). If ^ ^ a{f) we 
have P„({C}) = ./({C}) = 0 for all n. It follows that if is a limit point 
of Pn in W{f ), then .g({C}) = f{{0) for all ^ and by the uniqueness 
theorem g = f. Thus, / is the only limit point of the sequence P„ in the 
compact space W{f) and it follows that Pn converge to / (in norm, i.e., 
uniformly.) ◄ 

Corollary. Every closed translation invariant subspace of AP{R) is 
spanned by exponentials. 

5.22 We finish this section with two theorems providing sufficient 
conditions for functions to be almost-periodic. Though apparently dif¬ 
ferent they are essentially equivalent and both are derived from the 
same principle. We start with some preliminary definitions and lem¬ 
mas. 

For h G AlP(R), we say, by abuse of language, that h is an almost- 
periodic pseudo-measure. 

Definition: A pseudo-measure v is almost-periodic at a point 
^0 e R, if there exists a function ip G A(K), pf) = I in some neighbor¬ 
hood of ^ 0 , such that pu is almost-periodic. 

It is clear that v is almost-periodic at if and only if, 'ipu is almost- 
periodic for every tp G A(R) whose support is sufficiently close to 
(e.g., within the neighborhood of on which the function p above is 
equal to one). In particular, u is almost-periodic at every ^ ^ S(u). 

Lemma. Let v G TL°° and assume that S(u) is compact and that v is 
almost-periodic at every point ofSiu). Then v is almost-periodic. 

PROOF: By a standard compactness argument we see that there exists 
an rj > 0 such that u is almost-periodic for every ip G yl(R) which is 
supported by an interval of length g. Let ipj G A(R) have their sup¬ 
ports contained in intervals of length g, j = 1,2,... ,N, and such that 
Yli Vh = 1 on a neighborhood of S(u). By the assumption concerning 
the supports ofpjj, PjU is almost-periodic for all j, and consequently 

N N 

1 1 


is almost-periodic. 
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5.23 Theorem. Let h G L°° (R) and assume that S(/),) is compact and 
that V is almost-periodic at every ^ G M except, possibly, at ^ = i}. Then 
h G AP{R). 

5.24 Theorem (Bohr). Let h G L°°{R) and assume that it is differ¬ 
entiable and that h’ G AP{R). Then h G Af’(M). 

These two theorems are very closely related. We shall first show how 
theorem 5.23 follows from 5.24, and then prove 5.24. 


PROOF OF 5.23: We begin by showing that if S(/i) is compact, then 
h is differentiable and h' = f h (see exercise 4.6). Let / G 5 '(M) be 
such that /(^) = 1 in a neighborhood of S(/i). We have h = fh and 
consequently h = f * h or h{x) = f f{x — y)h{y)dy. Since h is bounded 
and / G S'(M) we can differentiate under the integral sign and obtain 
that h is (infinitely) differentiable and that h' = f + h. Remembering 
that f'{f) = in a neighborhood of S(/i), we obtain h' = fh = fh. 

By theorem 4.11’ there exists a sequence {pn} in L^(M) such that 
priif) = 0 in a neighborhood of ^ = 0, and such that Wf.,, — f |U(k) ^ 0 - 
This implies (exercise 4.4) that \\pnh — h’W^pyr^ 0, that is, h' is the 
uniform limit of p,, * h. Now, since pn, vanishes in a neighborhood of 
^ = 0, it follows from 5.22 that pn * /i G GlT’(M); by 5.7, h' G AP(M), 
and by 5.24 h G AT’(M). 


PROOF OF 5.24: Since h is clearly continuous we only have to show 
that for every e > 0 there exists a constant A(£, h) such that every inter¬ 
val of length A(s, h) contains an s-almost period of h. In view of 5.7 we 
may consider the real and the imaginary parts of h separately, so that 
we may assume that h is real-valued. Denote 

(5.18) A'l = sup^ h{x), m, = inf h{x). 

Let e > 0. Let xo and xi be real numbers such that 

(5.19) h{xo) <m,+ ^, h{xi) > M - 

O O 

we put Cl = and claim that if r is an si -almost period of h' then 
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h{xo — r) < m + e/2. In order to see this we write 

rxi 

h{xi — t) — h(xoT) = / h'(x — rjdx 
Jxo 

(5.20) = / h'{x)dx+ f (h'{x — t) — h! {xd}) dx 

J XO ■' Xo 

[•'X 1 

= h{xi) — h{xQ) + / {h! {x — t) — h'{x))dx, 

J Xo 

and, since the last integral is bounded by \xi — xo\ei = e/4 it follows 
from (5.19) and (5.20) that 

£; 

h{xi — t) — h{xo — t) > M — m — - 

and, since h{xi — r) < M, we obtain h{xo — t) < m + e/2. 

We now use the points {xq — r}, where r is an ci/2-almost-period 
of h! as reference points. Let Ai = A(ei/2, h') and define £2 by £2 = 
min(g/2, ei/2, e/Ai). We claim that every e 2 -almost-period of h' is an 
c-almost-period of h. In order to prove it let x G R and let ri be an e 2 - 
almost-period of h'; we take tq to be an ei/ 2 -almost-period of h' such 
that X < Xo — To < x + Ai, and write 

h{x — Ti) — h{x) = h{x — Ti) — h{xo — tq — n) 

(5.19) + h{xo - To - Ti) - h{xo - tq) + h{xo - tq) - h{x) 

= h{xQ - To- Ti) - h{xo - To) + / {h'{y) - h'{y - Ti))dy . 

J X 

Since to and to + n are both £1 -almost-periods we have 

m < h{xo — To — Ti) < m + e/2 and m < h{xo — to) < m + e/2, 
hence \h{xo — to — n) — h{xo — to)| < e/2. The integral in (5.21) is 
bounded by eoAi < e/2 and it follows that |/i(x — n) —/i(x)| < e. Thus, 
every interval of length A(£ 2 , h') contains an e-almost-period of h and 
the proof is complete. ◄ 

5.25 Theorem. Let h G L°°{R) and assume that S(/i) is compact and 
countable. Then h G AP(R). 

PROOF: This is a corollary of 5.20. The set of points ^ such that h is not 
almost-periodic at / is a subset of S(/i-) and, by 5.23, has no isolated 
points. Since a countable set contains no nonempty perfect sets, h is 
almost-periodic at every ^ g M and, by 5.22, h G AP(M). ◄ 
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EXERCISES FOR SECTION 5 

1. Show that / = cos 2'kx + cos x is almost-periodic by showing directly 
that given e > 0, there exists an integer M such that at least one of any M 
consecutive integers lies within e from an integral multiple of 27r. 

2. Let h e L°°(K). Show that, if h is uniformly continuous, <7(h) contains 
every isolated point of S(/i). 

3. Let /. g e AP{R). Show that f *^9 = T. 

4. Let / e AP(K) and assume that W(f ) is minimal in the sense that if 
he W{f) and h ^ 0 then af e W(h) for sufficiently small a. Show that / is a 
constant multiple of an exponential. 

5. Let / e AP(K) and assume that /' is uniformly continuous. Show that 
/' e AP(K). 

6. Show that the assumption that S(/i) is compact is essential in the state¬ 
ment of theorem 5.25. 

Hint: Consider discontinuous periodic functions. 

7. Show that in the statement of theorem 5.25, the assumption that S(/t) is 
compact can be replaced by the weaker condition that h be uniformly continu¬ 
ous, 

8. Deduce 5.24 from 5.23. 

9. Let P be a trigonometric polynomial on M, and let e > 0. Show that 

there exists a positive r/ = r/(P,e) such that if Q G ||(3|| < 1 and 

S(Q) C then 

range(P + Q) + (-e, e) D range(P) + range((5). 

Hint: The conditions on Q imply that ||<5' || < rf, see exercise 4.6. 

10. Let h e iFL°°, (o e M and {r]n} a sequence tending to zero. Show that 

if K(I7T^(^ — h.o))h tends to a limit (in the weak-star topology), then the limit 
has the form Introducing the notation a = h({fo}, K, {??«}), show that 

^|h({{o}, K, < oo where the summation extends over all G K such 

that weak-star-lim„^oo K(i?T^(C “ Co))h exists. 

11. Let h e TL°°. Show that for all G M, except possibly countably 
many, weak-star-Hm„^ooK(r;T^(4 — ia))h exists and is equal to zero. 

12. Show that if h e L°° (K), a{h.) is countable. 

13. Let B be a homogeneous Banach space on K such that AP(K) c B c 
Cc (see 1.14). Describe the closure in B of AP(K). 

6 THE WEAK-STAR SPECTRUM OE BOUNDED EUNCTIONS 

6.1 Given a function h G we denote by [h] the smallest trans¬ 

lation invariant subspace of L°°{R) that contains h; that is, the span 
of {hyjy^Tg^. We denote by [h] the norm closure of [h] in L°°{R), and 
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by the weak-star closure [h] in L°°{R). Our definition 5.9 of the 
norm spectrum of h is clearly equivalent to 

a{h) = G M 

and we define the weak-star spectrum by 

Let h G L°°{R). The problem of weak-star spectral analysis is: find 
cr^» (h). The problem of weak-star spectral synthesis is: does h belongs 
to the weak-star closure of span (^t)? 

The corresponding problems for the uniform topology were studied 
in section 5. We have obtained some information about a{h) for arbi¬ 
trary h and complete information in the case that h was almost-periodic 
(see (5.6)); we proved that the norm spectral synthesis is valid for h if, 
and only if, h G ^P(R). The problem of weak-star spectral analysis 
admits the following answer: 

Theorem. For h G L°°{R), = S(/i). 

PROOF: The subspace of L^(R) orthogonal to [h] is composed of all the 
functions f (R) satisfying 

j f{x)h{x — y)dx = 0 for all y eR 

which is equivalent to 

(6.1) f:^h{-x)=0. 

We denote this subspace of L^(R) by [h]^. 

By the Hahn-Banach theorem, G if, and only if, 

I f{x)e^'i^dx = f{() = 0 

for all / G [h]^. 

We thus have an equivalent definition of as the set of all 

common zeros of {/: / G [h]^}. 

Assume 0 S(/t); if e > 0 is small enough {(io — e, ^o+£)nS(/t) = 0 
so that if / G L^(R) and the support of / is contained in (/o — £,/o + £) 
we have 

(/, h) = j f{x)h{x)dx = 0. 
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We claim that / is orthogonal not only to h, but also to all the translates 
of h, hence to [h]. This follows from 

(6.2) J f{x)h{x - y)dx = J f{x + y)h{y)dx, 

and since the Fourier transform of f{x + y) is hence supported by 

(Co—Co+£), both sides of (6.2) must vanish. There are many functions 
/ in A(R) supported by (Co — e,Co + s) such that /(Co) 0; it follows 

that Co is not a common zero of {/: / € hence Co 0 cr,„. (/i); this 
proves <7u>*{h) C S[/]. 

In the course of the proof of the converse inclusion we shall need 
the following lemma, due to Wiener. The proof of the lemma will come 
in chapter VIII (see VIII. 6 .2). 

Lemma. Assume f,fi G A(R) and assume that the support of fi is 
contained in a bounded interval U on which f is bounded away from 
zero. Then 

fi = gf for some g G L^(R). 

To prove S[/i] c {h), we have to show that if Co / {h), then 

h vanishes in some neighborhood of Co- Now, since Co ^ Tu,* (h), there 
exists a function / G L^(R) satisfying (6.1) and such that /(Co) f 0 and 
consequently / is bounded away from zero on some neighborhood U of 
Co. We contend that h vanishes in U, a contention that will be proved if 
we show that if fi g (R) and the support of fi is contained in U then 
fi * h{—x) = 0. By Wiener’s lemma there exists a function g G L^(R) 
such that /i = gf or equivalently fi = g * f. Now 

/i * h{—x) = {g * f) * h{—x) = g * if * h{—x)) = 0 

and the proof is complete. ◄ 

6.2 The Hahn-Banach theorem, used as in the foregoing proof, gives 
a convenient restatement of the problem of spectral synthesis. We in¬ 
troduce first the following notations: if if is a closed set on R write 

(6.3) /(iJ) = {/:/eL'(R),/(C) = 0 on E} 

and 


(6.4) 0(if) = {ff: 5 GL"°(R) and(/, 5)=0 for all / G/(if)}. 
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i{E) is clearly the orthogonal complement in L^{R) to the span of 
and fl(iJ) is the orthogonal complement in L°°{R) of i{E). 
By the Hahn-Banach theorem fl{E) is precisely the weak-star closure 
of span and the problem of (weak-star) spectral synthesis for 

h G L°°{R) can be formulated as: is it true that h e fl(cr,u,.(/i))? Equiv¬ 
alently, is it true that for / e rt(R) 

(6.5) Hi) = 0 on a,,., {h) ^ (/, h) = 0? 
or: is it true that, (/ e A(R)) 

( 6 . 6 ) /(e) = 0 on ^// = 0 ? 

(The equivalence of (6.5) and ( 6 . 6 ) follows from (6.2)). 

Theorem. Let f G j4(R) and h G EL°° and assume that f{() = 0 on 
S(/). Then 'S{fh) is a perfect subset of'Sl{j) n bdry(S(/i)). 

PROOF: By 4.10, S(//i) c S(/) n S(/) and since / vanishes on S(/i), 
no interior point of S(/) is in S(/). Let be an isolated point of 
S(//j); with no loss of generality we may assume /o = 0 and that 
(—r/, 7]) contains no other point of S(/7i). 

Write 1^,(0 = = sup(0, l-|rr^e|). We have S(l^,//) = {0} 

and consequently (see 4.11) K,,// = a6, with a f 0 a constant, and <5 
the unit mass concentrated at ^ = 0. By 4.11’ there exists a function 
g G L^(R) such that g vanishes in a neighborhood of ^ = 0, say in 
(-pi,? 7 i), and such that \\g - /lUq*) < {\a\/2)\\h\\lify,y (remember 
that /(O) = 0). Since ||K,,|| = 1, we have ||K,j(/ — g)h\\ < |a|/2 and, 
multiplying ever 3 dhing by we obtain, (remember that K^^^g = 0), 
a| = ||o(5||j!rL=o < |a|/2 which is a contradiction. Thus 'S{fh) has no 
isolated points and the proof is complete. ◄ 

Corollary. IfUfi) has countable boundary then h admits weak-star 
spectral synthesis; that is, h G fl(cr„,* (/),)). 

We recall that if S(/i) itself, and not just its boundary, is countable, 
and if h is uniformly continuous, then h G GlP(R) (theorem 5.25), that 
is, admits norm spectral synthesis. 

Weak-star spectral synthesis is closely related to the structure of 
closed ideals in A(R), and we shall discuss it further in chapter Vlll. In 
particular, we shall show that weak-star spectral synthesis in EL°° is 
not always possible. 
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7 THE PALEY-WIENER THEOREMS 

7.1 Our purpose in this section is to study the relationship between 
properties of analyticity and growth of a function on R, and the growth 
of its Fourier transform on R. The situation is similar to, though not as 
simple as, the case of functions on the circle. We have seen in chapter 
I (see exercise 1.4.4) that a function /, defined on T, is analytic if, and 
only if, f{n) tends to zero exponentially as \n\ oo. The simplicity of 
this characterization of analytic functions on T is due to the compact¬ 
ness of T. If we consider the canonical identification of T with the unit 
circle in the complex plane (i.e. t ^ e'‘), then a function / is analytic on 
T (i.e., is locally the sum of a convergent power series) if, and only if, 
/ is the restriction to T of a function F, holomorphic in some annulus, 
concentric and containing the unit circle. This function F is automati¬ 
cally bounded in an annulus containing the unit circle, and the Fourier 
series of / is simply the restriction to T of the Laurent expansion of F. 

Considering R as the real axis in the complex plane, it is clear that 
a function / is analytic on R if, and only if, it is the restriction to R of 
a function F, holomorphic in some domain containing R; however, this 
domain need not contain a whole strip {z: z = x + iy,\y\ < a}, nor need 
F be bounded in strips around R or on R itself (cf exercises 1 through 
3 at the end of this section). If we assume exponential decrease of / at 
infinity we can deduce more than just the analyticity of / on R; in fact, 
writing 

F{z) = ^ j 

we see that if /(^) = O for some a > 0, then F is well defined 

and holomorphic in the strip {z: \y\ < a}, and is bounded in every strip 
{z: \y\ < ai}, ai < a; by the inversion formula^, F\-jg^ = f. Under the 
same assumption we obtain also that, since / G L^(R), / G L^(R); and 
since for \y\ < a, F{x + iy) is the inverse Fourier transforms of e~^y f, 
we see that, as a function of x, F{x + iy) G L^(R) for all \y\ < a. Even 
with all this added information about the analytic function extending 
/ to a strip, we cannot obtain exponential decrease of /; we can only 
obtain that G L^(R) for all \y\ < a. 

Theorem (Paley-Wiener). For f G I/^(R), the following two condi¬ 
tions are equivalent: 

IF I denotes the restriction of F to R. 
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(1) / is the restriction to W of a function F holomorphic in the strip 
{z: \y\ < a} and satisfying 

(7.1) y |F(a.’+ iy)^|da; < const \y\ < a. 

(2) G L2(R). 

Proof: (2)^(1): write 

(V.2) F{z) = ^ I 

then by the inversion formula F\-^ = f; the function F is well defined 
and holomorphic in {z:\y\ < a}, and, by Plancherel’s theorem: 

I\F{x + iyf\dx =^J ' 

(1)^(2); write fy{x) = F{x + iy) (thus / = /o), and consider the 
Fourier transforms fy. We want to show that fy{f) = since 

by Plancherel’s theorem and (7.1), we would then have J\f{f)\^eFudx 
uniformly bounded in |y| < a, which clearly implies (2). Notice that if 
we assume (2) then, by the first part of the proof, we do have fy{f) = 

For A > 0 and z in the strip {z : \y\ < a} we put: 

I'OO 

(7.3) G\{z) = K\* F = / F{z — u)Kx{vXdu, 

J — OC 

where K denotes Fejer’s kernel. Gx is clearly holomorphic in the strip 
{z: \y\ < a} and we notice that ,gA,?y(ai) = Gx{x + iy) = Kx*fy and hence 
9^y{0 = Ka fyiO- Now since ffyf) has a compact support (contained 
in [—A, A]) we have gXfyiO = gfoiOF^^^ and consequently if |^| < A, 
fyiO = XXOf^'F Since A > 0 is arbitrary, the above holds for all ^ and 
the proof is complete. ◄ 

We may clearly replace the "symmetric" conditions of 7.1 by non- 
symmetric ones. The assumption (7.1) for —ai < y < a, with a, ai > 0, 
is equivalent to: (e“i^ + G L^(R). 

7.2 Theorem (Paley-Wiener). For f G T^(R) the following two 
conditions are equivalent: 
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(1) There exists a function F, holomorphic in the upper half-plane 
{z:y > 0}, and satisfying: 

(7.4) j\F{x + iy){^dx < const , y > 0 
and 

(7.5) lim f\F{x + iy) — f{x)\^dx = 0. 

!iiO J 

(2) /(O = 0 for f < 0. 

PROOF: (2) (1): Define F{z), for i/ > 0, by (7.2). F is clearly holo¬ 
morphic, F{x + iy) is the inverse Fourier transform of and, by 

Plancherel’s theorem, 

||F’(x + ty)||f,2(K) = < Il/Ili2(i) 

which establishes (7.4), and also 

\\F{x + iy) - /||l 2 (k) = 11/(6^^'^' - 1)11^2(4) ^ 0 

as y I 0. 

(1) ^ (2); write /i(x) = F{x + i). By 7.1: 

ll/e“^*'llL 2 (i) = + 'i + w)\\LyK) for-1 < y < oo 

and, in particular, by (7.4): 

(7.6) y'|/i(0|'e-2««dC< const. 

Letting y ^ oo, (7.6) clearly implies that f{f) = 0 for ^ < 0. By 
7.1, the Fourier transform of F{x + iy) is hence, by (7.5), 

/(C) = /i(C)e«,and/(C) = 0forC<0. ' ◄ 

*7.3 The foregoing proofs yield more information than that stated ex¬ 
plicitly. The proof of the implication (2) ^ (1) also shows that F is 
bounded for y > e > 0 since is then bounded. In the 

proof (1) ^ (2) no mention of / is needed nor is the assumption (7.5); 
if we simply assume that F is holomorphic in the upper half-plane and 
satisfies (7.4), we obtain, keeping the notations of the proof above, that 
fi e? G (R) and, denoting by / the function in (M) of which fi 
is the Fourier transform, we obtain (7.5) as a consequence (rather than 
as an assumption). The Phragmen-Lindelof theorem allows a further 
improvement: 



VI. Fourier Transforms on the Line 


191 


Lemma. Let F be holomorphic in a neighborhood of the closed upper 
half-plane {z:y >t}} and assume that 

(7.7) j\F{x)\^dx < oo 

and 

(7.8) lim log+|F(re"’)| = 0 

r —s-cxD 

for all 0 < 1 ? < TT. Then (7.4) is valid. 

PROOF: Let p be continuous with compact support on R, ||95 ||l 2 < 1- 
Write G{z) = p * F = F(z — u)p{u)du', then G is holomorphic in 
{z:y> 0}, satisfies the condition (7.8), and, on R,^ 

\G{x)\ < ||L|r||i,2||(^||^2 < ||F|r||£2. 

By thePhragmen-Lindeloftheoremwehave |G'( 2 :)| < ||F|]j 11/^2 through¬ 
out the upper half-plane, which means \ f F{x+iy)p{—x)dx\ < ||L|]j|| 2,2 
for y > 0. Since this is true for every p (continuous and with compact 
support) such that ||95 ||l 2 < 1, it follows that 


j \F{x + iy)\^dx < \F{x)fdx 


•4 


7.4 Theorem. Let F be an entire function and a > 0. The following 
two conditions on F are equivalent: 

(1) iF|]j G L^(R) and 

(7.9) |F(z)| = o(e“l^l) 

(2) There exists a function f G L^(R). /(C) = 0 .for |^| > a, such 
that 

(7.10) F{z) = ^J'^f{Oe‘Gdf 

PROOF: (2) ^ (1); if (7.10) is valid we have 

\Fiz)\ < 1“ 

IFI denotes the restriction of F to R. 
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Now 



1 piay 

_ < —_ 

47ri/' ~ 27r|y 


and consequently 


F{z)\ < 



which is clearly stricter than (7.9). The square summability of F|]j 
follows from PlanchereTs theorem. 


(1)=>(2); assume first that T’|r is bounded. The function G{z) = 
eJ‘"'^F{z) is entire, satisfies (7.9) in the upper half-plane, and G{iy) 0 
as y ^ oo. By the Phragmen-Lindelof theorem, G is bounded in the 
upper half-plane and, writing y = G|]j, it follows from Lemma 7.3 and 
Theorem 7.2 that g is carried by (0, co). Writing f = F\-^ we elearly 
have f{() = g{( + a) which implies f{() = 0 for ^ < —a. Similarly, 
considering Gi{z) = er'''^^F{z), we obtain /(^) = 0 for ^ > a and, 
writing H{z) = 1/2 tt f we obtain, by the inversion theorem, 

77 lu = T’lu so that F[ = F and (7.10) is established. 

In the general case, that is without assuming that F is bounded on 
R, we consider F^{z) = (p * F = f F(z — u)ip{u)du where p is an 
arbitrary continuous function with compact support. F^ satisfies the 
conditions in (1) and is bounded on R. Writing we have 

= fiO'fiO = 0 if 1^1 > a. Since p is arbitrary this 

implies /(^) = 0 for |^| > a and the proof is completed as before. ◄ 


EXERCISES FOR SECTION 7 

1. Show that F(z) = 2“"[(2 + rif + is analytic on M and 

F|]]j e n L°°(]R); however, F is not holomorphic in any strip {z: |y| < a}, 
a > 0. 

2. Show that for a proper choice of the constants {an} and {b„} the function 

is entire, Gjjj e (M), but G is unbounded on M. 

3. Show that H(z) = is entire, H\-^ e D L°°(R); however, i7 is 

unbounded on any line y = const ^ 0. 

4. Let F be holomorphic in a neighborhood of the strip {z: \y\ < a} and 
assume j'\F{x + iy)\'^dx < coii.st for |y| < a. Show that for z in the interior of 
the strip: 

F(z) = ^ 

27Ti / \u — ia — z u + ia — zj 

•J oc 
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5. Let /T be a measure on K, supported by [—a, a]. Define: 

F{z) = I 

Show that F is entire and satisfies F{z) = O ). Give an example to show 
that F need not satisfy (7.9). 

Ffint: F{z) = cos az. 

6. Let iz be a distribution on K, supported by [—a, a]. Show that the function 

F, defined by F(z) = J is entire and that there exists an integer N such 

that 

F(z) = O as|z|^oo. 

7. Titchmarsh’s convolution theorem: 

(a) Let F be an entire function of exponential type (i.e., F{z) = O 

for some a > 0) and assume that |F(.t)| < 1 for all real x and that F{iy) is real 
valued. Assuming that F is unbounded in the upper half-plane, show that the 
domain D = {z:y > 0, |F(z)| > 2} is symmetric with respect to the imaginary 
axis, is cormected, and its intersection with the imaginary axis is unbounded. 
Hint: Phragmen-Lindelof. 

(b) Let Fi and F 2 both have the properties of F in part (a) and denote the 
corresponding domains by Di, D 2 , respectively. Show that Di n D 2 =/= 9 and 
deduce that F 1 F 2 is unbounded in the upper half-plane. 

(c) Let fj e L^(K), j = 1,2, and assume that fj are both real-valued and 
carried by [—a, 0]. Show that if /i * /2 vanishes in a neighborhood of ^ = 0, so 
does at least one of the functions fj. 

Remark: : Titchmarsh’s theorem is essentially statement (c) above. The as¬ 
sumption that fj are real-valued is introduced to ensure that the corresponding 
Fj, defined by an integral analogous to (7.10), is real-valued on the imaginary 
axis. This assumption is not essential; in fact, part (c) is an immediate conse¬ 
quence of the Paley-Wiener theorems in the case /i = /2 (in which case part 
(b) is trivial), and the full part (c) can be obtained from it quite simply (see 
[18]). 

*8 THE FOURIER-CARLEMAN TRANSFORM 

We sketch briefly another way to extend the domain of the Fourier 
transformation. There is no aim here at maximum generality and we 
describe the main ideas using L°° (R) as an example, although only mi¬ 
nor modifications are needed in order to extend the theory to functions 
of polynomial growth at infinity or, more generally, to functions whose 
growth at infinity is slower than exponential. For more details we refer 
the reader to [3]. 



194 


An Introduction to Harmonic Analysis 


8.1 For h G L°°{R) we write 


( 8 . 1 ) 


Fi{hX) 


•0 

er^^^'h{x)dx 


F'lih.C,) = — / e F'^h{x)dx 

Jo 


C = C + w/, »? > 0 
C = C + < 0. 


Fi{h,() and F 2 {h,C) are clearly holomorphic in their respective do¬ 
mains of definition, and it is apparent from (8.1) that if r] > 0, then 
Fi {h, ^ + ir]) — F 2 {h, ^ — irj) is the Fourier transform of h. Flence 
if h e (R) we obtain 


(8.2) hm {F 2 {h,^ + n,)-F 2 {h,^-ifj)) = h{0 

r;^0+ 

uniformly. Since tends to h in the weak-star topology for any 

h e L°°{R), (8.2) is valid for every h e L°°{R) provided h is allowed to 
be a pseudo-measure and the limit is in the weak-star topology of FL°° 
as dual of A(M). 

Let us consider the case h e L^{R). If I is an interval on R disjoint 
from the support of h, and D is the disc of which / is a diameter, and if 
we define the function F in £) by 


(8.3) 


F{h,0 


Fi{h,0 V>0 

F2{h,Q) ?? < 0, 


then it follows from (8.2) that F(/i, () is well defined and continuous in 
D and it is holomorphic in F \ /. It is well known that this implies (e.g., 
by Morera’s theorem) that F{h, () is holomorphic in D. We see that in 
the case/i e L^nL°°(R), Fi{h,() andF 2 (/r, C) are analytic continuations 
of each other through the complement of S(/i) on R. On the other hand, 
if Fi{h, C) and F 2 {h, C) are analytic continuations of each other through 
an open interval I, h{^) = Fi (h, — F 2 (h, ^) = 0 on /, and /n S(/i) = 0. 

Denoting by c(/i) the set of concordance of (Fi(/i, d), F 2 {h, ()), that is, 
the set of points onR in the neighborhood ofwhieh Fi{h, C) and F 2 {h, () 
are analytic continuations of each other, we can state our result as 

Lemma. Assume h e V- D L°°{R); then S(/t) is the complement of 
c{h). 

8.2 We now show that the same is true without assuming h € (R). 

Theorem. For every bounded function h, S(/i) is the complement of 
c{h). 
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PROOF: Let £■ be a compact subset of c{h)', then, as rj ^ 0+, 
Fi{h,^ + ill]) — F 2 {h,^ — irf) 0 uniformly for ^ € E. If / G ^(R) 
and the support of / is contained in E, then 

(8.4) {fyh)= lim ^ I fiOFiihyS, + irj) - Fiih,^ - ir])dC = 0 

'r/^0+ ZTT J 

which proves S(h) n c{h) = 0. 

The fact that ^ implies G c(/i) is obtained from Lemma 
8.1 and the following simple lemma about removable singularities: 

8.3 Lemma. Let I be an interval on the real line, D the disc in the 
C plane of which I is a diameter, F a holomorphic function defined in 
D\I, satisfying the growth condition 

(8.5) \F{f + M/)| < const 

Assume that there exist functions which are holomorphic in D, 
satisfy (8.5) (with a constant independent of j) and <l>j(C) ^ L(() in 
D\I. Then F can be extended to a function holomorphic in D. 

PROOF: Let Di be a concentric disc properly included in D and D 2 a 
concentric disc properly included in Di. Denote by ( 1 , (2 the points of 
intersection of the boundary of with /. 

The functions (( — Ci)"(C “ C2)"4>j(() are uniformly bounded on 
the boundary of Di , hence in Di, and consequently are uniformly 
bounded in D 2 . The Cauchy integral formula now shows that con¬ 
verge uniformly in D 2 to a holomorphic function which agrees with F 
on D 2 \ L Since D'^ is an arbitrary concentric disc in D, the lemma 
follows. ◄ 


8.4 Lemma. Let h G L°°{R); then 

\FfhX)\ < ||/i||oorri C = ( + ir]y ri>0 

|T2(h,C)l < P^llool'dr^ c = ^ + fi, ^>0- 

Proof: 


Ff h,0\ < / e^fhix)\dx< ||/i||c 


e^^dx = ||/i||oo?? 


and similarly for F 2 . 


•4 
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We can now finish the proof of Theorem 8.2. We have to show that 
if <^o ^ then G c{h). Assume ^ S(/i); by Lemma 4.7, 

has an interval I about it which does not intersect S(/iKa) provided A 
is large enough (K^ is the Fejer kernel and S(K;v) = [—1/A, 1/A]). If D 
is the disc for which / is a diameter, it follows from Lemma 8.1 that 
the pair {Fi{hKxX),F 2 {hKxX)) defines holomorphic functions 'I’a in 
D, which clearly converge, as A ^ cx) to {Fi{h, (),F 2 {h, ()) on D\l. By 
Lemma 8.4 we can apply Lemma 8.3 and the theorem follows. ◄ 

The Fourier-Carleman transform thus gives an alternative definition 
of the weak-star spectrum of a bounded function. As an illustration 
we indicate briefly how Theorem 4.11 can be obtained by Carleman’s 
method. We assume again h G L°°{R) and S(/i) = {0}. The pair 
{Fi{h, (), F 2 {h, 0) defines an analytic function whose only singularity 
in the finite ( plane is at the point / = 0. By Lemma 8.4 and the 
Phragmen-Lindelof theorem, 4> tends to zero at infinity and has a simple 
pole at / = 0. Hence, for some constant c, 4>(/) = c/i(, which is the 
Fourier-Carleman transform of the constant c. 

9 KRONECKER’S THEOREM 

9.1 Theorem (Kronecker). Let Ai, A 2 ,..., A„ be real numbers, in¬ 
dependent over the rationals. Let ui,..., be real numbers and e > 0. 
Then there exists a real number x such that 

(9.1) <£, j = l,2,...,n. 

Kronecker’s theorem is equivalent to 

9.2 Theorem. Ai, A 2 ,..., A„ be real numbers, independent over the 
rationals, Aq = 0, and let a^.ai,, a„ be any complex numbers. Then 

n n 

(9.2) sup^ I ^ aj I = ^IUj I. 

j=0 j=0 

We first establish the equivalence of Theorems 9.1 and 9.2 and then 
obtain 9.2 as a limit theorem. 

Proof that 9.1 ^ 9.2: Write aj = rje®“L C > 0. By 9.1, there exist 
values of x for which | is small, ) = 1,..., n. For these 

values of .T, is close to e®“‘’ 


•4 



VI. Fourier Transforms on the Line 


197 


Proof that 9.2 ^9.1: Consider the polynomial 1+X^x and 

notice that its absolute value can be close to n + 1 only if all the sum¬ 
mands are close to 1, that is, only if (9.1) is satisfied. ◄ 

Remark: If Ai,..., A„, tt are linearly independent over the rationals, 
we can add the condition _ 1 | < g which essentially means that 
we can pick a; in (9.1) to be an integer. 

Theorem 9.2 is a limiting case of Theorem 9.3^? below. The idea in the 
proof is that used in the proof of Lemma V. 1.3, that is, the application 
of Riesz products and of the inequality 

(9.3) M{fg) < \\f\\ooM{\g\) 

which is clearly valid for f,g G AP{R) (see (5.5)). Actually, we use 
(9.3) for polynomials only, in which case the existence of the limit (5.5) 
and the fact that it equals the constant term are obvious, and this section 
is essentially independent of section 5. 

For the sake of clarity we state 9.3 ^ first for A = 1, as 

9.3 Theorem. Let Ai,..., A„ be real numbers having the following 
properties: 


n 

(a) = 0 Ej = —1,0,1, ^ Ej = 0 for all j. 

1 

n 

(b) ^EjA, = Afc Ej = -1,0,1, ^ Ej = 0 forj f k. 

1 

Then, for any complex numbers ai,... 

( 9 . 4 ) 


Proof: Write a, = r.je''"-’, Vj > 0 and 


g{x) = n(i + cos(AjX + af) 
1 


/(*)= Yj 


g is a nonnegative trigonometric polynomial whose frequencies all have 
the form Y^E-jX^Ej = —1,0,1. By (a), the constant term in is 1, hence 
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M{g) = M{\g\) = 1. By (b), the constant term (which is the same as the 
mean value) of fg is | r-j and, by (9.3), 

1 ” 

-^rj<sup|/|. ^ 

1 


9.3iv Theorem. Let Ai,..., A„ he real numbers having the following 
properties: 

n 

(a) Sj integers^ \£j\ ^ ^ for all j. 

1 

n 

(b) £j integers, |cj| < => Cj = 0 for j f k. 

1 

Then, for any complex numbers ai,..., a„ 

(9.4,v) sup,J\Y,a,e^f > (l - jfj) ^|a,|. 

PROOF: Virtually identical to that of 9.3; we only have to replace g as 
defined there by 

n 

gi^) = Kn{XjX + af 
1 

where K 7 v(t’) = f2-N j. We leave the details to the reader, 

•4 

It is clear that if Ai,..., An are linearly independent, the conditions 
of 9.37V are satisfied for all N and consequently we obtain (9.4Ar) for 
all N, hence (9.2). This completes the proof of theorem 9.2 and hence 
of Kronecker’s theorem. ◄ 

For a different approaeh see VII.3. 

9.4 The extension of theorem 9.1 to infinite, linearly independent sets 
presents a certain number of problems, not all of which are solved. We 
restrict our attention to compact linearly independent sets E and ask 
under what conditions is it possible to approximate uniformly on E ev¬ 
ery fimction of modulus 1, by an exponential. The obvious answer is 
that this is possible if, and only if, E is finite; this follows from Kro¬ 
necker’s theorem ("if) and the fact that uniform limits of exponentials 
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must be continuous on E, and if E is infinite (and compact) not all func¬ 
tions of modulus 1 are continuous ("only if). We therefore modify our 
questions and ask under what condition is it possible to approximate 
uniformly on E every continuous function of modulus 1 by an expo¬ 
nential. We do not have a satisfactory answer to this question; for some 
sets E the approximation is possible, for others it is not, and we intro¬ 
duce the following: 

Definition : A compact set C R is a Kronecker set if every contin¬ 
uous function of modulus 1 on f can be approximated on E uniformly 
be exponentials. 

The existence of an infinite perfect Kronecker set is not hard to es¬ 
tablish by a direct construction. We choose, however, to prove it by a 
less direct method which also may be used to obtain finer results (see 
[14]). 

Theorem. Let E be a perfect totally disconnected set on M. Denote 
by Cwl{E) the space of continuous, real-valued functions on E. Then 
there exists a set G of the first category^ in CfiE) such that every p e 
C^{E) \ G maps E homeomorphically onto a Kronecker set. 

PROOF: A function p G G^{E) maps E homeomorphically onto a Kro¬ 
necker set if, and only if, for every continuous function h of modulus 1 
on E and for every e > 0, there exists a real number A such that 

(9.5) sup,^^|f^‘^(-)-/i(x)| <£ 

We show first that if we fix h and e, the set of functions p for which 

(9.5) holds for an appropriate A is everywhere dense in GfiE). For this, 
let f G CfiE) and let ?] > 0. We take A = 10?]“^ and write £" as a 
union of disjoint closed subsets Ej, j = 1,... ,N, the Ej’s being small 
enough so that the variation of either h or on Ej does not exceed 
£:/3. Let e‘“j be a value assumed by h on Ej and efij a value assumed 
by on Ej; we may clearly assume \aj\ < tt and \l3j\ < tt for all j. 
We now define 

cy - — • 

(9.6) p{x) = fix) H— — — - for x G Ej. 

A 

We have p G CfiE) and \\p — f\\oD < 27r/A < r/; also, checking on each 
Ej, it is clear that (9.5) holds. 

iCj{(i?), with the metric given by the norm ||y3||oo = sup^gE|y3(x)|, is a complete 
metric space. 
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It follows that the set G{h, e) of all Lp G C^{E) for which (9.5) holds 
for no A G R, a set which is clearly closed, is nondense. Taking a se¬ 
quence of continuous functions of modulus 1, say {K,}, which is dense 
in the set of all such functions, and taking a sequence of positive num¬ 
bers {srn} such that e„i 0, it is clear that G = Un.rnG{hn, e„i) is of the 
first category. Also, if p ^ G, then every can be approximated uni¬ 
formly on E by with appropriate A’s hence so can every continuous 
function of modulus 1 and the theorem follows. ◄ 


EXERCISES FOR SECTION 9 

1. Let Ai,..., A„ be linearly independent over the rationals and let /i,..., 
be continuous and periodic on M, having periods respectively. Show that 
the closure of the range of / = /i + • ■ • + /„ is precisely range (/o) + • ■ • +range 
(/n). Deduce that if 0 e range (/)) for all j, then 

- 6 

Hint: Show that if ci .... Cn are complex numbers, one can find ei,..., the 
Ej ’s being zero or one, such that | ^ Sj cj | >IEIol. 

2. Let / e APfR) and assume that a{f) is independent over the rationals. 
Show that / is a measure and that ||/||oo = ||/|lM(i)' 

3. Let / e AP{R) and assume that a{ f) C Show that / is a 

measure and that ||/||jvf(i) < 2||/||oo. 

4. Let Ai,.... An be real numbers. Set Ao = 0 and assume that for any 
choice of complex numbers ao, ■ ■ ■ .Un, (9.2) is valid. Show that Ai,..., An are 
linearly independent over the rationals. 

5. Construct a sequence {Aj} of linearly independent numbers such that 
\j 0, and such that {Aj} U {0} is not a Kronecker set. 

6. Show that every convergent sequence of linearly independent numbers 
contains an (infinite) subsequence which is a Kronecker set. 
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Fourier Analysis on Locally Compact 
Abelian Groups 


We have been dealing so far with spaees of functions defined on 
the circle group T, the group of integers Z, or the real line R (or R). 
Most of the theory can be carried, without too much effort, to spaces of 
functions defined on any locally compact abelian group. The interest 
in such a generalization lies not only in the fact that we have a more 
general theory, but also in the light it sheds on the "classical" situations. 
We give only a brief sketch of the theory: proofs, many more facts, and 
other references can be found in [5], [9], [15] and [24]. 

1 LOCALLY COMPACT ABELIAN GROUPS 

A locally compact abelian (LCA) group is an abelian group, say G, 
which is at the same time a locally compact Hausdorff space and such 
that the group operations are continuous. To be precise: if we write 
the group operation as addition, the continuity requirement is that both 
mappings a; ^ — a; of G onto G and {x.y) ^ x + y of GxG onto G are 
continuous. For a fixed x G G, the mappings y ^ x + y is a homeomor- 
phism of G onto itself which takes 0 into x. Thus the topological nature 
of G at any .r G G is the same as it is at 0. 

Examples: 

(a) Any abelian group G is trivially an LCA group with the discrete 
topology. 

(b) The circle group T and the real line R with the usual topology. 

(c) Let G be an LCA group and H a closed subgroup, then H with 
the induced structure is an LCA group. The same is true for the 
quotient group G /H if we put on it the canonical quotient topology 
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that is, if we agree that a set U m G/H is open if, and only if, its 
preimage in G is open. 

(d) The direct sum of a finite number of LCA groups is defined as the 
algebraic direct sum endowed with the product topology; it is again 
an LCA group. 

(e) The complete direct sum of a family {G„}- a G /, of abelian 
groups is the group of all "vectors" {xa}a^i,Xa G Ga, where the 
addition is performed coordinatewise; {xq,}+ {!/„} = {xa +2/a}- If 
for all a e I, is a compact abelian group, the product topology 
on the complete direct sums make it a compact abelian group. This 
follows easily from Tychonoff’s theorem. 

If for every positive integer n, is the group of order two, then 
the complete direct sum of {G„} is the group of all sequences {£„}, 
£„ = 0,1 with coordinatewise addition modulo 2, and with the topology 
that makes the mapping {e„} 2 £,7.3^" a homeomorphism of the 

group onto the classical cantor set on the line. We denote this particular 
group by D. 

2 THE HAAR MEASURE 

Let G be a locally compact abelian group. A Haar measure on G is 
a positive regular Borel measure p, having the following two properties: 

(1) KE) < CO if i? is compact; 

(2) p{E + x) = p{E) for all measurableL- c G and all x G G. 

One proves that a Haar measure always exists and that it is unique up 
to multiplication by a positive constant; by abuse of language one may 
therefore talk about the Haar measure. The Haar measure of G is finite 
if, and only if, G is compact and it is then usually! normalized to have 
total mass one. If G = T or G = T” the Haar measure is simply the 
normalized Lebesgue measure. If G = R the Haar measure is again a 
multiple of the Lebesgue measure. If G is discrete, the Haar measure is 
usually! normalized to have mass one at each point. If G is the direct 
sum af Gi and G 2 , the Haar measure of G is the product measure of 
the Haar measures of Gi and G 2 . The Haar measure on the complete 

I Except when G is finite; it is as usual to introduce the "compact" normalization as it 
is the "discrete." 
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direct sum of a family of compact groups is the product of the corre¬ 
sponding normalized Haar measures. In particular, the Haar measure 
on the group D defined above corresponds to the well-known Lebesgue 
measure on the Cantor set, the homeomorphism defined above being 
also measure preserving. 

Let G be an LCA group; we denote the Haar measure on G by dx, 
and the integral of / with respect to the Haar measure by f{x)dx or 
simply J f{x)dx. For 1 < p < oo we denote by Lp{G) the space 
on G corresponding to the Haar measure. One defines convolution on 
Ghy if * g){y) = f{y - x)g{x)dx and proves that if f,g e L'^{G) 
then f *g e L^{G) and \\f * gh^^G) < IL/IUvg) ll.glUvc) so that L^{G) 
is a Banach algebra under convolution. We may define homogeneous 
Banach spaces on any LCA group G as we did for T or R, that is, as 
Banach spaces B of locally integrable functions, norm invariant under 
translation and such that the mappings y fy are continuous from G 
to B for all / G B. Remembering that for 1 < p < oc the continuous 
functions with compact support are norm dense in Lp{G), it is clear that 
L'\G) is a homogeneous Banach space on G. 

Let B be a homogeneous Banach space on an LCA group G. Using 
vector-valued integration we can extend the definition of convolution 
so that f * g is defined and belongs to B for all / G L^{G) and g e B 
and show that ||/ * g\\B < Wfh^G)\\g\\B- 

Definition: A summability kernel on the LCA group G is a di¬ 
rected family {fc„} in L^{G) satisfying the following conditions: 

(a) IlfcalUvG) < const-, 

(b) J ka(x)dx = 1; 

(c) if U is an neighborhood of 0 in G, lima f^^ylka(x)ldx = 0. 

If {ka} is a summability kernel on G and if B is a homogeneous 
Banach space on G, then lim„ \\k„ * g — g\\n = 0 for all g G B. 

3 CHARACTERS AND THE DUAL GROUP 

A character on an LCA group G is a continuous homomorphism of 
G into the multiplicative group of complex numbers of modulus 1, that 
is, a continuous complex-valued function t;{x) on G satisfying: 

|C(a;)| = l and Hx + y) = i{x)^{y). 
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The trivial character is ^(a;) = 1 identically. If G is non-trivial there are 
non-trivial characters on it. 

The set G of all the characters on G is clearly a commutative multi¬ 
plicative group (under pointwise multiplication). We change the nota¬ 
tion and write the group operation of G as addition and replace ^(x) by 
(x, or sometimes by e’^®. 

We introduce a topology to G by stipulating that convergence in 
G is equivalent to uniform convergence on compact subsets of G (the 
elements of G being functions on G). Thus, a basis of neighborhoods 
of 0 in G is given by sets of the form {C H C) “ 11 < *= x G if} 

where if is a compact subset of G and e > 0. Neighborhoods of other 
points in G are translates of neighborhhods of 0. It is not hard to see 
that with this topology G is an LCA group; we call it the dual group of 
G. 

For each x e G, the mapping ^ (x, defines a character on G. 

The Pontryagin duality theorem states that every character on G has this 
form and that the topology of uniform convergence on compact subsets 
of G coincides with the original topology on G. In other words, if G is 
the dual group of G, then G is the dual of G. 

Examples: (a) For G = T with the usual topology every character 
has the form t g-«u for some integer n, the topology of uniform 
convergence on T is clearly the discrete topology and T = Z. Similarly, 
we check Z = T; this illustrates the Pontryagin duality theorem. 

The example G = T hints the following general theorem; The dual 
group of any compact group is discrete (see exercise 5 at the end of this 
section). Also: The dual group of every discrete group is compact. 

(b) Characters on R all have the form x ^ for some real 
The dual group topology is the usual topology of the reals and M is 
isomorphic to M. 

(c) If if is a closed subgroup of an LCA group G, the annihilator 
of H, denoted H^, is the set of all characters of G which are equal to 
1 on H. is clearly a closed subgroup of G . If ^ G H^, ^ defines 
canonically a character on G/H; on the other hand, every character 
on G/H defines canonically (by composition with the mapping G i-^ 
G/H) a character on G. This establishes an algebraic isomorphism 
between the dual group of G/H and H^. One checks that this is also a 
homeomorphism and the dual of G/H can be identified with H^. 

If if is a proper closed subgroup, then H^ is non-trivial. 

(d) By (c) above and the Pontryagin duality theorem: G/H^ is the 
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dual group of H. 

(e) If Gi and G 2 are LCA groups, then Gi © G 2 can be identified 
with Gi © G 2 through 

< ixi,X2), (‘Cl, C 2 ) > = < T’l, >< X2, ^2 > ■ 

In particular, the dual group of T” is Z”, the characters have the 
form (ti,..., t„) 1 -^ with aj G Z. 

(f) If Ga, is a compact abelian group for every a belonging to some 
index set I, and if G is the complete direct sum of {Ga }, then G can be 
identified with the direct sum of {Gq} (with the discrete topology). The 
direct sum of a family {G,,} of groups is the subgroup of the complete 
direct sum consisting of those vectors {^ajae/, ia c Ga, such that 
tia = 0 in Ga for all but a finite number of indices. 

The dual group of the group of order two is again the group of order 
two. Consequently, the dual group of the group D introduced above is 
the direct sum of a sequence of groups of order two. If we identily the 
elements of D as sequences {e„}, = 0, fi then D is the discrete group 

of sequences {(«}, Cn = 0,1 with only a finite number of ones, and 

<{£n}.{Cn}>=(-l)S^"^© 

Remark: A natural way to look at Kronecker’s theorem VI.9.3 is: 

Assume that Ai,...,A„’s are rationally independent mod 27r and 
consider A = (Ai... A„) e T”. The set A = (jA:,) e Z) is a subgroup, 
and Kronecker’s theorem states that it is dense in T". If it weren’t, 
its closure A would be a closed proper subgroup and there would be a 
non-trivial (oi,..., a,,) G Z" which is trivial on A, i.e. cijXj G 27rZ. 

4 FOURIER TRANSFORMS 

Let G be an LCA group; the Fourier transform of / G L^{G) is 
defined by 

/(O = / dx, C e G. 

JG 

We denote by A{G) the space of all Fourier transforms of functions in 
L^(G). Since we have {f + g) = f + g and f * g = fg, A(G) is an al¬ 
gebra of functions on G under the pointwise operations. The functions 
in A{G) are continuous on G; in fact, an equivalent way to define the 
topology on G is as the weak topology determined by A{G), that is, as 
the weakest topology for which all the functions in A{G) are continu¬ 
ous. 
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With the Haar measures on G and G properly normalized one proves 
inversion formulas stating essentially that f{—x) is the Fourier trans¬ 
form of / in some appropriate sense, and literally if / is continuous 
and / G L^{G). One deduces the uniqueness theorem stating that if 
/ G (G) and / = 0 then / = 0. 

From the inversion formulas one can also prove PlanchereFs the¬ 
orem. This states that the Fourier transformation is an isometry of 

n L‘^{G) onto a dense subspace of L'^{G) and can therefore be ex¬ 
tended to an isometry of L'^{G) onto L‘^{G). One can now define the 
Fourier transform of functions in U'{G), 1 < p < 2, by interpolation, 
and obtain inequalities generalizing the Flausdorff-Young theorem (as 
we did in VI.3 for the case G = R). 

We denote by M{G) the space of (finite) regular Borel measures 
on G. M{G) is a Banach space canonically identified with the dual of 
G°(G). The fact that the underlying space G is a group permits the def¬ 
inition of convolution in M{G) (analogous to that which we introduced 
in 1.7 for the case G = T). With the convolution as multiplication, 
M(G) is a Banach algebra. We keep the notation p * u for the convolu¬ 
tion of the measures p and u. L^{G) is identified as a closed subalgebra 
of M{G) through the correspondence / ^ fdx. 

The Fourier (Fourier-Stieltjes) transform of i^i G M{G) is defined by 

A(‘^) = y < 2 ;,^ >dj^i{x), ^ G G. 

For all jx G M{G), /i(^) is uniformly continuous on G. If p = fdx with 
/ G T^(G), then ji{f) = f{f). The mapping ^ fi is clearly linear 
and we have /ITT = jlu so that the family B{G) = {/ti/x G M(G)} of 
all Fourier-Stieltjes transforms is an algebra of uniformly continuous 
functions on G under pointwise addition and multiplication. 

A function p defined on G is called positive definite if, for every 
choice of ,..., G G and complex numbers zi,... ,zn we have 
> 0- Weil’s generalization ofHerglotz-Bochner’s 
theorem states that a function pfi) on G is the Fourier transform of a 
positive measure on G if, and only if, it is continuous and positive def¬ 
inite. 

5 ALMOST-PERIODIC FUNCTIONS AND THE BOHR 
COMPACTIFICATION 

Let G be an LCA group. A function / G L°°{G) is, by definition, 
almost-periodic if the set of all translates of /, {fy}y^G is precom- 
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pact in the norm topology of L°°{G) (compare with VI.5.5). We de¬ 
note the space of all almost-periodic functions on G by AP{G). One 
proves that almost-periodic functions are uniformly continuous and are 
uniform limits of trigonometric polynomials on G (i.e., of finite lin¬ 
ear combinations of characters). Since trigonometric polynomials are 
clearly almost-periodic, one obtains that AP{G) is precisely the closure 
in L°°{G) of the space of trigonometric polynomials. 

If G is compact we have AP{G) = C{G). In the general case we 
consider the groups {G)d, the dual group of G with its topology replaced 
by the discrete topology, and G, the dual group of (G)d- G is the group 
of all homomorphisms of G into T, and it therefore contains G (which 
is identified with the group of all continuous homomorphisms of G into 
T). One proves that the natural imbedding of G into G is a continuous 
isomorphism and that G is dense in G. Being the dual of a discrete 
group, G is compact; we call it the Bohr compactification of G. The 
Bohr compactification of the real line is the dual group of the discrete 
real line and is usually called the Bohr group. 

Assume / e AP{G); let {Pj} be a sequence of trigonometric poly¬ 
nomials which converges to / uniformly. Then, since G is dense in 
G, {Pj} converges uniformly on G (every character on G extends by 
continuity to a character on G. It follows that / is the restriction to G 
of limPj = F € G(G). Conversely, since every continuous function F 
on G can be approximated uniformly by trigonometric polynomials, it 
follows that AP{G) is simply the restriction to G of G(G). 

EXERCISES 

1. Let G be an LCA group and g the Haar measure on G. Show that if U is 
a nonempty open set in G then /i(C7) > 0. 

Flint: Every compact set P c G can be covered by a finite number of translates 
of C. 

2. Let G be an LCA group and fj, the Haar measure on G. Let 77 be a 
compact subgroup. Describe the Haar measure on G/Fl. 

3. Let Gi and G 2 be eompact abelian groups and let G = Gi © G 2 . Denote 
by u, jii, ij ,2 the normalized Haar measures on G, Gi, G 2 , respectively. Con¬ 
sidering Pj, j = 1, 2, as measures on G (carried by the closed subgroups Gj), 
prove that 

P = pi * jl2. 

4. Let G be a compact group and {77n} an increasing sequence of compact 

subgroups such that is dense in G. Denote by p, pn, respectively, the 
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normalized Haar measure of G, Hn, respectively. Considering the p-n’s as 
measures on G, show that /in ^ M in the weakstar topology of measures. 

5. Let G be a group and let and ^2 be distinct characters on G. Show that 

sup^^g,|< > - < x,^2 >1 > VS- 

Deduce that if G is a compact abelian group, then G is discrete. 

6. Let G be a compact abelian group with normalized Haar measure and let 
^ e G. Show that 

f fl ifC = 0 

Ja \0 if^^O. 

7. Let G be a compact abelian group. Show that the characters on G form a 
complete orthonormal family in L^(G). 



Chapter VIII 


Commutative Banach Algebras 


Many of the spaces we have been dealing with are algebras. We 
used this fact, implicitly or semi-explicitly, but only on the most ele¬ 
mentary level. Our purpose in this chapter is to introduce the reader 
to the theory of commutative Banach algebras and to show, by means 
of examples, how natural and useful the Banach algebra setting can be 
in harmonic analysis. There is no claim, of course, that every prob¬ 
lem in harmonic analysis has to be considered in this setting; however, 
if a space under study happens to be either a Banach algebra, or the 
dual space of one, keeping this fact in mind usually pays dividends. 
The introduction that we offer here is by no means unbiased. The top¬ 
ics discussed are those that seem to be the most pertinent to harmonic 
analysis and some very important aspects of the theory of commutative 
Banach algebras (as well as the entire realm of the noncommutative 
case) are omitted. As further reading on the theory of Banach algebras 
we mention [5], [15], [19] and [21]. 

1 DEFINITION, EXAMPLES, AND ELEMENTARY PROPERTIES 

1.1 Definition : A complex Banach algebra is an algebra B over the 
field C of eomplex numbers, endowed with a norm || || under which it 
is a Banach space and such that 

(1-1) Ikj/ll < ||a:||||y|| 

for any x,y € B. 

Examples: (1) The field C of complex numbers, with the absolute 

value as norm. 

(2) Let X be a compact Hausdorff space and C{X) the algebra of 
all continuous complex-valued functions on X with pointwise addition 
and multiplication. C'(X) is a Banach algebra under the supremum 


209 



210 


An Introduction to Harmonic Analysis 


norm (also referred to as the sup-norm) 

(1-2) ll/lloo = sup,^,g_y|/(x)|. 

(3) Similarly, if X is a locally compact Hausdorff space, we denote 
by Cq{X) the sup-normed algebra (with pointwise addition and multi¬ 
plication) of all continuous functions on X which vanish at infinity (i.e., 
the functions / for which {x : \f{x)\ > e} is compact for all e > 0). 

(4 )C'” (T)-the algebra of all n-times continuously differentiable func¬ 
tions on T with pointwise addition and multiplication and with the norm 

ll/llc- = E4max|/W(t)|. 

0 

(5) HC{D) —the algebra of all functions holomorphic in D (the unit 
disc {z: |a| < 1}) and continuous in D, with pointwise addition and 
multiplication and with the sup-norm. (6) L^(T)-with pointwise addi¬ 
tion and the convolution (1.1.8) as multiplication, and with the norm 
II IIli • Condition (1.1) is proved in Theorem 1.1.7. Similarly—L^(R). 

(7) M(T)-the space of (Borel) measures on T with convolution as 
multiplication and with the norm || ||m(t) (see 1.1.7). Similarly-Af(i?,). 

(8) The algebra of linear operators on a Banach space with the stan¬ 
dard multiplication and the operator norm. 

(9) Let B be a Banach space; we introduce to B the trivial multipli¬ 
cation xy = 0 for all x,y B. With this multiplication B is a Banach 
algebra. All the foregoing examples, except (8), have the additional 
property that the multiplication is commutative. In all that follows we 
shall deal mainly with commutative Banach algebras. 

1.2 In all the examples except for (3), (6), and (9), the algebras have 
a unit element for the multiplication: the number 1 in (1); the function 
/(a;) = 1 in (2), (4), and (5); the unit mass at the origin in (7); and the 
identity operator in (8). It is clear from 1.1.7 that if / G B^(T) were a 
unit element, we would have f{n) = 1 for all n which, by the Riemann- 
Lebesgue lemma, is impossible; thus B^(T) does not have a unit. 

Let B be a Banach algebra. We consider the direct sum Bi = B 0C, 
that is, the set of pairs (x, A), x € B, A G C; and define addition, 
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multiplication, scalar multiplication and norm in Bi by: 


{xi, Ai) + {x2, A2) — (xi + X2, Ai + A2) 

(xi, Ai)(x 2 , A 2 ) = (xiX 2 + A 1 X 2 + A 2 X 1 , A 1 A 2 ) 

A(xi,Ai) = (Axi,AAi) 
ll(x, A)||bi = ||x||b + |A|. 

It is clear, by direct verification, that is a Banach algebra with a unit 
element (namely (0,1)). We now identify B with the set of pairs of the 
form (x.O), which is clearly an ideal of codimension 1 in Bi. We say 
that Bi is obtained from B by a formal adjoining of a unit element; 
this simple operation allows the reduetion of many problems eoncem- 
ing Banaeh algebras without a unit to the corresponding problems for 
Banaeh algebras with unit. If B is an algebra with a unit element we 
often denote the unit by 1 and identify its scalar multiples with the cor¬ 
responding complex numbers. Thus we write "1 e B" instead of "B 
has a unit element," and so on. This notation will be used when eon- 
venient and may be dropped when the unit element has been identified 
differently. 

1.3 Every normed algebra, that is, complex algebra with a norm satis¬ 
fying (1.1) but under which it is not necessarily eomplete, can be com¬ 
pleted into a Banach algebra. This is done in the same way a normed 
space is completed into a Banach space. If Bq is a normed algebra, we 
denote by B the space of equivalence classes of Cauchy sequences in 
Bo, determined by the equivalence relation: 

{xri} ~ {j/n} if, and only if, lim||x„ - y„|| = 0. 

One checks immediately, and we leave it to the reader, that if {x„ } 
{x'J and {y„} ~ {y'J then {x„ + ?/„} ~ {x'„ + y'J, {Ax.,J ~ {AxjJ, 
{xuVn] ~ {x'nV'n} and lim„^oo||x„|| = lim„^oo||x'J|; hence we can de¬ 
fine addition, scalar multiplication, multiplication, and norm in B as 
follows: for x,y G B, let {x„} (resp. {(/„}) be a Cauchy sequence in 
the equivalence class x (resp. y), then x + y (resp. Ax, xy) will be the 
equivalence class containing {x„ + ?/„} (resp. {Ax„}, {x„y„}) and ||x|| 
is, by definition, lim„^oo||x.n||. With these definitions, B is a Banach 
algebra and the mapping which associates with an element a e Bq the 
equivalence class of the "constant" sequence {x„}, x„ = a for all n, is 
an isometric embedding of Bq in B as a dense subalgebra. 
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1.4 The condition (1.1) on the norm in a Banach algebra implies the 
continuity of the multiplication in both factors simultaneously. Con¬ 
versely: 

Theorem. Let B he an algebra with unit and with a norm || || under 
which it is a Banach space. Assume that the multiplication is continu¬ 
ous in each factor separately. Then there exists a norm || ||' equivalent 
to II 11, for which (1.1) w valid. 

PROOF: By the continuity assumption, every x G B defines a contin¬ 
uous linear operator : y ^ xy on B. x f 0, Aj-fl) = x, and 
consequently A.^. f 0 ; also A.^^.^fy) = xix’ay = A.^fx2y) = A.^^A.^pj 
hence the mapping x Aj, is an isomorphism of the algebra B into the 
algebra of all continuous linear operators on B. Let || ||' be the induced 
norm, that is, 

(1-3) ||a;'ir = ll^xll = sup||y||<i||x"y|| 

then II II' is clearly a norm on B and it clearly satisfies (1.1). We also 
remark that 

(1.4) ii.Tir>iiiir'iixii 

(take y = || 11 | in (1.3)) and, consequently, if xy,,, is a Cauchy sequence 
in II II', it is also a Cauchy sequence in || ||, and so converges to some 
xq G B. We contend now that lim||x„ — xq\\' = 0 which is the same 
as lim||Aa;,^ — A^oW = 0. This follows Ifom: (a) {Ax„} is a Cauchy 
sequence in the algebra of linear operators on B hence converges in 
norm to some operator Aq; (b) A-^^y = x„y xoy = A-^^^y for all y & B 
(here we use the continuity of xy in x). It follows that Aq = A^g and 
the contention is proved. We have proved that B is complete under the 
norm || ||', and since the two norms, || || and || ||' are comparable, (1.4), 
they are in fact equivalent (closed graph theorem). ◄ 

Remark: The norm || ||' has the additional property that ||1||' = 1; 
hence there is no loss of generality in assuming as we shall henceforth 
do implicitly, that whenever 1 G B, ||1|| = 1. 

1.5 Theorem. Let B be a commutative Banach algebra and let I 
be a closed ideal in B. The quotient algebra B/I endowed with the 
canonical quotient norm is a Banach algebra. 
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PROOF: The only thing to verify is the validity of (1.1). Let e > 0, 
let X, y £ B/I and let x, y & B he representatives of the cosets x, y 
respectively, such that ||.t|| < ||i|| + e, ||j/|| < ||?)|| + e. We have xy e xy 
and consequently 

WxyW < \\xy\\ < ||ti||||j/|| < ||5;i|||j/|| + e(||£i| + \\y\\) + 

and since e > 0 is arbitrary, ||iy|| < ||i||||y||. ◄ 


EXERCISES FOR SECTION 1 

1. Verify condition (1.1) in the case of C" (T) (example 4 above). 

2. Let B he a homogeneous Banach space on T, define multiplication in B 
as convolution (inherited from (T)). Show that with this multiplication B is 
a Banach algebra. 

3. Let V be a locally compact, noncompact, Hausdorff space and denote by 
Xoo its one-point compactification. Show that C(Xoo) is isomorphic (though 
not isometric) to the algebra obtained by formally adjoining a unit to Co{X). 

4. Let B be an algebra with two consistent norms (see IV. 1.1, || ||o and 

1 111. Assume that both these norms are multiplicative (i.e., satisfy condition 

(1.1) ). Show that all the interpolating norms || ||„, 0 < a < 1 (see IV.L2), are 
multiplicative. 

Bint: B is a normed algebra and Ba are ideals in B. 

2 MAXIMAL IDEALS AND MULTIPLICATIVE 
LINEAR FUNCTIONALS 

2.1 Let B be a commutative Banach algebra with a unit 1. An element 
X e B is invertible if there exists an element G B such that xx^^ = 

1 . 

Lemma. Consider a Banach algebra B with a unit 1. Let x & B and 
assume ||a; — 1|| < 1. Then x is invertible and 

OO 

(2.1) x-^ = '^{i-xy. 

J=0 

PROOF: By (1.1), 11(1 —a;)^ || < ||(1 — .x)|p; hence the series on the right 
of (2.1) converges in B. Writing x = 1 — (1 — x) and multiplying term 
be term we obtain x ^ ~ ^ 
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2.2 Lemma. Let x E B be invertible and y B satisfying \\y — t|| < 
ll^-i ||-i y invertible and 

OO 

( 2 . 2 ) y-^ =x-^Y^{l-x-^yy. 

j=o 

PROOF: ||1 — II ||.x' — y||. Apply Lemma 2.1 to ◄ 

Corollary. The set U of invertible elements in B is open and the func¬ 
tion X ^ is continuous on U. 


PROOF: We only need to check the continuity, Let x G U, y ^ x; by 
(2.2) we have y^^ — x^^ = x^^ — x^^yY', hence 

CXD 

\\y~^ - x“^|| < ^||x“^|P+^||x - yf < 2||x“if ||x - y\\ 

j=i 

provided ||.x — y|| < ◄ 

2.3 Definition: The resolvent set R{x) = Rb{x) of an element x in a 
Banach algebra B with a unit is the set of complex numbers A such that 
X — A is invertible. 

Lemma. For x G B, R{x) is open and F{X) = (x — A)“^ is a holomor- 
phic B-valued function on R{x). 


PROOF: This is again an immediate consequence of Lemma 2.2. If 
Ao G R{x) and A is close to Aq, it follows from (2.2) that 


(2.3) 


(x — A) ^ — (x — Aq) ^ 'y ^ (1 —(x — Ao) ^(x — Ao + Ao — A)'^ 

= -^(x-Ao)-^-i(Ao-A)L 


(2.3) is the expansion of (,x — A) ^ to a eonvergent power series in A — Ao 
with coefficients in B. ◄ 


2.4 Lemma. i?(x) can never be the entire complex plane. 

PROOF: Assume i?(.x) = C. The fonction (x — A)^^ is an entire B- 
valued function and as |A| ^ oo 

ii(x - A)-i = |Ari (^ - 1)^ V - 0- 

It follows from Liouville’s theorem (see appendix A) that (x —A)“^ = 0, 
which is impossible. ◄ 
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Theorem {Gelfand—Mazur). A complex commutative Banach alge¬ 
bra which is a field is isomorphic to C. 

PROOF: Let X G B, X a complex number A ^ R{x); then .t — A is not 
invertible and, since the only noninvertible element in a field is zero, 
X = X. Thus, having identified the unit of B with the number 1, B is 
canonically identified with C. 

2.5 We now turn to establish some basic facts about ideals in a Banach 
algebra. 

Lemma. Let I be an ideal in an algebra B with a unit. Then I is 
contained in a maximal ideal. 

PROOF: Consider the family I of all the ideals in B which contain I. 
X is partially ordered by inclusion and, by Zorn’s lemma, contains a 
maximal linearly ordered subfamily Zq- The union of all the ideals in 
Jo is a proper ideal, since it does not contain the unit element of B, and 
it is clearly maximal by the maximality of Jq. ◄ 

Remark: The condition 1 G B in the statement of the lemma can be 
relaxed somewhat. For instance, if / c B is an ideal and if n G B is 
such that {u, /)-the ideal generated by u and I—is the whole algebra, 
then u belongs to no proper ideal containing /, and the union of all the 
ideals in Jq (in the proof above) is again a proper ideal since it does not 
contain u. 

2.6 Definition: The ideal / C B is regular if B has a unit mod I; 
that is, if there exists an element u G B such thata; — tix G I for all 
X e B. If B has a unit element, every / c B is regular. If I is regular in 
B and m is a unit mod I then, since for every x e B, x = ux + (x — ux), 
we see that (u, I) = B. Using Remark 2.5 we obtain: 

Lemma. Let I be a regular ideal in an algebra B. Then I is contained 
in a (regular) maximal ideal. 

2.7 Lemmas 2.5 and 2.6 did not depend on the topological structure 
of B. If B is a Banach algebra with a unit it follows from Lemma 
2.1 that the distance of 1 to any proper ideal is one, and consequently 
the closure of any proper ideal is again a proper ideal; in particular, 
maximal ideals in B are closed. Our next lemma shows that the same 
is true even if B does not have a unit element provided we restrict our 
attention to regular maximal ideals. 
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Lemma. Let I be a regular ideal in a Banach algebra B. Let u be a 
unit mod I. Then A\st{Qu,I) > 1. 

PROOF: We show that if u G B and ||m — i>|| < 1, then (/, v) = B; hence 
V ^ I. For X B we have 

( CXD CXD \ CXD 

— vy X — u — v)^ j + V — v)^x. 

0 0/0 

The difference — vyx — — vy) belongs to I since u is 

a unit mod I, and the third term is a multiple of v, hence (I, v) = B and 
the lemma is proved. ◄ 

Corollary. Regular maximal ideals in a Banach algebra are closed. 

2 .8 Definition : A multiplicative linear functional on a Banach alge¬ 
bra B is a nontrivial^ linear functional «>(/:) satisfying 

(2.5) w{xy) = w{x)w{y), x,y G B. 

Equivalently, it is a homomorphism of B onto the complex numbers. 

We do not require in the definition that w be continuous—we can 
prove the continuity: 

Lemma. Multiplicative linear functionals are continuous and have 
norms bounded by 1. 

PROOF: Let w be a multiplicative linear functional; denote its kernel 
by M. M is clearly a regular maximal ideal and is consequently closed. 
The mapping x ^ w{x) identifies canonically the quotient algebra B/M 
with C, and if we denote by || ||' the norm induced on C by B/M, we 
clearly have ||A||' = ||1||'|A| for all A G C. By (1.1), ||1||' > 1 and 
hence |A| < ||A||' for all A G C; it follows that for any x G B, \w{x)\ < 
||w;(a;)ir < lla-il. ◄ 

Theorem. The mapping w ^ ker(w) defines a one-one correspon¬ 
dence between the multiplicative linear functionals on B and its regular 
maximal ideals. 

iA linear functional which is not identically zero. 
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PROOF: A multiplicative linear functional w is completely determined 
by its kernel M : if x e Af then w{x) = 0: if x ^ M, w{x) is the unique 
complex number for which x^ — w(x)x e M. On the other hand, if 
M is a regular maximal ideal in a commutative Banach algebra B, the 
quotient algebra B/M is a field. Since M is closed B/M is itself a 
complex Banach algebra (Theorem 1.5), and by Theorem 2.4, B/M is 
canonically identified with C. It follows that the mapping B ^ B/M is 
a multiplicative linear functional on B. ◄ 

Corollary. Let B be a commutative Banach algebra with a unit ele¬ 
ment. An element x £ B is invertible if, and only if w(x) f 0 for every 
multiplicative linear functional w on B. 

PROOF: If X is invertible w{x)w{x^^) = 1 for every multiplicative lin¬ 
ear functional w, hence w{x) f 0. If x is not invertible then xB is a 
proper ideal which by Lemma 2.5, is contained in a maximal ideal M. 
Since x = x-1 G xB c M it follows that w{x) = 0 where w is the 
multiplicative linear functional whose kernel is M. ◄ 

2.9 At this point we can already give one of the nicest applications of 
the theory of Banach algebras to harmonic analysis. 

Theorem {Wiener). Let f G A(T) and assume that f vanishes nowhere 
on T; then G A(T). 

PROOF: We have seen in 1.6.1 that A(T) is an algebra under pointwise 
multiplication and that the norm 


||/IU(T) = 

— OC' 

is multiplicative. Since A(T) is clearly a Banach space (isometric to 
f), it follows that it is a Banach algebra. 

Let w be a multiplicative linear functional on A(T); denote A = 
w(e®*) (the value of w at the function e’* G Al(T)). Since ||e®*||. 4 (T) = 1 
it follows ifom Lemma 2.8 that A < 1; similarly we obtain that A^^ = 
?x'((e‘‘)^^) = satisfies |A^^| < 1, and consequently |A| = I, that 

is A = e®‘‘> for some to- By the multiplicativity of w, w(e‘"*) = for 
all n; by the linearity, w{B) = Bfo) for every trigonometric polynomial 
P; and by the continuity, w{f) = ./(to) for all / G A(T). It follows that 
every multiplicative linear functional on A(T) is an evaluation at some 
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to to G T; every to to G T clearly gives rise to such a functional and 
we have thus identified all multiplicative linear functionals on A(T). 
Let / e A(T) such that /(t) ^ 0 for all t e T. By Corollary 2.8, / is 
invertible in A(T), that is, there exists a function g G A(T) such that 
g{t)f{t) = 1 or equivalently e A(T). ◄ 

2.10 The algebra A(T) is closely related to A(R) and Theorem 2.9 can 
be used in determining the maximal ideals of A(R) (or, equivalently, 
L^(R)); this can also be done directly and our proof below has the ad¬ 
vantage of applying for many convolution algebras (see also exercise 4 
at the end of this section). 

Theorem. Every multiplicative linear functional on L^(R) has the 
form f ^ f {^o) for some £ R- 

PROOF: Let w be a multiplicative linear functional on L^(R). As any 
linear functional on fo{R) w has the form w{f) = j f{x)h{x)dx for 
some h G We have 

w(/ *g) = 11 fix - y)g{y)h{x)dy dx = If f{x)g{y)h{x + y)dx dy 


u’if)w{g) = / f{x)h{x)dx / g{y)h{y)dy 


f{x)g{y)h{x)h{y)dx dy 


By the multiplicativity of w and the fact that the linear combinations of 
the form fj{x)gj{y), fj,gj G L^(R) are dense in L^(RxR), it follows 
that h{x + y) = h{x)h{y) almost everywhere in R.tR. Thus (see exercise 
VI. 4.7) hix) = for some and w(,/) = fifo)- < 

2.11 We shall use the term “function algebra” for algebras of contin¬ 
uous functions on a compact or locally compact Hausdorff space with 
pointwise addition and multiplication. It is clear that if B is a function 
algebra on a space X and ifx G X, then / ^ f{x) is either a multiplica¬ 
tive linear functional on B, or zero, and consequently (Lemma 2.8) if 
B is a Banach algebra under a norm || ||, we have \f{x)\ < \\f\\ for all 
X e X and / G B. 

2.12 Let B be a function algebra on a locally compact Hausdorff space 
X and assume that for all x e X there exists a function / g B such that 
f{x) f 0. Denote by the multiplicative linear functional / fix). 
Recall that B is separating on X if for any ,ti, x-i G X, xi f x-i, there 
exists an /B such that fixf) f /(•T 2 ); this amounts to saying that if 
x’l f X 2 then w.j^^ f . Thus, if B is separating on X and not all the 
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functions in B vanish at any x e X, the mapping x ^ identifies X 
as a set of multiplicative linear functionals on S. In general we obtain 
only part of the set of multiplicative linear functionals as , x e X 
(see exercise 6 at the end of this section); however, in some important 
cases, every multiplicative linear functional on B has the form for 
some X G X. We give one typical illustration. 

Definition : A function algebra B on a space X is self-adjoint on X 
if whenever f € B then also f € B (where f{x) = f{x)). 

Definition : A function algebra S on a space X is inverse closed if 
I e B and whenever f e B and f{x) f 0 for all x e X, then e B. 
Thus we can restate Theorem 2.9 as: "A(T) is inverse closed." 

Theorem. Let B be a separating, self-adjoint, inverse-closed function 
algebra on a compact Hausdorff space X. Then every multiplicative 
linear functional on B has the form (i.e., f ^ f{x)) for some x G X. 

PROOF: If we denote A'f = {f-f{x) = 0}, or equivalently M.j, = 
kerjwx), then, by theorem 2.8, the assertion that we want to prove is 
equivalent to the assertion that every maximal ideal in B has the form 
Mj: for some x G X. We prove this by showing that every proper ideal 
is contained in at least one M^;. Let I be an ideal in B and assume 
I (f Mx for all xX. This means that for every a: G A there exists a 
function f G I such that f{x) f 0. Since / is continuous, f{y) f 0 
for all y in some neighborhood Ox of x. By the compactness of X we 
can find a finite number of points xi,..., with corresponding fj G I 
and neighborhoods Oj, j = I,... ,n, such that X = UjOj and such that 
fj{y) 7 ^ 0 for y G Oj. The function p = fjfj belongs to I, is positive 
on X, and since B is assumed to be inverse closed, p is invertible and 
1 G /, that is, I = B. ◄ 

Corollary. Let X be a compact Hausdorff space. Then every multi¬ 
plicative linear functional on C{X) has the form Wx (i.e., f ^ f{x)) for 
some X e X. 

EXERCISES FOR SECTION 2 

1. Use the method of the proof of 2.9 to determine all the multiplicative 
linear functionals on C(T). 

2. The same for C"(T). 

Hint: ||e*”"*||c" = 0(m"). 
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3. Check the results of exercises 1 and 2 using 2.12. 

4. Let G be an LCA group, and let B denote the convolution algebra L^{G). 

Show that every multiplicative linear functional on B has the form / /(y) 

for some 7 e G. Hint: Repeat the proof of 2.10. 

5. Determine the multiplicative linear functionals on HG{D) (see section 
1, example 5). 

6 . Let B be the sup-norm algebra of all the continuous functions / on T 
such that f{n) = 0 for all negative integers n. Show that B is a separating 
function algebra on T; however, not every multiplicative linear functional on B 
has the form wt for some t e T. Hint: What is the relationship between B and 
HC{D)1 

7. Show that a commutative Banach algebra B may have no multiplicative 
linear functionals (hint: example 9 of section 1); however, if 1 e B, B has at 
least one such functional. 

8 . Determine the multiplicative linear functionals on Co(X), X being a 
locally compact Hausdorff space. 

3 THE MAXIMAL-IDEAL SPACE AND THE 
GELFAND REPRESENTATION 

3.1 Consider a commutative Banach algebra B and denote by the 
set of all of its regular maximal ideals. By Theorem 2.8 we have canon¬ 
ical identification of every AI e Tl with a multiplicative linear func¬ 
tional, and hence, by Lemma 2.8, we can identify dJl with a subset of 
the unit ball U* of B*-the dual space of B. This identification induces 
on dJl whatever topological structure we have on U*, and two impor¬ 
tant topologies come immediately to mind: the norm topology and the 
weak-star topology. We limit our discussion of the metric induced on 
dJl by the norm in B* to exercises 1-3 at the end of this section and refer 
to [6] for a more eomplete discussion. The topology induced on dJl by 
the weak-star topology on B* is more closely related to the algebraic 
properties of B; we shall refer to it as the weak-star topology on Tl. 

Lemma. dJl U {0} is closed in U* in the weak-star topology. IfleB 
then is closed. 

PROOF: In order to prove the first statement we have to show that if 
Mo G 911, then uo{xy) = uo{x)uo{y) for all x, y € B. From this it would 
follow that either uq G 91t or uq = 0- Let e > 0, x, y £ B and consider 
the neighborhood of mq in U* defined by 

(3.1) {m: |M(a;)-Mo(a;)| < £, \u{y)-uo{y)\ < e, \u{xy)-uo{xu)\ < e}; 
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Since wq £ 9^ there exists a w e Tt in (3.1), and remembering that 

w{xy) = w{x)w{y) we obtain 

\uo{xy) - uo{x)uo{y)\ < e(l + ||a;|| + ||j/||). 

Since e > 0 is arbitrary, uo{xy) = uo{x)uo{y). 

In order to prove the second statement we have to show that if I e B, 
then 0 ^ 911. Since w(I) = I for all w e Tl, it follows that {u: |'«(1)| < 
|} is a neighborhood of 0 disjoint from 911 and the proof is complete. 

•4 

Since U* with the weak-star topology is a compact Hausdorff space, 
it follows that the same is true for 911 U {0} or, if 1 g B, for 911. This is 
sufficiently important to be stated as: 

Corollary. 911, with the weak-star topology, is a locally compact Haus- 
dorff space. Ifl^B then 911 is compact. 

We shall see later (see Theorem 3.5) that in some cases the com¬ 
pactness of 911 implies 1 G B. However, considering example (9) of 
section 1, we realize that 911 may be compact (as a matter of fact empty 
!) for algebras without unit. The reader who feels unconvinced by an 
example consisting of the empty set should refer to exercise 4 at the 
end of this section. 

3.2 For x e B and M G 911 we now write x{M) = x mod M (i.e., 
the image of x under the multiplicative linear functional corresponding 
to M). By its definition, the weak-star topology on 911 is the weakest 
topology such that all the functions {x{M) :xeB} are continuous. 

Lemma. If 1 G B, the mapping x ^ x is a homomorphism of norm 
one ofB into (7(911). 

PROOF: The algebraic properties of the mapping are obvious. For 
every M g 911 and x G B, \x{M)\ < ||x|| (Lemma 2.8) and hence 
sup^,^|x(M)| < ||x||. On the other hand i(M) = 1 and the norm of 
not smaller than one. ◄ 

If we do not assume 1 G B, the set {M: \x{M)\ > e} is compact in 911 
for every x G B and e > 0; consequently x i-^ x is a homomorphism 
of norm at most one, of B into CofUl). The subalgebra B of (7(911) 
(resp. (7o(9Il)) obtained as the image of B under the homomorphism 
X ^ X is called the Gelfand representation of B. The function x{M) is 
sometimes referred to as the Fourier-Gelfand transform of x. 



Ill 


An Introduction to Harmonic Analysis 


3.3 In many cases we can identify the weak-star topology on con¬ 
cretely in virtue of the following simple fact (cf. [15], p.6): let r, n 
be Hausdorff topologies on a space dJl and assume that dJl is compact 
in both topologies and that the two topologies are comparable; then 
T = Ti. In our case this means that if 1 G B and if t is a Hausdorff 
topology on dJl in which dJl is compact, and such that all the func¬ 
tions x{M) in B are r-continuous, then, since the weak-star topology is 
weaker than or equal to t, the two are equal. By a formal adjoining of 
a unit we obtain, similarly, that if / ^ B and r is a Hausdorff topology 
on dJl such that dJl is locally compact and B c Co{10l, t ) then r is the 
weak-star topology on dJl. 

3.4 Definition: The radical, Rad(B), of a commutative Banach 
algebra B is the intersection of all the regular maximal ideals in B. 

Rad(B) is clearly a closed ideal in B and is the kernel of the ho¬ 
momorphism X ^ X of B onto B. The radical of B may coincide with 
B (example 9 of section 1) in which case we say that B is a radical 
algebra; it may be a nontrivial proper ideal, or it may be reduced to 
zero. 

3.5 Definition: A commutative Banach algebra B is Ae/Mwz/Mpfe if 
Rad (B) = 0. Equivalently: B is semisimple if the mapping x ^ x is an 
isomorphism. 

3.6 Definition: The spectral norm^ of an element x g B, denoted 
||a:||sp , is sup^pgf,j[|a,’(M)|. The spectral norm can be computed from 
the B norm by: 

Lemma. I|t||sp = lim„^oo||a;”||^/". 

PROOF: The claim is that the limit on the right exists and is equal to 
||x'H,p. This follows from the two inequalities: 

(a) ||t||sp < liminf||a;"j|^/'"'; 

(b) llijlsp > limsup||a:”||^/”'. 

iThe origin of the term is in the fact that the set of complex numbers A for which 
X — A is not invertible (assuming 1 G B) is commonly called "the spectrum of x" and the 
spectral norm of x is defined as sup| A| for A in the spectrum of x. By Corollary 2.8, the 
spectrum of x coincides with the range of x{M), which justifies our definition; we prefer 
to avoid using the much abused word "spectrum" in any sense other than that of chapter 
VI. 
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We notice first that for every n, ||t;||"p = ||a;”||,sp < ||t;"||, that is, 
klisp < which proves (a). In the proof of (b) we assume first 

that I e S, and consider {x — as a function of A. By Lemma 2.3, 
(.T —A)^^ is holomorphic for |A| > ||a;||,sp. If |A| > ||.x-|| we have 

{x - A)-i = -\-\l - x/X)-^ = -A^.x"A-"; 

and if F is any linear functional on B, 

((x-A)-\f> = -A^(x",F)A-" 

is holomorphic, hence convergent for |A| > ||T||sp. Pick any A > ||a:||. 5 p 
then (A^”a:”,L) is bounded (in fact, it tends to zero) for all F e B*, 
and it follows from the Uniform Boundedness Principle that A^" ||a;” || is 
bounded, hence limsup||a;" ||^/” < A. Since A is any number of modulus 
greater than H-TlI.s-p, (b) follows. If 1 0 B we may adjoin a unit formally. 
Both the norm and the spectral norm of an element x E B are the same 
in the extended algebra and since (b) is valid in that algebra, the proof 
is complete. ◄ 

Corollary. xeRad{B) lim||.x-"||^/” = 0 

Proof: a:GRad(B) < 1 =^ ||a;||,p = 0. ◄ 

3.7 Lemma 3.6 allows a simple characterization of the Banach alge¬ 
bras for which the spectral norm is equivalent to the original norm. 
Such an algebra is clearly semisimple, and the Gelfand representation 
identifies it with a (uniformly) closed subalgebra of the algebra of all 
continuous functions on its maximal ideal space. 

Theorem. A necessary and sufficient condition for the equivalence of 
I lisp and the original norm || || of a Banach algebra B is the existence 
of a constant K such that ||xp < K\\xf\\for all X G B. 

PROOF: If II II < Ki\\ lisp, then ||x|p << ||a;p; this 

establishes the necessity. On the other hand, if the condition above is 
satisfied. 


||X|| << ifl/2||x2||l/2 <K1/2+1/4||^4||1/4 < 

< • • • < J^l/2+l/4+...+2-" 11^,2" ||2-" ^ 

and, by Lemma 3.6, ||xH < if ||a;||,sp. 
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3.8 Definition: A commutative Banach algebra B is self-adjoint if 
B is self-adjoint on the maximal ideal space dJl. 

Remark: Notice the specific reference to the maximal ideal space. The 
algebra of functions defined on the segment I = [0,1] which are restric¬ 
tions to / of functions holomorphic on the unit disc and continuous on 
the boundary (i.e., of functions in HC{D)), is self-adjoint as a function 
algebra on I. As a Banach algebra it is isomorphic to HC{D) which is 
not self-adjoint. (See also exercise 11 at the end of this section). 

Theorem. Let B be self-adjoint with unit and assume that there exists 
a constant K such that ||x' P < KWjfWfor all X & B. Then B = CfM). 

PROOF: By the Stone-Weierstrass theorem L> is dense in C(dJl), and by 
3.7 it is uniformly closed. ◄ 


3.9 Let F{z) = be a holomorphic function in the disc |2;| < R 

and X an element in a Banach algebra B such that ||.xHsp < R- It follows 
from Lemma 3.6 that the series ^ a„a;” converges in B (if 1 f B, we 
assume ao = 0) and we denote its sum by F{x). If M is a maximal ideal 
in B, we clearly have F{x){M) = F{x{M)). 

Instead of power series expansion, we can use the Cauchy integral 
formula: 


Theorem. Assume 1 G B. Let F be a complex-valued function, holo¬ 
morphic in a region^- G in the complex plane. Let x G B he such that 
the range of x is contained in G. Let 7 be a closed rectifiable curved in 
G, enclosing the range ofx, and whose index with respect to any x{M), 
M G iM, is one, and is zero with respect to any point outside G. Then 
the integral 


(3.2) 


Ffi) 


1 f F{z) 
2-Ki z - 


is a well-defined element in B and 

(3.3) FfifiM) = F{x{M)) 


for all M G iM. 

PROOF: The integrand is a continuous B-valued function of z, hence 
(3.2) is well defined and (3.3) is valid. ◄ 


+Not necessarily connected! 
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Remarks: : (a) The element F{x) defined by (3.2) does not depend 
on the particular choice of 7 . Also, it can be shown, using the Cauchy 
integral (3.2), that for a given x & B, the mapping F ^ F{x) is a homo¬ 
morphism of the algebra of functions holomorphic in a neighborhood 
of the range of x into B (cf. [5], § 6 ). 

(b) Though the integral (3.2) clearly depends upon the assumption 
1 e S, we can "save" the theorem in the case I ^ Bhy formally adjoin¬ 
ing a unit. Denoting by B' the algebra obtained by adjoining a unit to 
B, we notice that for x e B the range of x over Tl' (the maximal ideal 
space of B') is the union of {0} with the range of x on Tl. If we require 
0 e G, then (3.2) can be taken as a S'-valued integral, and if F{0) = 0 
then F{x) vanishes whenever x does, and in particular F{x) e B. 

3.10 Theorem 3.9 states essentially that B is stable under the oper¬ 
ation of analytic functions. For the algebra A(T) this is Paul Levy’s 
extension of Wiener’s theorem 2.9: 

Theorem {Wiener-Levy). Let fit) = Y,fij)e'L with El/(i)l < oo- 
Let F be holomorphic in a neighborhood of the range of f. Then g(f) = 
F{f(t)) has an absolutely convergent Fourier series. 

3.11 As another simple application we mention that if there exists an 
element :e e B such that .z(Af) is bounded away from zero on dJl then, 
denoting by F{z) the function which is identically 1 for |z| > e and 
identically zero for \z\ < e/2 (where e = |inf|x(M)|), we see that 
F{x) = 1 on IH. If we assume that B is semisimple it follows that F{x) 
is a unit element in B. 

The assumption that x is bounded away from zero for some xeB 
implies directly that fOl is compact (see the proof of 3.1); if we assume, 
on the other hand, that fOl is compact, then 0 is not a limit point of 
dJl in U* and consequently there exists a neighborhood of zero in U*, 
disjoint from flJl. By the definition of the weak-star topology this is 
equivalent to the existence of a finite number of elements xi,... ,Xn in 

B such that |zi | H-h |z„ | is bounded away from zero on dJl. Operating 

with functions of several complex variables one can prove again that 
1 e B. We refer the reader to ([5], §13) for a discussion of operation by 
functions of several complex variables on elements in B and state the 
following theorem without proof: 

Theorem. If B is semisimple and fUl is weak-star compact, then 1 G 
B. 



226 


An Introduction to Harmonic Analysis 


3.12 Another very important theorem which is proved by application 
of holomorphic functions of several complex variables, deals with the 
existence of idempotents: 

Theorem. Assume that dJl is disconnected and let U C be both 
open and compact in the weak-star topology. Then there exists an ele¬ 
ment u e B such that 


(a) td = u 


(h) u{M) 


0 M 0 C/ 
1 M eu 


Remarks: (i) If B is semisimple then (a) is a consequence of (b). 

(ii) The idempotent u allows a decomposition of B into a direct sum 
of ideals. Write T = uB = {x ^ B:x = ux} and l 2 = {x e B: ux = 0}; 
it is clear that h and I 2 are disjoint closed ideals and for any x € B, 

X = ux + (x — ux); thus B = T (B T- 

We refer to ([5], §14) for a proof; here we only point out that if 
we know that B is uniformly dense in C(iH) (resp. CojlH)), and in 
particular if B is self-adjoint on IH, theorem 3.12 follows from 3.9. In 
fact, there exists an element x e B such that \x{M) — 1| < | for M e U 
and \x{M)\ < \forM £dJl\U. Defining F{z) as 1 for \z — 1\ < \ and 
0 for |a| < we obtain u as F{x). 

EXERCISES FOR SECTION 3 

1. Show that the distance between any two points of T, considered as the 
maximal ideal space of C(T), in the metric induced by the dual (in this case 
M(T)) is equal to 2; hence the nonn topology is discrete. 

2. We have seen that the maximal ideal space of HC(D) is D = D U T = 
{z: \z\ < 1}. Show that the norm topology on D (i.e., the topology induced 
by the metric of the dual space on the set of multiplicative linear functionals) 
coincides with the topology of the complex plane on D and with the discrete 
topology on T. 

Hint: Schwarz’ lemma. 

3. Show that the relation ||«;i — ic^|| < 2 is an equivalence relation in the 
space of maximal ideals (multiplicative linear functionals) of a sup-normed Ba¬ 
nach algebra B. The corresponding equivalence classes are called the "Gleason 
parts" of the maximal ideal space. 

4. Let B be an arbitrary Banach algebra and let Bi be a Banach algebra 
with trivial multiplication (example 9 of section 1). Denote by B the orthogonal 
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direct sum of B and Bi, that is, the set of all pairs {x,y) with x e B, y e Bi 
with the following operations: 

(x.y) + (xi,yi) = (x + xi.y + yi) 

\{x, y) = {\x. \y) for complex A 
{x,y){xi,yi) = {xxi.O) 

and the norm ||(x,j/)|| = ||a;||B + ||:y||Bi. Show that B is a Banach algebra 
without unit and with the same maximal ideal space as B. 

5. Let A be a compact (locally compact) Hausdorff space. Show that the 
maximal ideal space of C{X) (resp. Co (A)), with the weak-star topology, co¬ 
incides with A as a topological space. 

6 . We recall that a set {xi,... ,x„} C B is a set of generators in B if it is 
contained in no proper closed subalgebra of B, or, equivalently, if the algebra 
of polynomials in ,..., Xn is dense in D. Show that if {xi ,.... Xn} is a set of 
generators in B, then the mapping M (.ii(M),..., Xm{M)) identifies 971, as 
a topological space, with a bounded subset of C". 

7. Let / be a closed ideal in B. Denote by /t(J)-the hull of J-the set of all 
regular maximal ideals containing I. Show that the maximal ideal space of B jl 
can be canonically identified with h(/). 

8 . Let Jl, J 2 be (nontrivial) closed ideals in an algebra B such that 1 e 73. 
Assume that B = h ® h. Show that 971 is disconnected. 

9. Show that not every multiplicative linear functional on M(T) has the 
form fj, fi{n) for some integer n. 

10. Show that for any LCA group G, L^{G) and M{G) are semisimple. 

11. Let 73 be a Banach algebra with a unit, realized as a self-adjoint function 
algebra on a space A. 

(a) Prove that 73 is self-adjoint if, and only if, / is real valued on 971 for every 
/ e 73 which is real valued on A. 

(b) Prove that 73 is self-adjoint if, and only if, 1 + |/|^ is invertible in 73 for all 
/e 73. 

12. Let {u'njnez be a sequence of positive numbers satisfying 1 < Wn+m < 
WnWm for all n, m e Z. Denote^ by A{wn} the subspace of A(T) consisting of 
the functions / for which 

OC 

ll/ll{»n} = '^\hn)\w„ < 00 . 

— '-DC 

(a) Show that with the norm so defined, A{wn} is a Banach algebra. 

(b) Assume that for some fc > 0, w„ = O (|n|*). Show that the maximal 
ideal space of A{wn} can be identified with T. 


§ Compare with exercise V.2.7. 
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(c) Under the assumption of (b), show that A{wn} is self-adjoint if, and 
only if, 

WnWZn = O (1) as |n| ^ oo. 

13. Let B be a Banach algebra with norm || ||o and maximal ideal space 
971. Let Bi c B be a dense subalgebra which is itself a Banach algebra under 
a norm || ||i. Assume that its maximal ideal space is again 971 (this means that 
every multiplicative linear functional on Bi is continuous there with respect to 
I ||o). Assume that || ||o and || ||i are consistent on Bi and denote by || ||„, 
0 < a < 1, the interpolating norms (see IV.I.2 and exercise 1.4) and by B„ the 
completion of Bi with respect to the norm || ||„. Show that the maximal ideal 
space of B„ is again 971. 

Remark: If B is semisimple the norm || ||o is majorized by || ||i, (see section 
4) and hence by || ||„ for all 0 < a < 1. 

14. Let Bi c B' c B be Banach algebras with norms || ||i, || ||' and 
I II respectively. Assume that Bi is dense in B and in B' in their respective 
norms and that B and Bi have the same maximal ideal space 971. Show that the 
maximal ideal space of B' is again 971. 

Remark: The assumption that Bi is dense in B' is essential; see exercise 11 of 
Section 9. 

4 HOMOMORPHISMS OF BANACH ALGEBRAS 

4.1 We have seen (Lemma 2.8) that homomorphisms of any Banach 
algebra into the field C are always continuous. The Gelfand represen¬ 
tation enables us to extend this result: 

Theorem. Let B be a semisimple Banach algebra, let Bi be any Ba¬ 
nach algebra and let ip be a homomorphism of Bi into B. Then is 
continuous. 

PROOF: We use the closed graph theorem and prove the continuity of 
ip by showing that its graph is closed. Let Xj G Bi and assume that 
Xj xq in Bi and pxj yo in B. Let M be any maximal ideal in 
B; the map x i-^ <px{M) is a multiplicative linear functional on Bi, and 
by Lemma 2.8 it is continuous. It follows that px'.f M) converges to 
<PXq{M)-, on the other hand, since pXj yo in B, (pXj{M) yo{M), 
so that (pxo{M) = yo{M). Hence pxo — yo ^ M for all maximal ideals 
M in B and, by the assumption that B is semisimple, pxo = yo ■ Thus 
the graph of p is closed and p is continuous. ◄ 

Corollary. There exists at most one norm, up to equivalence, with 
which a semisimple algebra can be a Banach algebra. 
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4.2 Let B and Bi be Banach algebras with maximal ideal spaces dJl 
and dJli, respectively. Let 92 be a homomorphism of Bi into B. As we 
have seen in the course of the preceding proof, every M e Tl defines 
a multiplicative linear functional w{x) = on Bi. We denote the 

corresponding maximal ideal by '^M. It may happen, of course, that 
w is identically zero and the "corresponding maximal ideal" is then the 
entire Bi; thus ^ is a. map from dJl into dJli U {Bi}. In terms of linear 
functionals, ip is clearly the restriction to dJl of the adjoint of ip. 

Theorem. : 9It ^ dJli U {Bi } is continuous when both spaces are 
endowed with the weak-star topology. If p{Bi) is dense in B in the 
spectral norm, then p is a homeomorphism of?ffl onto a closed subset 
of Ml. 

PROOF: A sub-basis for the weak-star topology on dJh U {Bi} is the 
collection of sets of the form If = {M: xi{Mi) e O}, O an open set in 
C and Xi G B^. The p pre-image in 9It of Bi is B = {M: ipxi{M) G O} 
which is clearly open. If p{Bi) is uniformly dense in B, the functions 
ipxi{M), xi G Bi, determine the weak-star topology on dJl and it is 
obvious that p is one-to-one into dJli and that it is a homeomorphism. 
What remains to show^ is that if p{Bi) is uniformly dense in B then 
p{iiyt) is closed in dJh. We start with two remarks: 

(a) For Ml G iHi the map pxi ^ xi(Mi) is well defined on p{Bi) 
if, and only if, for all xi G Bi, pxi = 0 implies xi{Mi) = 0. 

(b) When the above-mentioned map is defined, it is clearly multi¬ 
plicative and (assuming p{Bi) uniformly dense in B) it can be extended 
to a multiplicative linear functional on B if, and only if, for all xi G Bi: 

|Ti(Mi)| < ||¥?Ti||sp . 

Assume now that Mi G iHi is in the weak-star closure of p(i)Jl). For 
any xi G Bi and e > 0 there exists an M G iXR such that 

\xi{Mi) - xi{pM)\ = |xi(Mi) - ^i(M)| < £. 

Since £ > 0 is arbitrary and since \ipxi{M)\ < ||(^xi||, 5 j,, it follows that 
xi(Mi)| < ||(^xi||sp, and by our remark (b) there exists an Mq G Tl 
such that ^xi(Mo) = Xi(Mi) for all Xi G Bi; that is, pAf = Af and 
Ml G p{Tl). ◄ 

^Notice that if 1 G B then OT is compact and ipfyi) is therefore compact, so that in 
this case the rest of the proof is superfluous. 
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4.3 From 4.2 it follows in particular that if is an automorphism of 
B, then p i& a homeomorphism of dJl, and if B is semisimple (so that 
we can identify it with its Gelfand representation), then ip is given hy 

(^{M) = x{pM). 

In other words: Every automorphism, of a semisimple Banach alge¬ 
bra is given by a (homeomorphic) "change of variable " on the maximal 
ideal space. 

Of course not every homeomorphism of DJI defines an automor¬ 
phism of B (or B), and the question which homeomorphisms do, is 
equivalent to the characterization of all the automorphisms of B and 
can be quite difficult. 

*4.4 The following lemma is sometimes helpful in determining the au¬ 
tomorphisms of Banach algebras of functions on the line. 

Lemma. Let p be a continuous function defined on an interval [a, b] 
and having the following property: If ropri,... ,rN are real numbers 
such that all the 2^ points 

N 

(4.1) r/o- = ro + ^ ep-j, £j = Of 

1 

lie in [a.h], then the numbers {pfij)} are linearly dependent over the 
rationals. Then the set of points in a neighborhood of which p is a 
polynomial of degree smaller than N is everywhere dense in [a, b]. 

Proof : Let I be any interval contained in [a, 6 ]; we show that there ex¬ 
ists an interval /' c / such that p coincides on /' with some polynomial 
of degree smaller than N. Without loss of generality we may assume 
that I D [0, A^+1] so that if 0 <rj < 1, j = 0,1,..., Ai, all the points r/a 
defined by (4.1) are contained in I. By the assumption of the lemma, 
to each choice of (ro,.... r^) such that 0 < r, < 1 , corresponds at least 
one vector (Ai,..., A 2 n) with integral entries not all of which vanish, 
such that 

(4.2) Aapfia) = 0. 

Denote by E{Ai, ^ 2 ^) the set of points (t-q, ..., r^) in the + 1- 
dimensional cube 0 < O < 1, for which (4.2) is valid. Since p is con¬ 
tinuous it follows that E{Ai, _^ 2 ^) is closed for every (Ai,..., A 2 n) 
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and since [jE{Ai,... ,A 2 n) is the entire cube 0 < Vj < I, it follows 
from Baire’s category theorem that some E{Ai,..., A 2 n) contains a 
box of the form {r° < rj < rj }, j = 0 ,..., A^. 

Let e > 0 be smaller than |(ro — rg) and let t/;^ be infinitely differ¬ 
entiable function carried by (—£,£) such that f = 1. We put 

= V * i’e and notice that 

2 « 2 " 

^ A„ip,{T]o,) = A„(^(r/„)) 

a.= l 01=1 


and consequently 


2 " 

(4.3) Aaipe{r]a) = 0 

a=l 

for 

(4.4) rg + e < T'o < rg - £, r° < r, <r], j = 1,..., iV. 

Now, ip^ is infinitely differentiable and we can differentiate (4.3) with 
respect to various ry’s, i > 1. Assume that ^ 0 and that the coef¬ 
ficient of ry,, in r]„ is equal to one. Differentiating (4.3) with respect to 
rj„ we obtain 

(4.5) = 0 

where the summation extends now only over those values of a such 
that the coefficient of in rja is equal to one. Also, (4.5) is nontrivial 
since it contains the term Repeating this argument with 

other ry’s we finally obtain a nontrivial relation A„ ‘Pe^'^\vo) = Oj that 
is ipi^\r]a) = 0, with M < N, and it follows that on the range of 
corresponding to (4.4), say is a polynomial of degree smaller 

than M — 1 < A. As e ^ 0, ip^ ^ ip and is a polynomial of degree 
smaller than A on ◄ 

Corollary. If ‘p, as above, is N-times continuously differentiable on 
[a, h], then it is a polynomial of degree smaller than A on [a, b], 

*4.5 Theorem (Beurling-Helson). Let (p be an automorphism of 
A(R) and let p be the corresponding change of variable on R (see 4.3). 
Then pff) = a( + h with a, & G R and a f 0. 
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Proof: The proof is done in two steps. First we show that (p is linear 
on some interval on R, and then that the fact that p is linear on some 
interval implies that it is linear on R. 

First step: By 4.1, 92 is a continuous linear operator on A(R). Let 
N be an even integer such that 2^ > we claim that p satisfies the 

condition of Lemma 4.4 for this value of N. If we show this, it follows 
from 4.4 that p \s a polynomial on some interval /' c R. p maps /' 
onto some interval Iq and, since p is an automorphism we can repeat 
the same argument for and obtain that the inverse function of p 
is a polynomial on some interval I'o C /o. Since a polynomial whose 
inverse function (on some interval) is again a polynomial must be linear 
it follows that p is linear on I'. 

The adjoint p* of p maps the unit measure concentrated at ^ to the 
unit measure concentrated at p{(i,). Since || 9 J*|| = || 9 j|| we obtain that 
for every choice of aj G C and G R 

(4.6) 

We remember also that by Kronecker’s theorem (VI.9.2) if are 

linearly independent over the rationals, then \\tl^ = I- 

We show now that for every choice of ro, ri,..., r^v G R, if the 2^ 
points rja given by (4.1) are all distinct, there exists a measure u carried 
by {Va} such that = 1 and < 2 “^V 4 _ 

Put 

(4.7) Pj = -(do + Sr 2 j_i + Sr^j - Sp- 2 j-i+r 2 j)) j = , N/2. 

The total mass of pj is clearly 1 and 


(4.8) 


jjj'(x) =-(l + ^ 


= -e*^2j-ix/2 cosr2j_ix/2 + sin r2,.-ix-/2 


so that 


(4.9) \p{x)\ < -(|cosr2j_ix/2| + |sinr2j_ix/2|) <2 2. 


We now take u = Sr„ * pi* ■ ■ ■ * pn/ 2 - v is clearly carried by {pj} and if 
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the r/’s are all distinct the total mass of u is 1. On the other hand 

N/2 

lk||.7^L” < IIMj 
1 

If {rjj} are linearly independent over the rationals it follows first that the 
rfs are all distinct, and by (4.6) applied to u, and Kronecker’s theorem 
1 < which contradicts the assumption 2^ > 

Second step: For all n and A, < 3; hence 

As A ^ oo, \/x{p{0) becomes 1 on larger and larger intervals on R, 
which eventually cover any finite interval on M. By VI.2.4 (or by taking 
weak limits), is a Fourier-Stieltjes transform of a measure of 

total mass at most 3 || 9 j||. If we denote by pi the measure on M such that 
it follows that is the Fourier-Stieltjes transform 

of 

/i"‘ = fii * ■■■ * fii (n times) 

and we have 

(4.10) llfirilM(K) <3||(^||. 

By the first step we know that ip{^) = ag + 6 on some interval I on 
M. We now consider the measure /i obtained from i_ii by multiplying it 
by e“®* and translating it by a. We have /i(^) = that is 

/t(^) = 1 on / (and |/i(OI = 1 everywhere). It follows from (4.10) that 

(4.11) ||/i*”||M(K) <3||<^||. 

Consider the measures = 2“"(5 + p)*", (<5 = d'o being the unit mass 
at ^ = 0). We have 



and consequently ||u„|| < 3 || 9 j||; also, fy(C) = ^ which is equal 

to 1 if /i(^) = 1 and tends to zero if ju(^) 7 ^ 1. Taking a weak limit of 
as n ^ 00 we obtain a measure u such that 1 ) is equal almost everywhere 
to the indicator function of the set : / 2 (^) = 1 } which clearly implies 
f(^) = 1 identically on R, hence /!(() = 1 almost everywhere on R and 
since fi is continuous, ju(^) = 1 everywhere. It follows that = 

g?.(a(+b) everywhere on R, and = a( + h. 


•4 
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Remarks: (a) The first step of the proof applies to a large class of 
algebras. For instance, if B is an algebra whose maximal ideal space is 
R, B D A(R) and for each constant K there exists an integer N such that 
every set {r/„} defined by (4.1) (such that the r]’s are all distinct) carries 
a measure u such that ||u||i;. < A'“^||u||m(k), step 1 goes verbatim for 
B. 

(b) If we assume that Lp is continuously differentiable, step 2 is su¬ 
perfluous. In fact, step I shows that the set of points near which p is 
linear is everywhere dense and if p' exists and is continuous, the slope 
must be always the same and p must be linear. This proves that for 
the algebras discussed in remark (a), the continuously differentiable 
changes of variable induced by an automorphism must be linear. 

(c) We have used the fact that ip was an automorphism of A(R) 
rather than an endomorphism once, when deducing in the first step that 
ip was linear in some interval from the fact that it is a polynomial (on 
an interval) whose inverse function is also a polynomial. This part 
of the argument can be replaced (see exercise 12 at the end of this 
section), and we thereby obtain that every nontrivial endomorphism of 
A(R) is given by a linear change of variable (and consequently is an 
automorphism). 

EXERCISES FOR SECTION 4 

1. Let B be a semisimple Banach algebra with norm || || and Bi d B a 
subalgebra of B which is a Banach algebra with a norm || ||i. Show that there 
exists a constant C such that ||a;|| < C||x||i for all a- G Bi. 

2. Let B be a Banach algebra of infinitely differentiable functions on [0,1], 
having [0,1] as its space of maximal ideals. Show that there exists a sequence 

such that sup|/''"^(a)| < M„||/|| for every / e B. 

3. Show that the space of all infinitely differentiable functions on [0,1] 
cannot be normed so as to become a Banach algebra. 4. Let B be a semisimple 
Banach algebra with maximal ideal space 971. Prove that a homeomorphism ip 
of 971 is induced by an endomorphism of B if, and only if / G B ^ f o ip £ B, 
where (/ o ip)[M) = f(ip(M)). 

5. What condition on ip above is equivalent to its being induced by an 
automorphism? 

6 . Construct examples of semisimple Banach algebras B and Bi and a 
homomorphism p : Bi B (such that pBi is not dense in B) and such that 
the corresponding mapping p (a) is not one-to-one; (b) is one-to-one but not a 
homeomorphism; (c) maps 971 onto a dense proper subset of 971i. 

7. Show that a homeomorphism of T onto itself is induced by an auto¬ 
morphism of A(T) if, and only if, e""'^ G A(T) for all n and || a(t) = 0(1). 
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8 , (Van der Corput’s lemma): (a) Let (p be real-valued on an interval [a, b], 
and assume that it has there a monotone derivative satisfying > p > 0 on 
[a, 6 ]. Show that | < 2/p. 

(b) Instead of assuming ip'(^) > p > 0 on [a,b], assume that p is twice 
differentiable and that p" > k > 0 on [a, 6 ]. Show that 

pb 




Hint: For (a) write J where <1>(^) = and 

apply the so-called "second mean-value theorem." For (b), if p'(c) = 0, write 

_ i _ i 

pb pc — K. 2 pc-\-K 2 ph 


the middle integral is clearly bounded by 2 k 2 ; evaluate the other two integrals 
by (a). 

9. Let p be twice differentiable, real-valued function on [0,1] and assume 
that p" > K > 0 there. Show that 


Hint: Integrate by parts and use exercise 8 . 

10. Let p be twice differentiable, real-valued function on [—1,1] and as¬ 
sume that p" > r; > 0 there. Put $«(/;) = (l — for |^| < 1 and 

= 0 for 1^1 > 1 Show that for all x e M, 


1 

27r 




2 


Hint: = (l — The second derivative of the exponent 

is > pn; use exercise 9. 

11. Show that for some c > 0, ||'l’n||g^|.y) > cvD; being the function 
introduced in exercise 10. 

Hint: Use exercise 10, PlanchereTs theorem, and the fact that ||‘h„||g 2 |-y), is 
independent of n. 

12. Prove that every nontrivial endomorphism of A(]R) is given by a linear 
change of variable. 

Hint: See remark (c) of 4.5. If p is the change of variable induced by an 
endomorphism p, p is a polynomial on some interval and if it is not linear, 
P>"(i) > P (or p"(i) < —ri) for some p > 0 on some interval I. A linear change 
of variable allows the assumption [—1,1] c I. As in the second step of the proof 
of 4.5, ||e*"‘^':«VA(p(0)IU(i) < 3||p||, hence ||$n(0VA(p(0)IU(i) < 3||¥’||. 
For A sufficiently large = 4>n(0 and by exercise 11, 

tends to infinity with n, which gives the desired contradiction. 
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5 REGULAR ALGEBRAS 

5.1 Definition: A function algebra B on a compact Hausdorff space 
X is regular if, given a point p e X and a compact set K C X such 
that p ^ K, there exists a function / e B such that f{p) = 1 and / 
vanishes on K. The algebra B is normal if, given two disjoint compact 
sets Ki,K 2 in X, there exists f & B such that / = 0 on ATi and / = 1 
on K 2 . 


Examples: (a) Let X be a compact Hausdorff space. Then C{X) is 
normal. This is essentially the contents of Urysohn’s lemma (see [15], 

p. 6). 

(b) HC{D), the algebra of functions holomorphic inside the unit 
disc and continuous on the boundary, is not regular. 

Theorem {partition of unity). Let X be a compact Hausdorjf space 
and B a normal function algebra on X, containing the identity. Let 
be an open covering of X. Then there exist functions ipj, j = 
1,... ,n, in B satisfying 


(5.1) 


support of pj C Uj 
T,Tj = 1 - 


PROOF: We use induetion on n. Assume n = 2. Let Vj, If be open sets 
satisfying Vj C Uj and Vj U V2 = X. There exists a function f e B such 
that / = 0 on the complement of Vj and / = 1 on the complement of 

V2. Put Pi = f,p2 = 1 - f. 

Assume now that the statement of the theorem is valid for coverings 
by fewer than n open sets and let Ui, ..., Un be an open covering of 
X. Put U' = Un-i U Uri and apply the induction hypothesis to the 
covering Ui,. .., Un-2,U' thereby obtaining functions pi,..., pn-ipf 
in B, satisfying (5.1). Denote the support of p’ by S and let V4 
be open sets such that Vj C Uj (j = n — 1, n) and Vj,_i U V^ D S. Let 
f & B such that f = 0 on S\ Vn-i and / = 1 on S' \ V4. Put pn-i = p' f 
and pn = p'{l — /). The functions pi,... ,pn satisfy (5.1). ◄ 


Remark: The family {pj} satisfying (5.1) is called a partition of unity 
in B, subordinate to {Uj}. Partitions of unity are the main tool in tran¬ 
sition from "local" properties to "global" ones. A typical and very im¬ 
portant illustration is Theorem 5.2 below. 



VIII. Commutative Banach Algebras 


237 


5.2 Let JC be a family of functions on a topological space X. A func¬ 
tion / is said to belong to T locally at a point p e X, if there exists a 
neighborhood U of p and a function g & T such that f = g in U. If / 
belongs to X locally at every p e X, we say that / is locally in T. 

Theorem. Let X be a compact Hausdorff ' space and T a normal al¬ 
gebra of functions on X. If a function f belongs to IF locally, then 
feF.'' 

PROOF: For every p e X let 1/ be an open neighborhood of p and g e F 
such that g = f inU. Since X is compact, we can pick a finite cover of 
X, among the above mentioned neighborhoods. Denote the 

corresponding elements of F by gp that is, p, = / in Uj. Let {p,} be a 
partition of unity in F subordinate to {Uj}. Then 

( 5 - 2 ) / = < 


Remark: It is clear from (5.2) that if .7 C X is an ideal, and if / belongs 
to J locally (i.e., g^ e J), then / g J. 

5.3 We consider a semisimple Banach algebra B with a unit, and de¬ 
note its maximal ideal space by dJl 

Definition: The hull, h(7), of an ideal I in B, is the set of all M elfft 
such that I c XI. Equivalently: h(/) is the set of all common zeros of 
x{M) for X G I. Since the set of common zeros of any family of 
continuous functions is closed, h(7) is always closed in dJl. 

Definition : The kernel, k(x), of a set X C DJI, is the ideal nMe eXI- 
Equivalently: k(X) is the set of all x G B such that x{XI) = 0 on X. 
k(X) is always a closed ideal in B. 

5.4 If X C DJI, then h(k(X)) is a closed set in DJI that clearly contains 
X. One can show (see [15], p. 60) that the hull-kernel operation is a 
proper closure operation defining a topology on DJI. Since h(k(X)) is 
closed in DJI, the hull-kernel topology is not finer than the weak-star 
topology. The two coincide if for every closed set X C 9II we have 
X = h(k(X)) which means that if Xf f X there exists an element 
X G k(X) such that x{XIf) f 0. Remembering that x G k(X) means 
x{M) = 0 on X, we see that the hull-kernel topology coincides with the 
weak-star topology on DJI if, and only if 7? is a regular function algebra. 
In this case we say that B is regular. 
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Definition: A semisimple Banach algebra B is regw/ar fre.vp. nor¬ 
mal) if B is regular (resp. normal) on dJl. 

5.5 Theorem. Let B be a regular Banach algebra and E a closed 
subset of?ffl. Then the maximal ideal space ofB/\i{E) can be identified 
with E. 

PROOF: The maximal ideals in B/'k{E) are the canonical images of 
maximal ideals in B which contain that is, which belong to 

h(k(fi)) = E. This identifies Tl{B/k{E)) and E as sets and we claim 
that they can be identified as topological spaces. We notice that the 
Gelfand representation of B/l^{E) is simply the restriction of B to E. A 
typical open set in a sub-base for the topology of dJl{B/k{E)) has the 
form 

U = {M : M G E, Sf{M) G O}, 

O an open set in the complex plane, x G B, and xe = .xmod k)^). 
A typical open set in a sub-base for the topology of fOl has the form 
U' = {M : Tr(Af) G O'} with O' open in C and a;i G B. If O = O' and 
X = xi then U = E r\U' and the topology on iH(B/k(B)) is precisely 
the topology induced by fOl. ◄ 

5.6 Theorem. Let B be a regular Banach algebra, I an ideal in B, E 
a closed set in 9It such that E n h(/) = 0. Then there exists an element 
X G I such that x{M) = 1 on E. 

PROOF: The ideal generated by I and k(B) is contained in no maximal 
ideal since M D (/,k(B)) implies M D / and M D k(B), that is, 
M G B n h(/). It follows that the image of I in B/k(B) is the entire 
algebra and consequently there exists an element x G I such that x = 1 
mod k(B), which is the same as saying x{M) = 1 on B. ◄ 

Corollary. A regular Banach algebra is normal. 

PROOF: If El and B 2 are disjoint closed sets in fiJl, apply the theorem 
to / = k(Bi), and B = B 2 . ◄ 

5.7 We turn now to some general facts about the relationship between 
ideals in regular Banach algebras and their hulls. 

Theorem. Let I be an ideal in a regular Banach algebra B and x G B. 
Then x belongs to I locally at every interior point of}\{x) and at every 
point M ^ h(/). 
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PROOF: We write h(a;) for h((T:)), that is, the set of zeros of x in Wl. If 
M is an interior point of h{x), i- = 0 in a neighborhood of M and 0 e /. 
If M ^ h(/), M has a compact neighborhood E disjoint from h(/). By 
Theorem 5.6 there exists an element y £ I such that y{M) = 1 on E. 
Now X = xy on E and xy £ 1. ◄ 

Corollary. Let I be an ideal in a regular semisimple Banach algebra 
B and x £ B. If the support ofx is disjoint from h(/), then x £ I. 

PROOF: By Theorem 5.7, x belongs to / locally at every point, and 
by Corollary 5.6 and the remark following Theorem 5.2 it follows that 
X £ I hence x £ 1. ◄ 

5.8 Let L be a closed subset of dJl. The set Io{E) of all x £ B such 
that x{M) vanishes on a neighborhood of E is clearly an ideal and if 
B is regular, h(/o(L)) = E. It follows from Corollary 5.7 that loiE) is 
contained in every ideal I such that h(/) = E. In other words: Io{E) is 
the smallest ideal satisfying h(/) = E, and Io{E) is the smallest closed 
ideal satisfying h(/) = E. On the other hand, k(L) is clearly the largest 
ideal satisfying h(/) = E. 

Definition: A primary ideal in a commutative Banach algebra is an 
ideal contained in only one maximal ideal. 

In other words, an ideal is primary if its hull consists of a single 
point. 

If i? is a semisimple regular Banach algebra, every maximal ideal 
M C B contains a smallest primary ideal, namely Iq{{M}). We sim¬ 
plify the notation and write IfM) instead of Iq{{M}). The closure, 
Io{M), is clearly the smallest closed primary ideal contained in M. In 
some cases Iq{M) = M and we say then that M contains no nontrivial 
closed primary ideals. Such is the case if B = C(T) (trivial) and also if 
B = Al(T) (Theorem VI.4.11 ’). On the other hand, if B = C"(T) with 
n > 1, the maximal ideal {./: /(to) = 0} contains the nontrivial closed 
primary ideal {/: /(to) = /'(to) = 0}. 

5.9 Definition: A semisimple Banach algebra B satisfies condition 
(D) at M e dJl if, for any x £ M there exists a sequence C Iq{M) 
such that xxn x in B. We say that B satisfies the condition (D) if B 
satisfies (D) at every M £dJl. 

If B satisfies condition (D) at M £ dJl, M contains no nontrivial 
closed primary ideal since IfM) is dense in M. It is not known if 
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the condition that M contains no nontrivial closed primary ideals is 
sufficient to imply (D) or not; however, if we laiow that there exists a 
constant K such that for every neighborhood U of M there exists y & B 
such that ||y|| < K, y has its support in U and y = 1 in some (smaller) 
neighborhood of M, then we can deduce (D) from h{M) = M. For 
X G M let Zn 6 Io{M) such that ^ x. Let be a neighborhood of 
M such that = 0 on [/„, and let y„, G B such that ||y„|| < K, ?y„ = 0 
outside Un and j/„ = 1 near M. Put = 1 — y„,. We have Xn G Iq{M), 
X - xXn = xyn = {x - z„)yn (siuce ZnVn = 0), and 
II(i- - A„)j/„|| < K\\x - Zu\\ ^0. ◄ 

5.10 Lemma. Let B be a regular semisimple Banach algebra satisfy¬ 
ing condition (D) at Mq G Let I be a closed ideal in B and x G Afo- 
Assume that there exists a neighborhood U o/Mq such that x G I locally 
at every M eU\ {Mfy. Then x G I locally at Mq. 

Proof: Let t/ g B be such that the support of y is included in U and 
y = I'm. some neighborhood V of Mq. yx belongs to I locally at every 
M ^ Mq and yxxn belongs locally to I everywhere ({xn} being the 
sequence given by (D); remember that xa = 0 near AAq); hence yxxn G I 
and since xxv, ^ x and I is closed, yx G I. But yx = x m'V and the 
lemma follows. ◄ 


Theorem {Ditkin-Shilov). Let B be a semisimple regular Banach 
algebra satisfying (D). Let I be a closed ideal in B and x G k(h(/)) 
such that the intersection of the boundary of'h.{x) with h(/) contains no 
nontrivial perfect sets. Then x G /. 

PROOF: Denote by 91 the set of Af e dJl such that x does not belong 
to / locally at M. By Theorem 5.7, 91 C (bdry(h)(.x')) n h(/) and 
by the lemma, 91 has no isolated points; hence 91 is perfect and since 
(bdry(h)(x))nh(/) contains no nontrivial perfects sets, 91 = 0andx G I. 

•4 


Corollary. Under the same assumptions on B; if E C Tl is compact 
and its boundary contains no nontrivial perfect subsets, then Iq{E) = 
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5.11 We have been dealing so far with algebras with a unit element. 
The definitions and most of the results can be extended to algebras 
without a unit element simply by identifying the algebra B as a maxi¬ 
mal ideal in B ® C. Instead of dJl we consider its one point compact- 
ification dJl and we say that B is regular on 911 if B © C is regular on 
dJl. This is equivalent to adding to the regularity condition the follow¬ 
ing regularity at infinity: given M G Tl, there exists x e B such that 
x{M) = 1 and x has compact support. Similarly, we have to require in 
defining "x belongs locally to I" not only x G I locally at every M G Tl, 
but also X e / at infinity, that is, the existence of some y e I such that 
X = y outside of some compact set. The condition (D) at infinity is: for 
every x G B there exists a sequence x„ G B such that x„ are compactly 
supported and xx„, ^ x. 


EXERCISES FOR SECTION 5 


1. Let B be a semisimple Banach algebra, let xi,... ,x„ G B be generators 
for B, and assume that 


,/ -oc 


log 11II 

l + t/2 


dy < oo, 


j = 1,... ,n. 


Show that B is regular. 

2. Describe the closed primary ideals of C"(T), n a positive integer. 


6 WIENER’S GENERAL TAUBERIAN THEOREM 

In this section we prove Wiener’s lemma stated in the course of 
the proof of theorem VI.6.1, and Wiener’s general Tauberian theorem. 
These results are obtained as more or less immediate consequences of 
some of the material in the preceding section; it should be kept in mind 
that Wiener’s work preceded, and to some extent motivated, the study 
of general Banach algebras. 

6.1 We start with the analog of Wiener’s lemma for A(T). 

Lemma. Let f,fi G Gl(T) and assume that f is bounded away from 
zero on the support of f\. Then fif^^ G A(T). 

PROOF: A(T) is a regular Banach algebra. Denote by I the principal 
ideal generated by /; then h(/) = = 0} is disjoint from the 

support of /j. By corollary 5.7, /j G I, which means f = gf for some 
g G g 1(T). Thus f\f~^ G g 1(T) locally and we apply Theorem 5.2. ◄ 
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6.2 We obtain Wiener’s lemma by showing that A(R) is locally the 
same as A(T). 

Lemma. Let e > 0 and let 'll) be a continuously differentiable function 
supported by {—tt + e,T^ — e). There exists a constant K depending on 
'0 such that for all —1 < a < 1, ||e“*'0||yi(T) < K. 

PROOF: We clearly have ||e‘“‘V)||ci(T) bounded, and the A(T) norm is 
majorized by the (7^ (T) norm. ◄ 

Theorem. Let f be a continuous function carried by (—tt + e, tt — e). 
Then 

I\fiO\ff < oo < oo. 

PROOF: Let ijj e be carried by (—tt + e/2,7r — e/2), and tjj{t) = 1 
on (—71 + e.TT — e). Assume that X^|/('n)| < oo; then / G A(T); hence 
G A(T) and ||/e®“*0|/4(T) < Ar||/H, 4 (T) for —1 < a < 1. Now 
= /e*“‘ and its A(T) norm is (l/27r) J2\fin — a)\. Integrating the 
inequality 

on 0 < a < 1, we obtain 

11/(01de< if El/HI- 

Conversely, if we assume that ~ o:)\da < oo 

it follows from Fubini’s theorem that for almost all a, 0 < a < 1, 
^|/(n —a)| < oo, which means e'“0 f A(T). As in the first part of the 
proof this implies = / £ A(T) and J2\f{n)\. ◄ 

Corollary. Identifying T with (—tt, tt], a function f defined in a neigh¬ 
borhood q/to G T belongs to A(T) locally at to if, and only if, it belongs 
to A(R) at Iq. 

6.3 Lemma (Wiener’s lemma). Let f and fi G A(R) be such that 
the support of fi is compact and f is bounded away from zero on it. 
Then fi = gf with g G A(R). 

PROOF: Without loss of generality we assume that the support of/i is 
included in (—2,2). Replacing / by fp, where p G A(R), p = I on 
(—2,2) and p = 0 outside of (—3,3), it follows from Lemma 6.1 that 
g = fif^^ G A(T); hence, by Theorem 6.2, g G A(R). ◄ 
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6.4 Theorem (Wiener’s general Tauberian theorem). Let f £ 

A(R) and assume /(^) 7^ 0 /or all / G R. Then f is contained in no 
proper closed ideal q/'A(R). 

PROOF: By Lemma 6.2 it follows that if/i e A(R) has compact sup¬ 
port, then /i// G A(R), that is, fi belongs to (/) (the principal ideal 
generated by /). By theorem VI. 1.12, (/) is dense in A(R) and the 
proof is complete. ◄ 

Instead of considering principal ideals, one may consider any closed 
ideal I. If for every / G R, there exists f <E I such that /(/) =/= 0, then 
I = A(R). As a corollary we obtain again that all maximal ideals in 
Gl(R) have the form {/: /(/o) = 0} for some /o C R- We leave the 
details to the reader. 

6.5 The Tauberian character of Theorem 6.4 may not be obvious at 

first glance. A Tauberian theorem is a theorem that indicates condi¬ 
tions under which some form of summability implies convergence or, 
more generally, another form of summability. The first such theorem 
was proved by Tauber and stated that if lim,i.^i_o = d. and 

a,i = o(l/n), then ^a„ = A. Hardy and Littlewood, who introduced 
the term "Tauberian theorem," improved Tauber’s result by showing 
that Tauber’s condition = o(l/n) can be replaced by the weaker 
a,i = 0(l/n), an improvement that is a great deal deeper and harder 
than Tauber’s rather elementary result. Wiener’s original statement of 
Theorem 6.4 was much more clearly Tauberian: 

Theorem (Wiener’sgeneral Tauberian theorem). Let Ki G L^(R) 
and f G L°°{R). Assume iT(/) 74 0 for all ^ G R and 

(6.1) lim [ Ki{x — y)f{y)dy = A [ Ki{x)dx. 

x^oo J • J 

Then 

(6.2) lim I K 2 ix - y)f{y)dy = A I K 2 ix)dx. 

x^oo J J 

for all K 2 G L^(R). 

Remark: If f{x) tends to a limit when x ^ co then (6.1) is clearly 
satisfied with A = limjj^oo /(t). (6.1) states that /(a) tends to the limit 
A in the mean with respect to the kernel Kp, the theorem states that 
the existence of the limit with respect to the mean Ki implies that of 
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the limit with respect to any mean K 2 , provided Ki never vanishes. 
We refer to [27], chapter 3, for examples of derivations of "concrete" 
Tauberian theorems from theorem 6.5. 

Proof of theorem 6.5: Denote by I the subset of (R) of functions 
K 2 satisfying (6.2). I is clearly a linear subspace, invariant under trans¬ 
lation and closed in the L^(M) norm, that is, a closed ideal in L^(M). 
Since Ki e I, it follows from Theorem 6.4 that I = L^(R) and the 
proof is complete. ◄ 

7 SPECTRAL SYNTHESIS IN REGULAR ALGEBRAS 

Let B be a semisimple regular Banach algebra with a unifr. Denote 
by dJl its maximal ideal space and by B* its dual. 

7.1 Definition: A functional u e B* vanishes on an open set O if 
(.T, u) = 0 for every x G B such that the support of .i is contained in O. 

Lemma. If n G B* vanishes on the open sets Oi and O 2 then v van¬ 
ishes on 0\ U C> 2 . 

PROOF: Let X G B and assume that the support of x is contained in 
Oi U O 2 . Denote by O 3 the complement in dJl of the support of x and let 
ipj, j = 1,2,3 be a partition of unity in B subordinate to Oj, j = 1,2.3. 
Then X = XLpi + xp 2 and (.x, v) = {xpi, v) + {xp 2 , v) = 0, since xpz = 0 
and xpj has its support in O,. ◄ 

From the lemma it follows immediately that if v g B* vanishes on 
every set in some finite collection of open sets it vanishes also on their 
union; and since dJl is compact the same holds for arbitrary unions. The 
union of all the open sets on which u vanishes is the largest set having 
this property and we define the support, S(u), of u as the complement 
of this set (compare with VI.4). 

7.2 For M G fOl we denote by 6 m the multiplicative linear functional 
associated with M, {x,6m) = x{M); thus Sm is naturally identifiable 
with the measure of mass 1 concentrated at M. 

Definition: A functional P G B* admits spectral synthesis if v be¬ 
longs to the weak-star closure of the span in B* of {6m} S(/y) • 

iThe standing assumption 1 e B is introduced for convenience only. It is not essential 
and the reader is urged to extend the notions and results to the case 1 ^ B. 
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Since the subspace of B orthogonal to the span of S(u) 

precisely the set of all x c B such that x{M) = 0 for all M g S(u), that 
is, the ideal k(S(u)), we see, using the Hahn-Banach theorem as we did 
in VI.6, that u admits spectral synthesis if, and only if it is orthogonal 
tok(S(u)). 

7.3 It seems natural to define a set of spectral synthesis as a set E 
having the property that every u € B* such that S(;y) = E admits 
spectral synthesis. If dJl is very large, however, there may be sets E 
which are the support of no u G B* and we prefer to introduce the 
following. 

Definition: A closed set i? C 911 is a set of spectral synthesis if 

every u G S* such that S(u) C E is orthogonal to k(i?). 

This condition implies in particular that ifSf) = E then // admits 
spectral synthesis. 

It is clear that the condition S(u) c E is equivalent to the condition 
that u be orthogonal to IfE). The condition that E is of spectral syn¬ 
thesis is therefore equivalent to requiring that every n G B* which is 
orthogonal to Io{E) be also orthogonal to k(if). By the Hahn-Banach 
theorem this means Io{E) = k(£’). Thus: E is of spectral synthesis if 
and only if Io{E) is dense in k(if). We restate Corollary 5.10 as: 

Theorem. Assume that B satisfies (D) and let E G Tl be closed and 
its boundary contain no perfect subsets. Then E is of spectral synthesis. 

7.4 In some cases every closed E c 911 is of spectral synthesis and 
we say that spectral synthesis is possible in B. Spectral synthesis is 
possible if B = C{X), X a compact Hausdorff space. Another class of 
examples is given by Theorem 7.3: B satisfying (D) with 911 contain¬ 
ing no perfect subsets. In particular, if G is a discrete abelian group and 
B = A{G) (to which we formally add a unit if we want to remain within 
our standing assumptions), then (D) is satisfied and 911 contains no per¬ 
fect subsets. It follows that for discrete G spectral synthesis holds in 
A{G). We devote the rest of this section to prove: 

Theorem (Malliavin). IfG is a nondiscrete LCA group then spectral 
synthesis fails for A{G). 

The construction is somewhat simpler technically in the case G = D 
than in the general case and we do it there. For a nondiscrete LCA 
group G, a Cantor set B on G is a compact set for which there exists 
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a sequence {r,} c G such that the finite sums CjCj, Sj = 0,1, are 
all distinct and form a dense subset of E. The construction we give 
below can be adapted to show that every Cantor set of G contains a 
subset which is not of spectral synthesis for A{G). Notice that every 
nondiscrete LCA group has Cantor subsets. We mention, finally, that 
for G = i?” with n > 3, any sphere is an example of a set which is 
not of spectral synthesis; this was shown by L. Schwartz (some eleven 
years before the general case was settled). 

7.5 We state the principle on which our construction depends in the 
general setting of this section, that is, for a semisimple regular Banach 
algebra with a unit. For typographical simplicity we identify B and B 
and use the letters /, g and so on, for elements of B. We remind the 
reader that the dual B* is canonically a B module. 

Theorem. Let f & B and /i e B*, /r 7 ^ 0, and denote 


(7.1) 


C{xi) = ||e*“-^/x||c 


Assume that for an integer N > 1 

/ OO 

C{u)\u\^du < oc. 

-cxj 

Then there exists a real value ao such that fo = ao + f has the property 
that the closed ideals generated by ff, n = 1 ,..., iV + 1 are all distinct. 

PROOF: We begin with two remarks. 

First: There is no loss of generality assuming that (1, /x) f 0. In fact 
for some h e B {h, /x) = (1, ft/x) f 0 and since 


(7.2) remains valid if we replace g by hg. 

Second: Write ili)!!) = (l,e®“I/x); then |<I’(m)| < C{u) e L^(R), 
<!>(«) is continuous and $(0) = (1,/x) f 0. It follows that is well 
defined and is not identically zero so that there exists a real number ao 
for which <!'(—oq) f 0. This is the ag we are looking for (as we shall 
see) and again we may simplify the typography by assuming ao = 0 ; 
we simply replace / by ao + / and notice that epAao+f) _ ^luaogmf 
that 


= 


tx||ij.. Thus we assume 

■CXD 


(7.3) 


— OC- 



VIII. Commutative Banach Algebras 


247 


For p < N the B*-valued integral 

/ CXD 

-OO 

is well defined since the integrand is continuous and, by (7.2), norm 
integrable. 

Let g > 0 be an integer, gi G B and consider 

/ CXD 

-CX) 

Integrating (7.5) by parts we obtain 
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7.6 In the case B = A(D) we show that /x and / can be chosen so that 
C{u), defined by (7.1), goes to zero faster than any (negative) power 
of |w|. We can take as /r simply the Haar measure of D and we shall 
have / quite explicitly too, but before describing it we make a few 
observations. 

We identify the elements of D as sequences {e,,}, e„, = 0,1, the 
group operation being addition mod 2. Functions on D are functions 

of tbe infinitely many variables n = 1,2,_ Denote by x„, the 

element in D all of whose coordinates except the mth are zero. De¬ 
note by the subgroup of D generated by x 2 „,-i and X 2 m., that is, 
{Q,x 2 m-iiX 2 m,x 2 m-i + T’ 2 m}- Donoto by the measure having the 
mass 1/4 at each of the points of Em.. jXm is the Haar measure on E^ 
and one checks easily that the convolutions jii*- ■ jXn converge in the 
weak-star topology of measures to the Haar measure /x of D. We write 
this formally as /x = - 

Lemma. Let Ei = {xt ,. .., x'j,} and E 2 = {yi ,..., y;} be finite sets on 
a group G. Let E = Ei + E 2 = {xp + yg, p = 1,..., k, q = 1,... ,1} and 
assume that E has kl points. Let hi and h 2 be functions on E such that 
hi{xp + yq) = gi{xp) andh 2 {xp + yq) = g 2 {yq)- Then, ifpm is a measure 
carried by Em ,m = 1,2, 

(7.10) hih 2 {pi * p. 2 ) = igihi) * ( 52 F 2 ). 

PROOF: Both sides of equation (7.10) are carried by E and have the 
mass gi{xp)g 2 {yq)pi{{xp})i.i 2 {{yq]) at Xp + yq. ◄ 

The lemma can be generalized either by induction or by direct ver¬ 
ification to sums of N sets Em- The flaw in notation of denoting by 
Em first specific sets and then, in the lemma, variable sets (and simi¬ 
larly for /x) is forgivable in view of the fact that we use the lemma pre¬ 
cisely for the sets and the measures y„, , introduced above. Thus, 
if hm, rn = 1,2.... are functions on D and if hm depends only on the 
variables c 2 m-i and e 2 m, we have 

N 

(7-1 1) hm'j Pi * ■ ■ ■ * Pn = {hiPi) *■■■* (/lAr/XAr). 

1 

We shall have .f = J2 «m‘Fm with pm. £ Pm depending only on the 

variables £ 2 m-i and £ 2 ™, and the series convergent in the 21 (D) norm. 
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Using (7.11) and taking weak-star limits, we obtain the convenient for¬ 
mula: 

CXD 

(7.12) = 

1 

We recall that the norm of a measure in A(D)* is the supremum of its 
Fourier transform, and that the Fourier transform of a convolution is the 
product of the transforms of the factors; thus we obtain 

CXD 

(7.13) ||e“VllA(B). 

1 

The functions 95 are defined by: 

(7.14) ip{x) = e 2 m-ie 2 m for i = {ej}. 

If we denote by the character on D defined by 

(7.15) < x,i„i>= for .T = {£,}, 

then 

(7.16) Lp„i = 1(1 + Ym-li-lm — ixrn-l “ C2m) 

SO that G ^(D), and ||<j9to|U(b) = 1- 

The Fourier transform of the measure can be computed 

explicitly: if ^ = {((j} £ D then 

[ < = 

(7.17) J 

= i(l + (-1)'^=™-® +(-l)«=™ +e’:«(_i)C2™-i+C2™()^ 

which assumes only the three values: . It follows 

that if la — 7 r| < tt/S mod 27r, then 

(7.18) ||e®"^™/i.nlU(B)* < f. 

Theorem. Denote the Haar measure on D by fj,. There exists a real¬ 
valued function f £ 24(D) such that, as |w| ^ 00 , C{u) = ||e®®‘f//||^(ij). 
vanishes faster than any power of\u\. 
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Proof: Let {N^} be a sequence of integers such that ^ < oo. 

Write arn = for Nj < rn < Yli ^j- We clearly have 

= (27r/3) 5] < CX), so that writing / = Y.O'rn^m as in 

(7.14), we have / g A(D). For 2* < ii < we have 27r/3 < ua,n < 
47 r/3 for the Nk values of m such that a„j = 7r/3-2'"“^. For these values 
it follows from (7.18) that 

W^iuam^m .. II ^3 

||€ /-hn\\A(B)* S 4 

and consequently, using (7.13), 

CXD 

(7.19) C{u) < 

1 

since all the factors in (7.19) are bounded by 1 and at least Nk of them 
by |. If we take Nk = 2^/c-^^ we obtain C{u) < “ for m ^ oc, 

and since for real-valued /, C{—u) = C(u), the proof is complete. ◄ 

Corollary. There exists a real-valued f G A(D) such that the closed 
ideals generated by p'- , n = 1, 2 ,..., are all distinct. 

EXERCISES FOR SECTION 7 

1. Prove that for every function a{u) such that u^^a(u) is monotonic and 
^2“*a(2*) < oo , there exists a real-valued function / G A(D) for which 
C(ti) = O 

2. Denote hy Ba, 0 < a < 1, the algebras obtained from A(D) and C(D) 
by the interpolation procedure described in IV. 1. Show that spectral synthesis 
fails in Ba- 

8 FUNCTIONS THAT OPERATE IN REGULAR 
BANACH ALGEBRAS 

8.1 We again consider regular semisimple Banach algebras with unit. 
Definition: A function F, defined in a set D in the complex plane, 
operates in B if F{x) G B for every x G B whose range is included in 
D. The study of functions that operate in B is also called the symbolic 
calculus in B. Theorem 3.9 can be stated as: a function F defined 
and analytic in an open set 0 operates in (any) B. Saying that B is 
self-adjoint is equivalent to saying that F{z) = z operates in B. If B 
is self-adjoint and regular, we can prove Theorem 3.9 and a great deal 
more without the use of Cauchy’s integral formula. We first prove: 
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Lemma. Let B be a regular, self-adjoint Banach algebra with maxi¬ 
mal ideal space iM. Let Mo G and let U be a neighborhood of Mo- 
Then there exists an element e e B such that e has its support within U, 
e = 1 on some neighborhood V of Mo and 0 < e < I o« iM. 

PROOF: By the regularity of B there exists an x e B such that x has 
its support in U and i = I in some neighborhood V of Mq. Take e = 
sin^ ■kxxI2. (Notice that sin^ ttxxI2 is well defined by means of power 
series.) ◄ 

Theorem. Let x e B and let f be a continuous function on such 
that in a neighborhood of each Mo G dJl, f can be written as F{x), 
where F{C,) = F{i^ + irj) is real-analytic in ^ and rj in a neighborhood 
qfx{Mo). Then f G LS. 

Remark: The two points in which this result is more general than The¬ 
orem 3.9 are: 

(a) We allow real-analytic functions. 

(b) We allow many-valued functions (provided F{x{M)) can be de¬ 
fined as a continuous function.) 

PROOF: We show that/(M) G B locally at every point. Let Afo £ 

X e B, and F such that / = F{x) in a neighborhood Uo of Mo- Re¬ 
placing X by X — x{Mo) and B(() by F{C, — x{m,o)), we may assume 
that x{Mo) = 0, and that near zero, say for |^| < 1, \ri\ < 1, we have 

F{£. + ill) = Y. O-n-onff "'- 

Let 17 C f/o be a neighborhood of Mo such that \x{M)\ < | in [7, let 
e e B have the properties listed in the lemma and write xj = Rfx) = 
^{ex + ex) and ly = 9(ea;). By Lemma 3.6 the series Y^romxjxf 
converges in B and we denote y = Y o-a.rnxjxf-, then y{M) = F{x{M)) 
inL. ◄ 

8.2 It is not hard to see that operation by analytic (or real-analytic) 
functions, even in the setup of Theorem 8.1 which allows many valued 
functions, is continuous. This follows from the (local) power series 
expansion. There is no reason to assume, however, that whenever a 
function F operates in a regular semisimple algebra B, the operation is 
continuous (see exercise 2 at end of this section). Still, the regularity 
of B makes it easy to "condense singularities" which allows us to show 
that the "bad" behavior of the operation is localized on Tl to the neigh¬ 
borhood of a finite set. The notions, arguments, and results that follow 
are typical of regular algebras. 
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8.3 We assume that B is self-adjoint, regular, and with a unit, and we 
assume for simplicity that F is a continuous function, defined on the 
real line, and operates in B. 

Definition : F operates boundedly if there exist constants e > 0 and 
if > 0 such that if x{M) is real valued and ||a;|| < e, then'l \\F{x) || < K. 
F operates boundedly at M G dJl, if there exists a neighborhood Um 
of M and constants e > 0 and if > 0 such that if the support of x is 
contained in Um and ||x|| < c, then ||F(a;)|| < if. 

Lemma. F operates boundedly if, and only if it operates boundedly 
at every M G IH. 

PROOF: Replacing Fhy F — F{0) we may assume i^(0) = 0. It is clear 
that if F operates boundedly, it does so locally at each M. Assume that 
the operation is bounded locally, and pick Afi, Af ,..., Ff such that the 
corresponding neighborhoods Umi , ■ ■ ■, Um„ cover dJl. Let Vj,..., fj, 
be open sets such that Vj c U„ij and such that {Vj } cover dJl. Let 
'ipj e B he real valued with support inside Umj and = 1 on Vj, 
and let {pj) be a partition of the unity in B relative to {Vj}. Let Sj 
and Kj be the constants corresponding to Umj and now take e > 0 so 
that lleV’jll < Ej for all j, and if = ^jW^PiW- Assume that x £ B 
is real valued and ||a:j| < e; then ||iV’jll < l|T||||V’jll < £j and xt})j is 
supported by Umj, hence \\F{xipj)\\ < Kj. But F{x) = so 

that ||i^(a;)ll < 'EW^jUKj = K. ◄ 

8.4 Lemma. Let B be a regular, self adjoint Banach algebra and F 
a function defined on the real line and operating in B. Then there exists 
at most a finite number of points of dJl at which F does not operate 
boundedly. 

PROOF: Again we assume, with no loss of generality, that F{0) = 0. 
Assume that F operates unboundedly at infinitely many points in dJl and 
pick a sequence of such points (Aij) having pairwise disjoint neighbor¬ 
hoods Vj. We now pick a neighborhood IL, of Ai, such that ILj C L,. 
Saying that F does not operate boundedly at A'f means that, given any 
neighborhood Wj of AL, and any constants £, > 0 and if, > 0, there 
exists a real-valued fj G B carried by Wj such that ll/.ll < £ , , and 
||^’(/j)|| > Kj. We take Sj = 2^^ and if,- = 2JH(/3,j|, where pj G i? is 
carried by Vj and pj = 1 on Wj. We now consider f = .fj F{f ). 

iWe denote by F{x) the element in B whose Gelfand transform is F{x). 
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By the choice of e, the series defining / converges and consequently 
f <£ B and F{f) e B. Now 

mm > > 2^' for an J, 

WVjW W^fijW 

which gives the desired contradiction. ◄ 

8.5 For some Banach algebras, Lemma 8.4 takes us as far as we can 
go; for others it can be improved. Consider, for instance, an automor¬ 
phism a of B inducing the change of variables a on dJl. If / e B, then 
F{af) = F{f{aM)) = a{F{f)), which means that the operations by 
F (on the function) and by a (on the variables) commute. Since cr is 
a bounded, invertible operator, it follows that F operates boundedly at 
a point M G 911 if and only if it operates boundedly at aM. From this 
remark and Lemma 8.4 it follows that if F does not operate boundedly 
at M G Tt, the set of images of M under all the automorphisms of B 
is finite. In particular, if for every M G fOl the set {aM}, a ranging 
over all the automorphisms of B, is infinite, then every function that 
operates in B does so boundedly at every M G fOl, and consequently, 
operates boundedly. In particular: 

Theorem. Let G be a compact abelian group and F a continuous 
function defined on the real line. If F operates in A{G), it does so 
boundedly. 

PROOF: The maximal ideal space of A{G) is G. For every y e G the 
mapping / fy^ is an automorphism of A{G) which carries the max¬ 
imal ideal corresponding to y to that corresponding to 0 G G. If G is 
infinite the statement of the theorem follows from the discussion above. 
If G is finite the operation by F is clearly continuous. ◄ 

Remark: Since the operation of a function on a Banach algebra is 
not linear, we cannot usually deduce continuity from boundedness, nor 
boundedness in one ball in B from boundedness in another (see exer¬ 
cise 3 at the end of this section). 

8.6 For some algebras Theorem 8.1 is far from being sharp. For in¬ 
stance, if B = G(i)Jl) every continuous function operates in B; if B = 
G"(T) every n-times continuously differentiable function operates. For 

fy(^) = fix - y). 
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group algebras of infinite LCA groups Theorem 8.1 is sharp. We shall 
prove now that for the algebra B = A(T), only analytic functions oper¬ 
ate. This is a special case of the following: 

Theorem. Let G be a nondiscrete LCA group and let F be a function 
defined on an interval I of the real line. Assume that F operates in 
A{G). Then F is analytic on I. 

Remark: If G is not compact, one of our standing assumptions, namely 
1 G is not satisfied. Since in this case all the functions in A{G) tend 
to zero at infinity, we have to add to the statement of the theorem the 
assumption 0 G / since otherwise every function defined on I operates 
trivially (the condition of operation being void). The theorem can be 
extended to infinite discrete groups; we have to assume 0 G / (since 
discrete and compact implies finite) and the conclusion is that F is an¬ 
alytic at zero (see exercise 1 at the end of this section). As mentioned 
above we prove the theorem for G = T; the proof of the general case 
runs along the same lines (see [24], chapter 6). 

Proof of the theorem (G = T): Let b be an interior point of I and 
consider the function ^ 1 ( 2 ;) = F{x + h). Fi is defined on I — h and 
clearly operates in A(T). If we prove that F{x) is analytic at ,x = 0 it 
would follow that F{x) is analytic at 6, so that, in order to prove that 
F is analytic at every interior point of I we may assume 0 G int{I) 
and prove the analyticity of T at 0. Once we know that functions that 
operate are necessarily anal 3 d:ic at the interior points of I we obtain 
the analyticity at the endpoints as follows (we assume, for simplicity, 
that I = [0,1] and we prove that F(x) is anal 5 dic at x = 0): consider 
Ffx) = F{xf. Fi is defined on [—1,1] and clearly operates in A(T) so 
that near a; = 0, Fi{x) = ffhjxF Now, since Ffix) = F{xf is even, 
h'ij-i = 0 for all j, so that ^ 1 ( 2 ;) = and F{x) = Y^h'ijxf The 

proof will therefore be complete if, assuming 0 G int(/), we prove that 
F is analytic at 0. 

By Theorem 8.5, T operates boundedly which means that there exist 
constants e > 0 and A > 0 such that if / G A(T) is real valued and 
ll/ll < e, then ||T(/)|| < K. Pick a > 0 so small that (i) [— 0 , 0 ] C /, 
and (ii) ae'' < e, and consider Ffx) = T(asin 2 ;). By (i), Fi is well 
defined and it clearly is 27r-periodic and operates in A(T). Now if / G 
A(T) is real valued and ||/|| < 5, then osin / is real-valued, and by (ii), 
||asin/|| < £ so that ||Ti(/)|| < K. 
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In particular, if (p e A(T), ||(j3 || < I, t £ R, |t| < tt, then 

(8.1) \\F,ip, + t)\\ < K 

Now a sin a: £ 2l(T); hence Fi £ £l(T) and we can write 

(8.2) F,{x) = Y,ArF’'"^-. 

in particular, Fi is continuous. For real-valued / £ £l(T), Fi{f) £ £l(T) 
and therefore can be written as 

(8.3) F’i(/(t)) = ^a„(/)e"*, ^|a„(/)| < oo 

Since Fi is uniformly continuous on R it follows that 

««(/) = ^ j Fi{f{t))e-"‘^^dt 

depends continuously on / and therefore, for each N, the mapping 

N 

(8.4) 

-N 

is continuous from the real functions in A(T) into A(T). We conclude 
from (8.3) that Fi{f ) is a pointwise limit of continuous functions on 
£l(T), that is, is a Baire function on £l(T), and in particular: Fi{lp + r) 
considered as a function of r on [— tt, tt] is a measurable vector-valued 
function which is bounded by A" if ||(,5|| < 1. It follows that 

(8.5) 11 — / Fi{ip + T)e-""dT\\ <K: 

Il27r7 I 

however, 

(8.6) ^ j Ai [p + T)e-*”-dT = 

as can be checked by evaluating both sides of (8.6) for every t £ T, and 
we rewrite (8.5) as 

(8.5’) ||A„e‘”^|| < AT. 

Let us write 

(8-7) N{u) = ||/||<„l|e‘^IU(T); 
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then it follows from (8.5’) that 

(8.8) \Ar,\<K{N{n))~^ 

and if we show that N{'u) grows exponentially with u, it would follow 
that ( 8 . 2 ) converges not only on the real axis, but in a strip around it, so 
that Fi is analytic on R and, finally, F is analytic at 0. All that we need 
in order to complete the proof is: 

Lemma. LetN{u) be defined by {^.1). Then 

(8.9) Mfi) = e“. 

PROOF: It is clear from the power series expansion of e’d that for any 
Banach algebra 

N{u) < e“. 

The proof that, for A(T), I\f{u) > e“ is based on the following two 
remarks: 

(a) Let /, g e A(T), then 

(8.10) ^ \\f\\\\g\\ as X^oo 


(A being integer). We prove (8.10) by noticing that if / is a trigono¬ 
metric polynomial and A is greater than twice the degree of / then 
\\f{t)g{Xt)\\ = ll/ll ll^lj. For arbitrary / G Al(T) and e > 0 we write 
/ = /i + /2 where fi is a trigonometric polynomial and ||/ 2 1| < e||/||. If 
A/2 is greater than the degree of fi we have 


f{t)g{Xt)\\ > ||/i(t).g(At)|| - ||/ 2 (t).g(At)|| > (1 -2£)||/|| ||g 


(b) If a is positive, then e®" ‘ = 1 + ia cos t + ... so that 

I'g ll„Iacost|| _ 1 I I /O ^'„2^ 


|gSacot,t||^^^^ — I + a + O (o^) . 


Let M > 0; we pick a large N and write / = '^{u/N) cos Xfi where the 
Xj ’s increase fast enough to ensure 


( 8 . 12 ) 


N 

n 

j=i 


gi(n/Ar)cos Ajt ^ _ “) H 


cos t 


.? = 1 


/ is clearly real valued, ||/|| = u, and, by ( 8 . 11 ) and ( 8 . 12 ), 



if N is large enough. 


•4 
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This completes the proof of the theorem (for G = T). 

The lemma is not accidental: the exponential growth of is the 
real reason for the validity of the theorem. The function as defined 
by (8.7) can be considered for any Banach algebra B and if, for some 
B, Af{u) does not have exponential growth at infinity, then there exist 
nonanalytic functions which operate in B. As an example we can take 
any F{x) = such that does not vanish exponentially as 

w| ^ oo but such that for all A: > 0, ^ A„7V’(fc|n|) < oo; F operates 
in B since for any real-valued f G B, F{ f) = ^ and the series 

converges in norm. 

8.7 We finish this section with some remarks concerning the so-called 
“individual symbolic calculus” in regular semisimple Banach algebras. 
Inasmuch as "symbolic calculus" is the study of functions that operate 
in an algebra and of their mode of operation, individual symbolic cal¬ 
culus is the study of the functions that operate on a fixed element in 
the algebra. Let us be more precise. We consider a regular, semisimple 
Banach algebra (identify it with its Gelfand transform) and say that a 
function F operates on an element f G B if the domain of F contains 
the range of / and F{f) g B. It is clear that a function F operates in 
B if it operates on every f G B with range contained in the domain 
of F. It is also clear that for each fixed f G B, the set of functions 
that operate on / is a function algebra on the range of /; we denote 
this algebra by [/]. For F G [/] we write ||f||[/] = \\F{f )\\B and with 
this norm [/] is a normed algebra. If we denote by [[/]] the subalge¬ 
bra of B consisting of the elements F{ f), F G [/], it is clear that the 
correspondence F ^ F{f) is an isometry of [/] onto [[/]]. Since [[/]] 
consists of a\\ g G B which respect the level lines of / (i.e., such that 
/(Afi) = f{M 2 )^g{Mi = g{M 2 )), [[,/]] and [/] are Banach algebras. 
We say that [[/]] is the subalgebra generated formally by /; it clearly 
contains the subalgebra generated by / (which corresponds to the clo¬ 
sure of the polynomials in [/]). 

It should be noted that the "concrete" algebra [/] depends on / more 
than [[/]]. The latter depends only on the level lines of / and is the 
same, for example, if we replace a real-valued / by /‘^ Even if the 
ranges of / and are the same we usually have [/] f [ff. 

If / is real valued, [/] always contains non-analytic functions. In 
fact, since ||e'f ||. 5 p = 1, it follows from Lemma 3.6 that 
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so that there exists a sequence {A„} that does not vanish exponentially 
such that converges in norm; hence F{x) = ^ be¬ 

longs to [/]. The fact that {An} does not vanish exponentially implies 
that F{x) is not analytic on the entire real line but it can still be analjdic 
on portions thereof which may contain the range of /. So we impose 
the additional condition that = 0 unless n = m!, rn= 1 , 2 ,..., which 
implies that ^ is analytic nowhere on R. 

8.8 Individual symbolic calculus is related to the problem of spectral 
synthesis in B. Assume for instance that the range of / is [—1,1] and 
that [/] C C'™([—1,1]), rn > 1. Since in C™, F{x) = x does not belong 
to the ideal generated by x^, and since (Theorem 4.1) the imbedding of 
[/] in C'’" is continuous, / does not belong to the ideal generated by 
in [[/]]. This does not mean a-priori that the same is true in B. We do 
have a linear functional u on [[/]] which is orthogonal to (/^) and such 
that (/, u) 7 ^ 0 and we can extend it by the Hahn-Banach theorem to a 
functional on B; there is no reason, however, to expect that the support 
of the extended functional should always be contained in /^^(O). If u 
can be extended to B with S(u) c /“^(O), spectral synthesis fails in B. 

Going back to C” one identifies immediately a functional orthog¬ 
onal to the ideal generated by x? but not to .-r; for instance, 5', the 
derivative (in the sense of the theory of distributions) of the point mass 
at zero, which assigns to every F e G"' the value of its derivative at 
the origin. In [[/]] the corresponding functional can be denoted by 
6'{f) and remembering that the Fourier transform of 6' is 5'{u) = —iu 
one may try to extend 5'{f) to B using the Fourier inversion formula 
(5'(/) = A {{i/u)e''''Adu. Strictly speaking this is meaningless, but it 
provided the motivation for Theorem 7.5. 

EXERCISES FOR SECTION 8 

1. Let B be a semisimple Banach algebra without unit and with discrete 
maximal ideal space. Show that every function F analytic near zero and satis¬ 
fying F(0) = 0, operates in B. 

2. As in chapter I, Lipj (T) denotes the subalgebra of C (T) consisting of the 

functions / satisfying sup^^^^^ | \ < °o- 

(a) Find the functions that operate in Lipj (T). 

(b) Show that every function which operates in Lipj (T) is bounded in every 
ball. 

(c) Show that F{x) = It] does not operate continuously at / = sin t. 
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3. Assume that F is defined on K and operates in A(T). Assume that for 
every r > 0 there exists K = K{r) such that if / is real-valued and ||/|| < r, 
then ||F(/)|| < K(r). Show that F is the restriction to M of an entire function. 

4. Let B be a regular, semisimple, self-adjoint Banach algebra with a unit. 
Assume that F{x) = -y/fxf operates boundedly in B. Prove that B = C'(971). 
Ffint: Use Theorem 3.8. 

5. Use the construction of section 7 to show that for the algebra B = A(D), 
Af (u) has exponential growth at infinity; hence prove Theorem 8.6 for the case 

G = D. 

6. Let a(u) be a positive function, 0 < ii < oo, such that a(u) < | and 
a(u) ^ 0 as M ^ oo. Show that there exists a real-valued / e A(T) such that 

II ittfii ua(u) 

|e II > e ^ A 

7. (a) Show that if ip{t, r) e A(T^), then for every r e T, iprit) = ip{t, r), 
considered as a function of t alone, belongs to A(T) and ||'i/’T|U(T) < ||‘is|U(t 2 )- 
Furthennore: 'iprit) is a continuous A(T)-valued function of r. 

(b) Prove: for every function a{u) as in exercise 6. above, there exists a 

real-valued g e A(T^) whose range contains [—7r,7r] and such that if F{x) = 
^ e [p], then An = O . 

Hint: Take ( 7 (f, r) = /(f)+ 5 sin r, where / is a function constructed in exercise 
6 above. Apply part (a) and the argument of 8.6. 

(c) Deduce theorem 8.6 for the case G = from part (b). 

9 THE ALGEBRA M(T) AND FUNCTIONS THAT OPERATE ON 
FOURIER-STIELTJES COEFFICIENTS 

In this section we study the Banach algebra of measures on a non¬ 
discrete LCA group. We shall actually be more specific and consider 
Af(T); this in order to avoid some (minor) technical difficulties while 
presenting all the basic phenomena of the general ease. 

9.1 We have little information so far about the Banach algebra A/(T). 
We know that for every n G Z, the mapping /x ^ //(n) is a multiplicative 
linear functional on M{T); this identifies Z as part of the maximal ideal 
space Tl of A/(T). How big a part of Tl is Z? We have one negative 
indication: since dJl is compact the range of every /x on 911 is compact 
and therefore contains the closure of the sequence {/x(n)}„£z, which 
may well be uncountable (e.g., if /x(n) = cosn, n G Z). Thus 911 is 
uncountable and is therefore much bigger than Z. But we also have a 
positive indication: a measure /x is determined by its Fourier-Stieltjes 
coefficients, that is, if /x = 0 on Z then ^ = 0 and therefore /x = 0 on 911. 
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This proves that M(T) is semisimple and may suggest the following 
question: 

(a) Is Z dense in Til 
Other natural questions are: 

(b) Is M(T) regular? 

(c) Is M(T) self-adjoint? 

Theorem. There exists a measure /iAf(T) such that fi is real valued 
on Z but is not real valued on Tfl. 

Corollary. The answer to all three questions above is "no. " 

PROOF : It is clear that the theorem implies that Z is not dense in Tt. If 
Af G 911 is not in the closure of Z, there is no ji G Af(T) such that fh = 0 
on Z while /t(A/) ^ 0 (since /i = 0 on Z implies ji = 0); so Af(T) is 
not regular. Finally: if p is a measure with real-valued Fourier-Stieltjes 
coefficients and if for some v e M{T), b = fi on Tl, we have b = fi on 
Z, hence u = /i and fi = jl onTl which means that jl is real valued on Tl. 
Thus, if /X has the properties described in the theorem, then /x ^ Af(T). 

•4 


9.2 In the proof of Theorem 9.1 we shall need 

Lemma. Let Gi and G 2 be disjoint^ subgroups of T and let Ej C 
Gj, j = 1, 2, be compact. Let gj be carried by Ej, j = I, 2. Then 


(9-1) ll/Xl *ti2||M(T) — ||Ml||M(T)||h2||M(T)- 

PROOF: Let e > 0 and let pj be continuous on Ej, satisfying \pj\ < 1 
and J pjdfij > ||/x,j| — e. The function ip{t + r) = pi{t)p2{T) is well 
defined and continuous on Ei + E 2 (this is where we use the fact that 
Ej are contained in disjoint subgroups) and 


/ fd{pi * P 2 ) = f{t + T)diJ.idg2 = / Tidbi / T2dp2 


which implies ||mi *p 2 || > iWbiW -e)(||h 2 || -e). 


•4 


' That is: Gi n G2 = {0}. 
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9.3 Proof of 9.1: We construct a measure e Af (T) with real Fourier- 
Stieltjes coefficients and such that 

(9.2) ||e-^||M(T) =e" forn > 0. 

By Lemma 3.6 it follows that the spectral norm of e®'* is equal to e 
which means that A(/i) = — 1 somewhere on DJI. 

Let S be a perfeet independent set on T (see VI.9.4). Let u be a 
eontinuous measure earried by E and v* the symmetric image of u, 
defined by v*{F) = for all measurable sets F. v* is clearly 

carried by —E and if we write /i = v + we have jl{n) = 2iR(/>(n)) for 
all n G Z. We claim that for such ^ 

(9.2’) lleV'll = 

Let V be a large integer and write f? as a union of N disjoint closed 
subsets Ej such that the norm of the portion of j.i carried by Ej U — L, , 
call it Hj, is precisely ||/i||V^^ (Here we use the fact that /i is continu¬ 
ous.) Now = (i + ijij+\a measure whose norm is O where 5 

is the identity in Af (T), that is, the unit mass concentrated at the origin. 
We have ||(5 + i^ijW = 1 + and 

N N 

eF' = *eF^ = *(<5 + i/i^) + p 

1 1 

where p is a measure whose norm is O . Since E is independent 

the subsets Ej generate disjoint subgroups of T and, by Lemma 9.2, 
je'^ll = (1 + ||p||V“^)^ + O as V ^ oo, (9.2’) follows. It is 

now clear that if we normalize /i to have norm 1 and apply (9.2’) to np 
we have (9.2). ◄ 

Remark: Since the measure p, described above, has norm 1, its spec¬ 
trum lies in the disc \z\ < 1. The only point in the unit disc whose 
imaginary part is -1 is 2 ; = —i. It follows that -1 is in the spectrum of p 
which means that S + p^ is not invertible. The Fourier-Stieltjes coeffi¬ 
cients of (5 + p^ are 1 + (/i(n))^ > 1 (since p{n) is real-valued) and yet 
(1 + (/i(n))^)^^ are not the Fourier-Stieltjes coefficients of any measure 
on T. This phenomenon was discovered by Wiener and Pitt. 

9.4 Definition: A function F, defined in some subset of C, oper¬ 
ates on Fourier-Stieltjes coefficients if {F{p{nj)}n<Ei is a sequence of 



262 


An Introduction to Harmonic Analysis 


Fourier-Stieltjes coeflficients for every /x g M(T) such that {/i(n)}„£z is 
contained in the domain of definition of F. 

Since Z is not the entire maximal ideal space of M{T) there is no 
reason to expect that if F is holomorphic on its domain, it operates 
on Fourier-Stieltjes coefficients; and by the remark above, the function 
defined on R by F{x) = (1 + does not operate on Fourier-Stieltjes 
coefficients. This is a special case of 

Theorem. Let F be defined in an interval / c M and assume that it 
operates on Fourier-Stieltjes coefficients. Then F is the restriction to I 
of an entire function. 

The theorem can be proved along the same lines as 8.6. The main 
difference is that one shows that if F operates on Fourier-Stieltjes co¬ 
efficients, the operation is bounded in every ball of M(T) (rather than 
some ball, as in the case of A{G)), that is, for all r > 0 there exists a 
K = K{r) such that if ||/i|| < r and (i{n) G I for all n G Z, then F{ji{n)) 
are the Fourier-Stieltjes coefficients of a measure of norm < K. We 
refer to [24], chapter 6 and to exercises 6 through 9 at the end of this 
section for further details. 

9.5 The individual symbolic calculus on M(T) is also more restrictive 
than an individual symbolic calculus can be in a Banach algebra consid¬ 
ered as function algebra on the entire maximal ideal space. There exist 
measures /x in M(T) with real-valued Fourier-Stieltjes coefficients such 
that every continuous function which operates on /x must be the restric¬ 
tion to M of some function analytic in a disc (see exercise 10 at the end 
of this section). This suggests that portions of the maximal ideal space 
of M(T) may carry anal 3 dic structure. 

EXERCISES FOR SECTION 9 

1. Let n e M(T) be such that ||e"^|| = for all a G C. Show that 

{iF}, n = 0,1, 2 ... are mutually singular. 

2. Let iS be a linearly independent compact set on T and let p be a contin¬ 
uous measure carried by if U —E. Show that {/lx"}, n = 0,1, 2 ... are mutually 
singular. 

3. Show that if ^ G Ai(T), /x(n) is real for all n G Z and p" are mutually 
singular for xt = 1 , 2 ,... then u is continuous. 

4. Deduce Theorem 9.1 from Theorem 9.4. 

5. Let j-j,j = 1,2,,., be positive numbers such that ry/rj-i < | and 
d/d-i ^ 0 as j ^ oo. Show that (p(n) = ]]][“ cosxy rx, n G Z are the 
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Fourier-Stieltjes coefficients of a measure ji, and that /r" are mutually singular, 
n = l,2,.... 

Hint: Show that if rj-ijrj > M for all j, then are mutually singular. 

6. Let F be continuous on [—1,1] and F(0) = 0. Show that the following 
two conditions are equivalent: 

(i) If /i e M(T), ||/i|| < r and —1 < /i(n) < 1 for all n, then {F(/i(n))} 
are the Fourier-Stieltjes coefficients of some measure F{fi) e M(T) such that 
||F’(/r)l|M(T) < K. 

(ii) If —1 < < 1 andP = a polynomial satisfying ||P||i:,i(i) < r, 

then||5:F(a„)C"‘|Ui(T) < A. 

Also show that in (ii) we may add the assumption that the a„ are rational 
numbers without affecting the equivalence of (i) and (ii). 

7. (For the purpose of this exercise) we say that a measure contains a 
polynomial P if for appropriate m and M, P{n) = /t(m + nM) for all integers 
n which are bounded in absolute value by twice the degree d of P. Notice that 
if II contains P then 


P{Mt)=\/d{Mt) * (e-*’"V) 

and consequently ||P||i:,i(T) < 2||/i||M(T). Show that there exists a measure /i 
with real Fourier-Stieltjes coefficients, ||/i|| < 2, and /i contains every pol}mo- 
mial P with rational coefficients such that ||P||i:,i(i) < 1. 

Hint: Show that for every sequence of integers {Nj } there exists a sequence of 
integers {Aj} such that, writing Aj = and A = UjAj, every function 

/ e Ca (see chapter V for the notation Ca) can be written f = fi > 
fj e Caj, and 5^||/jHoo < 2||/||oo. Deduce, using the Hahn-Banach theorem, 
that if the numbers aj,fc are such that for each j, < 1, then 

there exists a measure ii e M{T) such that ||ai||m(t) < 2 and fiikXj) = Uj.k for 
appropriate Xj and 1 < k < Nj. If the numbers aj.k above are real, one can 
replace /u by |(jU + M^). 

8. Let F be defined and continuous on M and assume that it operates on 
Fourier-Stieltjes coefficients. Prove that the operation is bounded on every ball 

of M(T). 

Hint: Use exercises 6 and 7 above; show that if ||u||m(t) < rthen ||P(u)||m(t) < 
2||P(r/i)||M(T). 

9. Prove Theorem 9.4. 

10. Show that if P is defined and continuous on K and if F{p,{n)) are 
Fourier-Stieltjes coefficients, /i being the measure introduced in exercise 7, then 
P is analytic at the origin. If F{kp{n)) are Fourier Stieltjes coefficients for all 
k, then P is entire. 

11. Let p e M{T) he carried by a compact independent set and assume that 
p{n) ^ 0 as |n| ^ oo. (Such measures exist: see [25].) Let B be the closed 
subalgebra of A'f(T) generated by P^(T) and p. 
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(a) Check that Theorems 9,1 and 9.4 are valid if we replace in their state¬ 
ment M(T) by B. 

(b) Notice that the restriction of B to Z is a function algebra on Z, interme¬ 
diate between A(Z) and co both of which have Z as maximal ideal space, and 
yet its maximal ideal space is larger than Z. 

10 THE USE OE TENSOR PRODUCTS 

In this final section we prove a theorem concerning the symbolic 
calculus and the failing of spectral synthesis in some quotient algebras 
of A(R). The theorem and its proof are due to Varopoulos and serve 
here as an illustration of a general method which he introduced. We 
refer to [26] for a systematic account of the use of tensor algebras in 
harmonic analysis. 

10.1 Letfii c R be compact. We denote by A{E) the algebra of func¬ 
tions on E which are restrictions to E of elements of yl(R). A{E) 
is canonically identified with the quotient algebra A{R)/k{E) (where 
k{E) = {/: / G A(R) and / = 0 on E}) and is therefore a Banach alge¬ 
bra with E as the space of maximal ideals (see 5.5). The main theorem 
of this section is: 

Theorem. Let Ei , E 2 be nonempty disjoint perfect subsets o/R, such 
that El U E 2 is a Kronecker set. Put E = Ei + f ?2 ^ Then: 

(a) Every function E, defined on R, which operates in A{E) is analytic. 

(b) Spectral synthesis fails in A{E). 

Remarks: (i) We place i? on R for the sake of technical simplicity 
and in accordance with the general trend of this book. Only minor 
modifications are needed in order to place E in an arbitrary nondiscrete 
LCA group, obtaining thereby a proof of Malliavin’s theorem 7.4 in its 
full generality. 

(ii) We shall actually prove more, namely: A{E) is isomorphic to a 
fixed Banach algebra (subsections 10.2, 10.3, and 10.4) for which (a) 
and (b) are valid (subsection 10.5). 

10.2 Let X and Y be compact Hausdorff spaces, X xY their cartesian 
product. We denote by L = V{X, Y) the projective tensor product of 
C{X) and C(Y}; that is, the space of all continuous functions p on 
X xY that admit a representation of the form 

El + E2 = {x : X = xi + X2 with xj € Ej }. 
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(10.1) ^{x, y) = fj{x)gj{y) 
with fj e C{X),gj e C{Y), and 

( 10 . 2 ) 

We introduce the norm 

(10.3) \\y\\v = inf X^II/jIIooIISjIIoo 

where the infimum is taken with respect to all possible representations 
of y in the form (10.1). It is immediate to check that the norm || ||v is 
multiplicative and that V is complete; thus V is a Banach algebra. 

Lemma. The maximal ideal space ofV can be identified canonically 
with X xY. 


PROOF: Denote by V) (resp. If) the subalgebra of V consisting of 
the functions Lp{x,y) which depend only on x (resp. only on y). It 
is clear that Vi and If are canonically isomorphic to C(X) and C(Y) 
respectively. A multiplicative linear functional w on V induces, hy 
restriction, multiplicative linear functionals wi on Vi and W 2 on V 2 . By 
Corollary, 2.12, wi has the form / 1 -^ f{xo) for some xq G X; W 2 has 
the form g .g(;yo) for some go G Y, and it follows that if 


then 


p{x.,y) = ^/g(x).gj (;;/), 
wix) = X]./:i(ai-o).g,,'(yo) = T{xo,yo). 




Corollary. V is semisimple, self-adjoint, and regular. 

10.3 We assume now that X is homeomorphic to a compact abelian 
group G (more precisely, to the underlying topological space of G) and 
that Y is homeomorphic to a compact abelian group H. We denote both 
homeomorphisms X ^ G and Y ^ H hy a. a induces canonically a 
homeomorphism of X x V onto G (B H, and hence an isomorphism of 
G{G®H) ontoC'(X x Y). 

Lemma. The canonical isomorphism of C{G © H) onto G{X x Y) 
maps A{G © H) into V. 
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Proof : Let x be a character on G © and let x be its image under the 
canonical isomorphism, namely 

(10.4) x{x,y) = xWx,ay). 

Since ^y) = xi^x, 0)x(0, ay) we have 

(10.5) x{x,y) = x{x,Q)x{'^,y) 

so that X ^ V and Hxllu = 1. If © G A(G © ff) then ip = X^a^x 
the summation extending over G Q H and ||©||a = Z^loxl- The image 
of ip under the canonical isomorphism is ^ a^x and therefore 

llvllu < E|nxl = IIV^IU. ◄ 

liip £ A{G © H) depends only on the first variable, that is, if 'p{x, y) = 
i){x), then 'ip G A{G). Assuming G to be infinite we have A{G) ^ G(G) 
and it follows that the image of A{G (B H) in V does not contain V) and 
is therefore a proper part of V. 

The coimection between A{G © H) and V is only that of (canonical) 
inclusion, which is too loose for obtaining information for one algebra 
from the other. A closer look reveals, however, that the structure needed 
for the lemma is not the group structure on G or on but only the 
cartesian structure of G © iJ, while in order to show that the image of 
A{G © H) is not the entire V we use the group structure of G. The idea 
now is to keep the useful structure and obliterate the hampering one; 
this is the reason for the appeal to Kronecker sets. 

10.4 Theorem. Let Ei, E 2 , and E be as in the statement of Theorem 
10.f. Let X andY be homeomorphic to the (classical) Cantor set. Then 
A{E) is isomorphic to V{X,Y). 

PROOF: We begin by noticing that Ei and E2, being portions of a 
Kronecker set, are clearly totally disconnected and, being perfect and 
nonempty, are homeomorphic to the Cantor set. Thus, X, Y, Ei and E 2 
are all homeomorphic and we simplify the typography by identifying 
X with El and Y with E 2 . Since Ei U iJ 2 is a Kronecker set, hence 
independent, the mapping (x, y) 1 -^ x + y is a homeomorphism of X x X 
on E. We now show that the induced mapping of C{E) onto G(X x Y) 
maps A{E) onto V. The fact that A{E) is mapped into V (and that the 
map is of norm 1) is a verbatim repetition of 10.3. We therefore have 
only to prove that the mapping is surjective that is, maps A{E) onto V. 
We shall need: 
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Lemma. Let E be a Kronecker set. Then every f G C{E) can be 
written as f{x) = with X^|an| < m.f\\c[E)- particular: 

A{E) = C{E) and \\f\\A{E) ^ 3||/||oo. 

Proof of the lemma: It is enough to show that if / G C { E ) is real 
valued, f{x) = with X^|a„| < 3/2||/||oo. Let / real valued 

and assume, for simplicity, that ||/||oo = 1; define g{x) = y^l — {f{x)y, 
then g is continuous and ^ = f + ig has modulus 1 on E . Let Ai be 
such that |<I> — < jL on i7; this implies |/ — cos Ai.t| < on If 

|/||oo is not I consider ||/||^^/ and obtain Ai such that 

1/- ||/||ooCosAi,t| < ^ll/lloo on E. 

We now proceed by induction. Define ai = ||/||oo, Ai as above, and 
/i = f — ai cos Ai.t; once we have ui..., a.„, Ai..., A„,, and /.„, define 
a„+i = ||/„||oo, A„+i by the condition |/„ - cosA„+ix| < a„+i/10, and 
fn+l = fn - a„+i cos A„+iX- = / - «7 COS XjX. 

We clearly have a^+i < a.„/10 < ||/||ool0^” and it follows that 
.f{x) = withX;|an| = E®™ < ll./'lloo EcT < 3/2||/||oo. 

Writing cosA„x = we obtain / as a series of expo¬ 
nentials. ◄ 

Remark: A{E) is actually isometric to C{E); see exercise 2 at the end 
of this section. 

PROOF OF THE THEOREM, COMPLETED: We identify XxY with E, and 
V with the subalgebra of C{E) consisting of the functions p which 
admit a representation 

(10.6) p{x + ij) = ^ fj{x)gj{y), x e Ei, ye E 2 

where /, G C{Ei), gj G C{E 2 ) such that (10.2) is valid. All that we 
need to show is that ifpeV then ip e A{E). 

Let tp eV and consider a representation of the form (10.6) such that 

(10-7) '^W.fjWooWgjWoo E^pWv- 

Using the lemma we write each as an exponential series {Ei, being 
a portion of a Kronecker set, is itself one) and similarly for the g^. 
Denoting the frequencies appearing in the /’s by A, and those appearing 
in the g’s by v, and taking account of (10.6) and (10.7), we obtain 

(10.8) + = x e E^, y e E 2 

X.u 
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where 


(10.9) 




We now use the fact that Ei U if 2 is a Kronecker set: let (A, u) be a pair 
which appears in (10.8) and define 


h{x) = 


i\x 


X G 

X e E'z; 


h is clearly continuous and of modulus 1 on fJi U E 2 and it follows that 
there exists a real number ( such that 

(10.10) -/i(a;)| < 1/200 onEiUila. 

We have (for x e Ei, ye E 2 ), 

pi((,x+y) _ ^iXx^ivy _ _ ^-Xx'^^iiy ^ ^iXx ^^iiy _ pivyj 

which means that (with the canonical identifications) 

yi{x+v) _ 

We can now write v? = + yxi where 


and 

+ y) = 

and notice that G A{E) and, by (10.9), 

Ih^ilUcE) < X^lflA.i.! < 18||yi||u; 


also 

ll^l|lu< J^||yi||u<^||^||v. 

Repeating, we obtain inductively 


'•fn — 'dn+1 + ^n+1 


where 

fin+l ^ A{E^^ ||2I(£;) 18||v^n||V) and Hy ^llv^’nllu- 

It follows that yx =Y^ dn G A{E) and 

lldlU(u) <(Er5-”)ll^l|y <25||v"||y. 


< 
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10.5 We now show that statements (a) and (b) of Theorem 10.1 are 
valid for V = V{X,Y) (X and Y being both homeomorphic images 
of the Cantor set). This is obtained as a consequence of the fact that 
(a) and (b) are valid for the algebra A(D)) (see exercise 8.5 for (a) and 
Theorem 7.4 for (b)). 

Since X and Y are homeomorphic to D we may consider C as a 
function algebra on D x D. Using the group structure and the Haar 
measure on 1) we now define two linear operators M and P as follows: 

(10.11) forfeC{B), write Mf{x,y) = f{x + y); 

(10.12) for G 67(0 X 22), write Pip{x) = / ip{x — y,y)dy. 

Jb 

M maps C(D) into 67(0 x D), P maps C(D x D) into C)©), and, since 
for / G (7(0); 

PMf{x)= f Mf{x - y,y)dy = f f{x)dy = f{x), 

Jb Jb 

it follows that PM is the identity map of (7(D). 

Lemma. M maps Al(D) into V and its norm as such is 1. P maps V 
into di(D) and its norm as such is 1. 

Proof: if / = X; axX with x;|axl = ||/IU(b) < '3C then 

M/= ^axX(-'r)x(y) e U and ||M/||v'< = ||/|U(b) 

If ip{x, y) = f{x)g{y) then 


Pp= fix - y)giy)dy = f *g 


hence 


I|PvIIa(b) 

(10.13) 


EI/(t)5(x)I<(EI/WI^)'^'(EI5(x)P)'^' 
= II/IIl=II.9||l= <ll.fl|oo||.9lloo 


By (10.13) and the definition (10.3) of the norm in V it follows that for 
arbitrary G V, ||P(/3||^(ij) < \\p\\v. 





270 


An Introduction to Harmonic Analysis 


Corollary. Let ip G C(D x D) and assume that for some tb G C'(D) we 
have p{x, y) = -0(x + y). Then p &V if, and only A(D), and then 

ll'i^llu = IIV'IIa(b)- 

In other words, M is an isometry of A(D) onto the closed subalgebra 
V 3 of y of all the functions p{x:, y) which depend only on x + y. 

Remark: The subalgebra is determined by the "level lines": 

X + y = const, which clearly depend on the group structure of D. In¬ 
stead of D we can take any group G whose underlying topological space 
is homeomorphic to the Cantor set; for every such G, V has a closed 
subalgebra isometric to A(G). 

We are now ready to prove: 

Theorem, (aj Every function F, defined on R, which operates in V is 
analytic, (b) Spectral synthesis is not always possible in V. 

PROOF: (a) If F operates in V, so it does in V;j (since the operation by 
F conserves the level lines), hence in Gl(D) and by Theorem 8.6 (rather, 
exercise 8.5), F is analytic. 

(b) Let H c D be a closed set which is not a set of spectral synthesis 
for Gl(D) (see Theorem 7.4). Define: 

H* = {(.T, y):x + y e H} CB X D. 

We contend that H* is not a set of spectral synthesis in V. By 7.3 
we have a function / G A(D) which vanishes on H and which cannot 
be approximated by functions in Io{H) (i.e., functions that vanish in 
a neighborhood of H), that is, for some ^ > 0, ||/ — g\\A(p) > S for 
every g G Io{H). We show that H* is not of spectral synthesis for V by 
showing that for M/, which clearly vanishes on H*, and every p p V 
which vanishes in a neighborhood of H*, we have ||M/ — p\\v > 5. 

For this we notice that if p vanishes on a neighborhood of FI*, then 
Vp vanishes on a neighborhood of H, so that 

l|M/ -p\\v > ||PM/ - P<^||/i(B) = 11/ - P7 ^|U(b) > <5- 


Theorems 10.4 and 10.5 clearly imply Theorem 10.1. 
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EXERCISES FOR SECTION 10 

1. Let / be a continuous complex-valued function on a topological space 
X. Assume 0 < \f{x)\ < 1 on A. Show that / admits a unique representation 
in the form / = \{gi + t/ 2 ) such that \gj{x)\ = 1 on A and gj are continuous, 
j = 1,2. Deduce that if A is homeomorphic to the Cantor set, every con¬ 
tinuous complex-valued function / on A admits representations of the form 
f = |ll/l|oo(.gi — 92 ) + ,fi where gj are continuous, [©(.t)! = 1 on A, and 
1/1 ||oo is arbitrarily small. 

2. Let B be a Banach space with the norm || ||o and let Bi C B be a 

subspace which is a Banach space under a norm || || 1 such that the imbedding of 
Bi in B is continuous. Show that if there exist constants K > 0 and 0 < 77 < 1 
such that for every f G B there exist g e Bi and /i G B satisfying f = g — fi, 
II. 9 II 1 < -R||/l|o, and ll/illo < r/H/Ho, then Bi = B and || ||i < K{1 - ||o. 

Use this and exercise 1 to prove remark 10.4. 

Hint: See either proof in 10.4. 
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1 RIEMANN INTEGRATION 

Consider a Banach space B and let F be a B-valued function, de¬ 
fined and continuous on a compact interval [a, b] c R. We define the 
(Riemarm) integral of F on [o, b] in a manner completely analogous to 
that used in the case of numerical functions, namely: 

Definition: F{x)dx = lim ~ where 

CL = XL) < X’l < ■ ■ • < ir’vY+l = 6, 

and the limit is taken as the subdivision becomes finer and 

finer, that is: as iV ^ oo and maxo<j<Ar(a:j+i — x/) 0. The existence 

of the limit is proved, as in the case of numerical functions, by showing 
that if {xj} and {j/j} are subdivisions of [a, b] which are fine enough to 
ensure that ||-F(a) — F{f3)\\ < e whenever a and belong to the same 
interval [xj,Xj+i\ (or [r/^,then 


N M 

'^{Xj+i - Xj)F{xd - 

j=0 j=0 


yk)F{yk)\\ < 2(6 - a)s. 


This is done most easily by comparing either sum to the sum corre¬ 
sponding to a common refinement of {xj} and {(/*}. 

The following properties of the integral so defined are obvious: 

(1) If F and G are both continuous B-valued functions on [a, 6], and 

Cl, C 2 e C, then: 


(ciF(a;) + C 2 G(a;))dx = Cl / F{x)dx + C2 / G{x)dx 


(2) If a < c < 6 then 


F{x)dx 


F{x)dx + 


■ b 

F{x)dx 


212 
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111 , 


( 3 ) 



< 


\F{x)\\dx. 


(4) If /X is a continuous linear functional on B, then: 


fb 

{ / F{x)dx, fi) 



2 IMPROPER INTEGRALS 

Let F be a B-valued function, defined and continuous in a nonclosed 
interval (open or half-open; finite or infinite) say (a, b). 

The (improper) integral F{x)dx is, by definition, the limit of 

F{x)dx where a < a' < b' < b and the limit is taken as a' ^ o 
and b' b. As in the case of numerical functions the improper integral 
need not always exist. A sufficient condition for its existence is 


/ ||F(a;)||(ia; < oo. 

•fa 

3 MORE GENERAL INTEGRALS 

Once in this book (in VIII.8) we integrate a vector-valued function 
which we do not know a-priori to be continuous. It is, however, the 
pointwise limit of a sequence of continuous functions and is therefore 
Bochner-integrable. We refer the reader to [10], chapter 3, §1, for de¬ 
tails on the Bochner integral; we point out also that for the purpose of 
V11I.8, as well as in other situations where the integral is used mainly to 
evaluate the norm of a given vector, one can obviate the vector-valued 
integration by applying linear functionals to the integrand before the 
integration. 

4 HOLOMORPHIC VECTOR-VALUED FUNCTIONS 

A F-valued function F{z), defined in a domain fl c C is holomor- 
phic in II if for every continuous linear functional ^ on B, the numerical 
function h{z) = {F{z), fi) is holomorphic in SI. 

This condition is equivalent to the apparently stronger one stating 
that for each zo £ fi, F has the representation F{z) = J2^=o ^ -^o)" 

in some neighborhood of zq; the coefficients a„ being vectors in B 
and the series converging in norm. One proves that, as in the case of 
complex-valued functions, the power series expansion converges in the 
largest disc, centered at zo, which is contained in fl. These results are 
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consequences of the uniform boundedness theorem (see [10], chapter 

3, §2). 

Many theorems about numerical holomorphic functions have their 
generalizations to vector-valued functions. The generalizations of the¬ 
orems dealing with "size and growth" such as the maximum princi¬ 
ple, the theorem of Phragmen-Lindelof, and Liouville’s theorem are 
almost trivial to generalize. For instance: the form of Liouville’s theo¬ 
rem which we use in Vlll.2.4 is 

Theorem. Let F be a bounded entire B-valuedfunction. Then F is a 
constant. 


PROOF: If F{zi) f F{z 2 ) there should exist functionals /x e B* such 
that {F{zi),jj) f (L(z 2 ),p) However, for all /.i G B*, {F{z),jj) is a 
bounded (numerical) entire function and hence, by Liouville’s theorem, 
is a constant. ◄ 

Another theorem which we use in IV.L3 is an immediate conse¬ 
quence of the power series expansion. We refer to 

Theorem. Let F be a B-valued function holomorphic in a domain Ll. 
Let ^ be a B*-valued function in Ll, holomorphic in z. Then h{z) = 
{F{z), ’I'(g)) is a holomorphic (numerical) function in ft. 

PROOF: Let zq e H; in some disc around it F{z) = ffa-fz — zo)”, 
'ifz) = - zf)\ hence hfz) = Y.{TJk=o{^-kf)n-k)){z - zof, and 

the series converges in the same disc. 

Remark: <!' of IV. 1.3 corresponds to 41 here. 
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In this appendix we give a few examples of the power of Probabilis¬ 
tic methods in Harmonic analysis. 

The approach is to replace the study of particular functions or se¬ 
ries, by the study of typical functions or series. There are several ways 
to define “typical”, 

1. The Baire category “typical” in a complete metric space— what 
happens for all but an exceptional set of the first category. 

2. The measure or probabilistic definition. Here one defines a prob¬ 
ability measure on a class of objects, say series, and “typical” is what 
happens for all but an exceptional set of measure zero. 

A beautiful example of the use of the category method is Kaufman’s 
theorem VI.9.4. Here we limit ourselves to the second approach in one 
concrete case, that of series with coefficients that have random signs. 

1 RANDOM SERIES 

1.1 Independence. We refer the reader to Vk2.11 for some of the 
basic terms. 

Let (H, B, P)be a probability space and Tj, j = I,. .. ,k sub-sigma- 
algebras of B. 

Definition: Pj are independent if, whenever Oj e Pj, j = L .. ., k, 
then 

k k 

(1.1) p(no,)=np(o,). 

1 1 

The variables Xi,... ,Xk are independent if Pxj are independent, where 
Pxj denotes the field of the variable Xj, that is the sub-a-algebra of B 
spanned by the events {Xj G O} = {a;: Xj{uj) e O}, O open. 

Theorem. The following conditions are equivalent: 
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1. The random variables Xi,are independent. 

2. The image of g under the map X i-^ R* given by (Xi,..., Xf is 
a product measure. 


3. If fj are continuous functions on the line such that fj{Xj) have 
expectation (are integrable), then E {Jf ffXj)) = Y[-E {fj{Xj)). 


4. 


clFs^k 

Z^I 


n *dFxj (convolution product). 


1.2 Rademacher functions. The Rademacherfunctions, {r„}, is a 
sequence of independent random variables, taking the values 1 and —1 
with probability | for each. 

A standard concrete realization is to define r„ on the interval [0, 1], 
(endowed with the Lebesgue measure) as follows: let c„(.x) be the co¬ 
efficients in the (non-terminating) binary expansion of .t G [0 ,1), that 
is X = f2ej{x)2~f with £j{x) either zero or one, and set rfx) = 

Another common representation of the Rademacher functions is as 
the characters fn defined by VIIL(7.15) on the group D (with its Haar 
measure). 


Proposition. Let an be real numbers such that Then, 

for all A > 0, 


(1.2) 

P 


> 

aXj 

1 

VI 

and 






(1.3) 



> 

aX^j 

< 2e 2 

For complex an 

with El 

all = 




(1.4) 



> 

aX) 

a2 

< 4e 2 


PROOF: For real valued a„, 

E ^ ]^E = ]^coshAa„ < 

Write Y = Ewi’n- As E ^e“ (Y > aX), we obtain (1.2). 

Applying the same inequality to —Y, we have (1.3). 
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If the a„ are complex we write a, = cj + idj, the decomposition 
to real and imaginary parts, and notice that \aj\^ = cj + dj so that if 

= d and then Y = If > a\ then 

either 



> cA 


or 


E< 


> dX 


and we have (1.4) 


•4 


1.3 We denote by Trim;^ the operator of trimming at height X, namely, 
given a complex valued function g, we define 

(1.5) TrimA 5 = mindffi, A)-sgn((;), 
where sgn {g) = g/\g\ (and sgn (0) = 0). 

Lemma. Assume YV^-n\^ — and set X = Y^^nJn- Then, for A > 0, 

(1.6) \\X - Tr\mxX\\Y <Y^^ + 2Y)e~^. 

Proof: lfGx{x) = P (|X| > x), then 

pOC pOC 

||X-TrimAX |||2 = - / x^dGx = YGx{X) + 2 xGx{x)dx. 

Jx Jx 

x'^ , , 

Since Gx{x) < 4:eX^, this is bounded by 4(A^ + 2dfeX^. ◄ 

1.4 Fubini. LetJ^a^, = d^ < oo, andX(t) = X{t,uj) = X^a„e*”*r„(w 

Given A > 0, we have estimate (1.6) for every t G T, and integrating dt 
we have 

(1.7) / E (|Ar(t) - TrimA X{t)f) — < fY + 2Y)e~^ 

Reversing the order of integration (Fubini’s theorem) we obtain that 
there exist choices of oj for which 

(1.8) ||X(t) - TrimAX(t)|||2(T) < 4(A^ + . 

This proves 

Theorem. Given complex numbers a„ such that = Y and given 

A > 0, there exists a choice of Sn = ±1 such that, with g{t) = Y £n 0 .nd‘"‘*', 

\\g{t) - TrimA<7(t)||i2(T) < fY + 2aXe~^ 


(1.9) 
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When (1.9) is valid, if N is sufficiently large, we can replace Trim^ g 
by the Fejer sum (p = <Tiv(TrimA g) and still have ||v3||oo < A and 

(1.10) ll^(t) — (/?|||2(T) < 4(A^ + 2a^)e 

In the next section we use (1.10) systematically with \k = 10^'||gfc ||l 2 , 
and (pk = ONk (Trim^fc gk), where Nk is big enough to guarantee 

(1.11) ||.gfe(t)-(/ife(t)||i2(T) < 5-102" exp(-.5-102*)||,9||i2 

which we often replace by the (very wasteful) 

(1-12) ||. 9 fe(t) - ‘Pk{i)\\h(j) < exp(- 10 ")||.g||| 2 . 

These inequalities are valid for a proper choice of signs. 

2 FOURIER COEFFICIENTS OF CONTINUOUS FUNCTIONS 

What we show here is that, in terms of size, Fomier transforms of 
continuous functions majorize any sequence. 

2.1 Theorem (deLeeuw-Kahane-Katznelson). For any sequence 
{a,i} £ there exist functions f G C'(T) such that |/(n)| > \an\for all 

n £ Z. 

PROOF: We may clearly assume that a„ > 0, and that = p The 
required continuous function / is obtained as a uniformly convergent 
sum <pk with pk defined recursively. 

Write gi = 2^£„a„e'”‘, Ai = 20, and choose £„ = ±1 such that 
(1.11) is valid for gi, Ai, and pi, so that 

11.91 - < 4-500e--™ < IQ-^^ 

The choice of Ai = 20 is not optimal; it is done to make obvious the 
super-exponential decay of 119^11^2 below. Write 

Ai = {n £ Z: |<^i(ri)| < 3a„/2}. 

If n £ Ai then | 9 i(ri) — ‘^i|(n) > a.n/2, which implies 

(2.1) ^ a2 <4 ||9i-^i||i2 <4-10-29. 

n^Ai 

Write .92 = 3 ^npo-nc'"'^' where £„,2 = ±1 are chosen such that 

( 1 . 11 ) is valid for 92 , A 2 = 100 || 92 ||l< N 2 , and p 2 = (TAf 2 (TrimA 2 92 )- 
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Notice that 

| 52 ||l 2 < 6-10“® and |(pi(n) + 52 (n)| > (1 + 2“^)a„ for all n. 

The inductive step is virtually identical: assuming gj and (pj known, 
j < k, and 

(2.2) IV’i(n) H-h 'Pk-iin) + gkin)\ > (1 + 

for all n, we set 

(2.3) A.k = {n G ^ : \^\ (n) + ■ ■ • + (pk {'^}I ^ T 2 

and define gk+i = ^Y^neA, ^n,kane"‘'^ with {£n,k} such that (1.12) is 
valid for A* = lO'". Independetly of the choice of signs, (2.2) is valid 
for k + 1. 

For n G Ak we have \gk{n) — ‘pk{'^)\ > 2^*a,i, so 

(2.4) hk+iWh < 2^'‘)|5rfc - v?fc|||2 < 22'=exp(-10*0||5'fc||i2. 

The norms H^fcllL^ decrease super-exponentially; ||7?*:||oo are only 
exponentially bigger so that the series f = Y'r’k converges uniformly 
and (2.2) implies that |/(n)| > a„ for all n. ◄ 


3 PALEY-ZYGMUND, (when ^|a„|^ = oo). 

The following special case of a theorem of Paley and Zygmund 
shows that, as opposed to the “smoothing effect” that adding random 
signs has on trigonometric series with coefficients in turning the se¬ 
ries a.s. into the Fourier series of a subgaussian function* on T, the 
series with = oo is almost surely not a Fourier- 

Stieltjes series. 

This and Theorem 2.1 are, in a sense, two sides of the same coin; 
showing, in particular, that the Hausdorff-Young theorem can not be 
extended beyond p= 2. 

3.1 Lemma. Assume YWn\ = Then ||X( > a(e\/2)~^. 


PROOF: We may assume, with no loss of generality, that a = 1. If 
a„ are real-valued, the functions i/iv = nr(l + are uniformly 

bounded by n(l + l®ri|^) < = e. 


(3.1) ^a„r„(w) > e ^ j(^anYn{^))4’Ndoj =e 


* A random variable X is subgaussian if A 


is integrable for some constant c > 0. 
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since the only integrands with non-zero integrals are j|a„p. 

For a„ which are not necessarily real-valued, break the sum into its 
real and imaginary parts, and apply (3.1) to each. ◄ 

Remark: The products defining 'ijjfq are the Riesz products of the sec¬ 
ond kind (see V.1.3) for the group D. 

3.2 Lemma. Let X be a non-negative random variable, E < oo. 
Then for 0 < A < 1, 

P({i^:X(u;) > \E{X)}) > (1 - 

PROOF: Denote A = {u!:X{uj) > AE(X)}, a = P(d.). The contribu¬ 
tion of the set A to E (X) is at least (1 — A)E (X), which means that 
average of X on A is at least a“^(l — A)E (X), and the contribution 
of A to E (X^) is therefore at least a^^(l — A)^E (X)^. It follows that 
a-fl-\y^E{xf <E(X2),anda> (1 - A)2E (X)Ve (X^). ^ 

Corollary. IfJ2\ay \ = then 

(3.2) P({w: |^a„r„(c^)| > a/10}) > 2--^e-2. 

PROOF: Take A = /, X = |y'a„r„| and use Lemma 3.1 to estimate 
E(X). ◄ 


Theorem (Paley—Zygmund). = oo then the series 

(3.3) 

is almost surely not a Fourier—Stieltjes series. 

PROOF: We use the standard notation for the Fejer kernel, 

n I . 

(3.4) K„(l)= 

j=-n 

the de la Vallee Poussin kernel, 


( 3 . 5 ) 


V„(t) = 2K2„+i(t) - K . ft ), 
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and introduce the polynomials 

(3.6) WM.iv(i) = VAr(t) — V2 m(^) = ^ 

M<\n\<‘2N+l 

We have 0 < CM.N{n) < 1 and, for n such that 2Af < |n| < N, 
CM,N{n) = 1. Also, ||K„||ii = 1, ||V„||£,i < 2, and ||Wm.a||li < 4, 
and it follows that if g M(T), then for every N > M e N, the V-- 
norm of the polynomial 

(3.7) ;y=^WM,v= ^ CM,v(n)v(n)e"“ 

M<\n\<2N+1 


is bounded by 4 ||v||m(t)- 

Choose inductively {Mj. Nj} such that Mj > 3Nj-i, and then Nj 
big enough to have '^ 2 Mj<\n\<Nj > 10'2^C and write 

(3.8) ^ CM,v(n)a„r„e*”*. 

Mj<|ri|<2iVj+l 

If for a given w' the series (3.3) is the Fourier—Stieltjes series of a 
measure , then 

(3.9) *\NMj.Nj, and ||4'2(w', t)|| li(^) < 4||z2^,/1|. 

For every t G T, (3.2) implies P('I'j (tv, t) > 2^) > = 2“‘^e“^. This 

implies 

P (g) > 2 ^}^ > c^, 

so that setting flj = {lu: > 2-’}) > c}, we haveP(nj) > c. 

Since ilj are independent, we have P(linisupnj) = 1 (Borel—Cantelli), 
and for no cc G lim sup flj can the series (3.3) be Fourier—Stieltjes series. 

•4 
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